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ANSWER KEY TO WEEK 4 SET OF DURATION PROBLEMS

Question No. 1:  Find the duration of a 10-year, 6-percent annual coupon-bond, when the market yield is 10 percent.

Solution:

1.  We must first find the price of this bond.  Students often make the mistake of weighting by par or face value.  Textbook examples often begin with this case and mislead some students into dividing by $1,000.  Assuming face value is 1,000 dollars, we find the price by calculating the present value of the stream of future payments discounted at 10 percent.  This is 754.22 dollars.  Value of bond equals the value of 11 time-dated claims.


N.B.  We can reinterpret the bond as a “position” in 10 zero-coupon securities.  The duration formula tells us that when the denominator of the weights is adjusted to give the relative NW the position places in each security, durations “add” across component positions in a portfolio.

2.  The D formula asks us to calculate the present value of the payment scheduled for each date t and to divide each PDV by 754.22 to obtain wt.

3.  Then we compute D as 

.

4.  Here is a model WORKSHEET:

	Futurity in yrs. (t)
	PVt
	wt=


	         wtt

	1
	54.5
	.072
	.072

	2
	49.6
	.065
	.130

	3
	45.1
	.060
	.180

	4
	41.0
	.054
	.216

	5
	37.3
	.049
	.245

	6
	33.9
	.045
	.270

	7
	30.8
	.041
	.287

	8
	27.99
	.037
	.296

	9
	25.45
	.034
	.306

	10
	408.67
	.542
	5.420

	SUMS
	754.21
	.999
	    7.422 years.


5.  Intuition-Building Questions:

a.  How much shorter is D than M and WL?  Duration is over 2.5 years less than 10-year maturity, and .9 years less than WL-8.31 (which is calculated on the next page).

b.  Would duration be higher or lower if the coupon rate on the bond was:

1) 10 percent?  Lower.  Why?  Higher coupon increases weight on short futurities at the expense of long: this shortens D.

2) 2 percent?  Higher.  Why?  Lower coupon lengthens D.

c.  What if the coupon rate = 0?  ANS.  D=WL=maturity.

1)  What is special about the duration of a zero-coupon bond?  M=D = WL.

2)  “stripping” concept.  Synthetic repackaging and assembly CAN create zero-coupon securities.  Incentive advantages of using a “trustee” to disassemble and parcel out cash flows.

d.  What happens to duration if market yield falls?  Duration rises.  Why?  A lower yield gives higher weight to distant cash flows.

Question No. 2:  Weighted average life, WL.


Let Ft = cash flow at t


WL = 

 ,


where wt = 

 .


(Ft = (60 X 10) + 1000 = 1600

WORKSHEET


	t
	wt
	wtt

	1
	.0375
	.0375

	2
	.0375
	.0750

	3
	.0375
	.1125

	4
	.0375
	.1500

	5
	.0375
	.1875

	6
	.0375
	.2250

	7
	.0375
	.2625

	8
	.0375
	.3000

	9
	.0375
	.3375

	10
	.6625
	6.6250

	SUMS
	1.0000
	        8.3125 ANSWER


WL exceeds duration, because not discounting the cash flows increases the relative weights of distant receipts.  One may see this by comparing the two sets of weights directly.

3.  Five-Part Question.

a.  

 = PDV of the perpetuity beginning today.

b.  

 = PDV of a perpetuity beginning at date n+1: the part that accrues after n years.

c.  Given that the market rate e is the contract rate, the forward contract is neither “in” nor “out of” the money today.

d.  

: combined PV of bond + forward sale at n

e.  The duration of any set of cash flows is the sum of the present-value-weighted futurities of the individual pieces.  The first term in the equation is the duration of the perpetuity; the second term subtracts off the duration of the cash flows that have to be surrendered at date n.

4.  Why would the duration of a 10-year annuity be less than the duration of a perpetuity?  The intuition is that the annuity accrues before n=10.  Why would the duration of a 10-year coupon bond be larger than that of a 10-year annuity?  More of the coupon bond’s value occurs at n=10.

a.  The last formula tells us that 





b.  Factoring in the duration of F raises the duration of the position 


D (10-yr bond) 

 .

Answer Key to Question 5 Only






A=100

D=80







NW=20

a. The duration of the bank’s net worth is one such measure.
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Here, DNW = 5(3) – 4(1) 



= 15 – 4 = 11 years.

[Notice that this calculation does not incorporate p or s.]

b. The issue here is to rework the bank’s capital structure for the given portfolio of assets.  In general, we would have two equations to solve, in which x must lie between zero and 20.
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NW = 100 – 80 – x = (20 – x)
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0 = 300 – 80 – xDx
 xDx=220

Here, we have specified that x = 10.73.  Hence:

220 = 10.73Dx
Dx = 20.50 years.

We check this result as follows:

10(3) – 8 – 22

= 30 – 30 = zero as intended.

Finding the maturity of this Bond:
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n > 100 years
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