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Abstract

We shaw that if a knot hasa minimal spanningsurfacethat admits certain Gabai
disks, then this knot hasProperty P. As one of the applications we extend and simplify
arecert result of Menascoand Zhangthat closed3-braid knots have Property P. Other
applications are given.

1 Intro duction

The questionwhether every knot hasProperty P, i.e. whether non-trivial Dehn surgery on
aknot canyield a homotopy sphere,was rst raisedby Bing and Martin [BM71]. Although
it was proven for many classesof knots (e.g. [DR99, Sth86, Sim7(), this questionis still
open.

Recenly, Menascoand Zhang [MZ00] showved that knots represened by closed3-braids
have Property P. Their interesting proof makes use both of the Cassoninvariant as well
as the theory of essetial laminations. The paper of Menascoand Zhang was the main
motivation for the results presened here.

The most striking theorem [CGLS87], though, is that Property P is \almost true" for
all knots, in the following senselet M (r) be the manifold obtained by r-Dehn surgeryon
a knot K. Then only for r = 1 the manifold M (r) can be a homotopy sphere,but not
both M ( 1) and M (1) can be one. Furthermore, by [GL89] it is known that non-trivial
Dehn surgery on a knot never yields the sphereS3. Therefore, if there is a knot without
Property P then there is a counterexample to the Poincare conjecture.

Closely related to the Property P conjecture is a slightly more general problem: Is
there a knot, other than the trefoil, such that Dehn surgery on it yields a homology 3-
spherewith nite fundamental group? It is well known, that such a homology 3-sphere
must be either a homotopy 3-sphere,i.e. the fundamental group is trivial, or must have as
fundamerntal group the binary icosahedrongroup [Zha93 Ker69].

The goal of this paper is to shaw that a non-trivial, non-trefoil knot K with a minimal
spanningsurfaceadmitting two Gabai disks, hasProperty P. A Gabai disk is an embedded
disk with boundary on the spanning surface that is pierced transversally by the knot
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exactly twice and both times on the boundary. As an application we extend and re-prove
the result of Menascoand Zhang for closedthree braid knots.

Furthermore, another immediate consequencas that knots represened by closedho-
mogeneousbraids have Property P.

Acknowledgemen t: Part of this work was done, while the rst author was visiting
Oklahoma State University and was enjoying the terri ¢ hospitality in the Department of
Mathematics.

2 The tools

Two tools have beenprovento be very e ectiv e in shaving Property P for a large classof
knots. The rst oneis the celebrated Cassoninvariant for integral homology spheres(e.g.
[AM90]). The secondoneis nding essetial laminations.

For an integral homology spherethe Cassoninvariant is de ned in terms of \count-
ing" irreducible represertations of the fundamenal group into SU(2). By construction, it
vanishesfor homotopy spheres.

The Casson invariant has a Dehn surgery description in the following sense.Let
Vo(K) = 1=2 %01)(K), i.e. half the secondderivative of the Alexander polynomial evalu-
ated at 1, be the unique (up to multiplication) Vassilievinvariant of order 2. The Casson
invariant of the manifold M (1=n) that we get by 1=n Dehn surgery on K is nv,(K). We
will refer to vo(K) asthe Cassoninvariant for knots.

The Cassoninvariant isthe rst non-trivial exampleof nite typeinvariants for integral
homology spheres(seee.g.[Lin98] for a survey on nite typeinvariants). Recenly, W. Li
and Rubinstein [LR0O2] proved that the Cassoninvariant is in fact a homotopy invariant.
This property is not known for any other nite typeinvariant. It is even unknown, whether
nite type invariants have to vanish on homotopy spheres.

As powerful asthe Cassoninvariant is, it is possibleto construct an in nite family of
knots such that the Cassoninvariant of every homology sphereM (1=n) is trivial. Stanford
gave a description of sudh a construction in [Sta9§.

The secondtool is basedon nding essetial laminations. Informally, an essetial lam-
ination in a three manifold M is a closed subsetwhich is foliated by suitable imbedded
2-dimensionalleaves. For a precisede nition, see[GO8Y].

By a theorem of Gabai and Oertel a closed oriented 3-manifold M which cortains
an essetial lamination is irreducible and has universal cover R2. Thus, in particular, its
fundamental group is not nite.

3 Gabai Disks

Following Ko and Lee [KL97] we de ne:

De nition  3.1. Let S be a spanning surface for a knot K. An emtedded disk D in S3 is
called Galai disk for S if

1. D\ S= @

2. @ intersects K transversaly in 2 points



3. Both arcs of @ divided by thesepoints are essentialin S.
The following is a generalization of a result of Menascoand Zhang [MZ00]:

Theorem 3.2. Let S be a minimal spanning surface for the non-trivial, non-trefoil knot
K. If (K;S) admits two Galai disksthat intersect in at most one point on K then M (r)
contains an essentiallamination for each rational sloper 2 ( 2;2).

Proof. The proof is given in Section5. O

4  Applications

4.1 Special con gurations

Theorem 4.1. Supmse, K1 and K, are two knots that coincide outside a small ball and
within this ball they are asin

X X

and the spanning (orientable) surface S of K 1 is minimal. Here, no initial assumption
on the surface S are made. Then K » has Property P.

Proof. We shaw that the surfaceS°of K , is minimal, i.e. that gerus(K ,) = gerus(K 1) + 1.
This would follow from standard techniques using Gabai disks. We prefer to invoke a
beautiful theorem of Scharlemann and Thompson [ST89], which was proven using the
technigues of Gabai, though.

SupposelL is a link obtained by changing a positive crossingin a link L, into a
negative crossingand L g is the link obtained by smaoothing this crossing.Then by Sdarle-
mann's and Thompson's results two of the three numbers  (L+); (L ); (Lo)+ 1
are equal and the third oneis not larger than the other two. Here, (L) denotesthe
minimal negative Euler characteristic amongall spanning surfacesof the link L.

Now let L  bethe knot K, where the two signsstand for two of the three crossings
in the diagram. Then L, = L + = Kj; = Lgo. We know that S is minimal, thus

(Loo) > (Lo+). This implies by the theorem of Scharlemann and Thompson, that

(Kp)+ 1= (Loo)+1= (Lo ):
By applying the theorem for a secondtime, we get, as claimed, that
(K)= (L )= (Lo)+1l= (Loo+2= (K1)+2

Therefore, the surface S°is minimal. Sinceit satis es the conditions of Theorem 3.2
the claim follows. O

It is interesting that a similar spirited result follows naturally by using the Casson
invariant:



Theorem 4.2. Supmsea seuene of knots K ,,, indexed by n, is de ned by changingthe
numker n of half-twists (a negative n means negative half-twists):

Then for all but at most two valuesof n the knot K, has Property P.

Proof. If the Cassoninvariant vo(K) of a knot K is non-zero,then the knot has Property
P. Sincewe allow both positive and negative n and have no restriction on the knot outside
the diagram we may assumethat n is odd. For the Cassoninvariant it holdsfor n  3):

n 1

Va(Tn)  Va(Th 2) = K(Th 1) = >

Ik(To);

wherelk(L) denotesthe linking number of alink. A similar relation holds for negative half
twists.
From this it follows for n either positive or negative that

2
LTy + ™

Va(Ta) = Va(T2) +

Sincethis is a quadratic, non-constart polynomial in n it has at most two roots and
the claim follows. O

4.2 Closed 3-braid knots

The following theorem is a generalization and the proof is a simpli cation of a result of
Menascoand Zhang in [MZO00]:

Theorem 4.3. Let K be a closal three-braid knot other than the trefoil. Then M (r)
contains an essentiallamination for all r 2 ( 2;2). In particular, K has Property P and
no such Dehn surgery yields a manifold with nite fundamental group.

Proof. First recall the classi cation of closedthree braids, given by Birman and Menasco
[BM93] and the gerus computation of these knots [Xu92]. We usethe presenation

haio; azs; arzjagzaie = ajzazs = ajoaisi

of the braid group Bs. In terms of the standard generators ; > this means:a;; =
Lag= zanda;z= ;' 2 1.
Let 2 B3 be of minimal length |, with respect to the generatorsai,; a;z and aps,
in its conjugacy class. It is shown in [Xu92] that the negative Euler characteristic of a
minimal spanningsurfaceS of K is:

S)=1 3

More speci cally, the following generalizedSeifert algorithm producesa minimal spanning
surface: The surface is constructed by three disks and ead a; represerts a band that
connectsdisk i with disk j .



We will show that every three strand braid which represerts a knot K either contains,
up to length preserving conjugacy and braid isotopy, two Gabai disks asin Theorem 3.2
or K is the trefoil or the knot 5,.

From the presenation for B3 we get the following relations:

1_ 1 . 1_ 1
312323 - a23 aia; a123-13 = 3-23 aiz

1_ 1 1_ 1
23815 = d3a23 23813 = 13 a12

1_ 1 1_ 1 .

Thus, we can write every braid 2 Bz asPN for somepositive word P and negative
word N without increasingits length.

If PN hasminimal length in its conjugacyclass,we can nd Gabaidisksasin Theorem
3.2in the following way: If the exponert sumin P of one of the three generatorsis greater
than 1 than we have one Gabai disk. If it is greater than two, we have two such Gabai
disks. Accordingly if the exponert sumin N is smaller than 1 than we have one Gabai
disk, if it is at most 3 we have two Gabai disks.

This already reducesour considerationsto a nite number of knots that we have to
ched: The length of both P and N hasto be 4. The rest of the proof is concernedwith
this nite number. It could be easily veri ed on a computer.

With = azza;p = ajzaps = ajpagsz we have
az = an ; a3 = ags ; app = azz : 1)
Therefore we can assumethat = KPN for somek and P and N do not cortain  or

1 asa subword.

Since starts and endswith ewery generatorand is assumedto be minimal in its
conjugacy classwe can assumethat either k = Oork < Oand P isempty or k > O and N
is empty.

Ifk 2ork 2 we have two Gabai disks.

Thus, to summarize, is either P, PN or N where P and N do not contain
powers of asa subword and the lengths of both P and N is 4. Moreover, since we
assumea knot, the length of is even and sincethe knot is non-trivial, its length must
be 4.

Up to conjugation we can assumethat a non-empty P is one of the following sewen
words: az»; 8%2; a12a23, a%2a23; Aizaz3ai s, 3%2323313; ajpapadyzdl 2.

In particular, every P of length at least 4 admits at least two Gabai disks. A corre-
sponding argumert shaws that every N admits at least two Gabai disks.

Finally, assumethat = PN and doesnot cortain two Gabai disks. Conjugation
with  (seeEquation (1)) inducesan inner automorphismin B3 that sendsa generator a;;
to any other of the other two generators.In particular, we can assumethat P starts with
ag2 and, thus, N doesnot end with a, ;.

Assume rst, that the length of P is greater or equal the length of N. Moreover, if
P and N are of equal length, then N does not cortain the square of a generator as a
subword. Sincenot both P and N can have length 4, we can assumethat the length of N
is at most 3. If N is empty, then P must be a§2a23a13, i.e. the knot 5,.

If the length of N is one, then the length of P must be 3 and we have the possibilities:
a2,a038,5 = aj,a,5a12 and we have two Gabai disks. Otherwise, it is ajpap3a13a,5 which
is a 3-componert link.



If the length of N is two then the length of P is either 2 or 4. The casesare: a%,a,5a,4 =
Q12853 12853} 85,823813803 81, = 83823815 A13Ay; 85,82381381) Ayg = A1823855 A23Ay3
and ajpazzaza a5 dyg = a12a23a13a231a12a231. All of theseknots cortain two Gabai disks.
Furthermore, ajpapsa;; a,5 and ajpaxsa,4a,5 that are three componert links.

If the length of both P and N is three then we have the three possibilities, all of them
cortaining two Gabai disks: af,8238,58, 38,5 = 83,85 82385823, 1282381385813 8pg =
Q128,585,538 38,5 and a128p38138,58,58,5 = 8128238582383 -

Finally, if the length of N is greater or equal the length of P then a caseby casechedk
gives us the only exception for a knot without two Gabai 2-disksto be a,;a,4a,5 which
is again the knot 5.

The nal case,i.e. the knot 5, is covered by a result of Delman and Roberts [DR99].
SupposeK is a non-torus alternating knot such that the chedkerboard surfaceis the one
that one gets by applying the Seifert algorithm to its knot diagram. Then every nite
Dehn surgery on K producesa manifold containing an essetial lamination. O

4.3 Knots represented by closed homogeneous braids

One classof knots seemsto be especially made for the application of Theorem 3.2: Knots
represerntied by closedhomogeneousbraids. A homogeneousbraid is a braid where every
generator ; either occurs always with positive or always with negative exponert.

Theorem 4.4. Property P holdsfor non-trivial knots representa by closel homa@en®us
braids. Furthermore, unlessthe knot is the trefoil, no Dehn surgery along the knot yields
a homolay sphee with nite fundamental group.

Proof. By a result of Stallings [Sta7§ a knot represened by a closedhomogeneousbraid
is bred and a minimal spanningsurfaces is given by Seifert's algorithm. Sincethe braid
is homogeneousand non-trivial, the surfaceS admits at least two Gabai disks. O

5 Essential laminations and Gabai disks

Esserttial laminations, which are introduced by Gabai and Oertel [GO89], are a general-
ization of both incompressiblesurfacesand taut foliations. We rst give a brief review
on the basic de nitions and properties of essetial laminations and we refer the readerto
[GO89, Li02, Li03] for details.

De nition 5.1 ([GO89]). LetN be a close3-manifold and be a lamination in N. We
say is an essetial lamination in N if it satis es the following conditions.

1. The inclusion of leavesof into N inducesan injection on 1.
2. The complementof s irr educible.

3.  hasno spheke leaves.
4

is end-incompressible.



A closed3-manifold is said to be laminar if it contains an essetial lamination. It is
shown in [GO89] that the universalcover of alaminar 3-manifold is R3. Moreover, it follows
from [GK98, Cal00, Cal0Z] that laminar 3-manifolds satisfy the weak hyperbolization
conjecture, i.e. either the fundamental group contains aZ Z subgroup, or the manifold
has word-hyperbolic fundamental group.

Branched surfaces,which are a generalization of train tracks, are very useful in the
theory of essetial laminations and incompressiblesurfaces,see[Li02] for details.

Let B be a branched surface and L be the branch locus of B. We call the closure
(under path metric) of eadh componert of B L a sector of B. L is a collection of smooth
immersedcurvesin B. Let Z be the union of double points of L. We assaiate with every
componert of L Z a normal vector (in B) pointing in the direction of the cusp. We
call it the branch direction of this arc [Li02]. We call a disk sectorof B a sink disk if the
branch direction of every smooth arc (or curve) in its boundary points into the disk. Let
N (B) be a regular neighborhood of B. N (B) can be consideredas an | -bundle over B.
The boundary of N(B) consistsof @N (B) and @N (B), which are called the horizontal
boundary and the vertical boundary respectively. B is said to be incompressibleif

1. @N(B) isincompressiblein N int (N (B)), @N (B) hasno spherecomponen, and
N int(N(B)) isirreducible;

2. N int(N(B)) cortains no monogon;
3. N(B) cortains no disk of contact.

SupposeB is incompressible.A trivial bubbleis a 3-ball in N B that can be trivially
eliminated by pinching B (see[Li02] for more details).

De nition 5.2 ([Li02, Li03]). Let B is a properly emtedded branchal surface in a 3-
manifold M . We say B is a laminar branched surfaceif, after eliminating trivial bubbles,
the followings are satis ed.

1. @N (B) is essentialin the following sense:@N (B) is incompressibleand @incompressible
in M int(N(B)), there is no monagonin M int(N(B)) and no component of
@N (B) is a spheke or a disk properly emtedded in M.

2. M int(N(B)) isirreducibleand @1 int (N (B)) isincompressiblein M int (N (B)).

3. B contains no Reeb branchal surface (see [GO89] for the de nition of Reebbranched
surface).

4. B hasno sink disk or half sink disk.

The following theorem gives a certain equivalencerelation between essetial lamina-
tions and branched surfaceswithout sink disks.

Theorem 5.3 ([Li02]). SuppseN is a closeal and orientable 3-manifold. Then
(a) Every laminar branchal surface in N fully carries an essentiallamination.

(b) Any essentiallamination in N that is not a lamination by planesis fully carried by
a laminar branchal surface.



(@) (b)

Figure 1:

Furthermore, if N is a lamination by planes (hence N = T3), then any branchel
surface carrying  must contain a sink disk and hene is not a laminar branchel surface.

A relative version of Theorem 5.3 for knot manifolds is proved in [Li03]. Let M be an
irreducible 3-manifold whoseboundary is an incompressibletorus. SupposeB is a properly
embeddedbranched surfacewith boundary (@ @v). Let L bethe branch locus of B,
and D bethe closure(in the path metric) of a disk componert of B L. We call D a half
sink disk if @ \ @1 6 ; and the branch direction of eadh arcin @ @/ points into
D. Note that @ \ @1 may not be connected.

Let T be a torus, then the isotopy classof every nontrivial simple closed curve in
T uniquely corresponds to a rational slopein Q[ 1 . Let be a train track in T and
s2 Q[ 1 bearational slope. We say that s can be fully carried by (or realized by )
if ~ fully carries a union of simple closed curveswith slope s, i.e., we can split into a
union of simple closedcurveswith slope s. For any slopes2 Q[ 1 , we denote by M (s)
the manifold after Dehn lling alongs.

Theorem 5.4 ([Li03]). Let M be an irr educible and orientable 3-manifold whosebound-
ary is an incompressibletorus. Supwse B is a laminar branchel surface and @1 @3
is a union of bigons. Then, for any rational slogge s2 Q[ 1 that can be fully carried by
the train track @, if B doesnot carry a torus that bounds a solid torus in M (s), M (s)
contains an essentiallamination.

Remark 5.5. Note that since B is incompressible,@1 @ is a union of bigonsand
annuli. So,if @ fully carries more than oneslope, @1 @B is alwaysa union of bigons.
Moreover, if B doesnot carry any closel surface, then B doesnot carry any torus and the
last requirement in the theorem is satis ed.

In this section,we will mainly apply Theorem 5.4 to certain knot complemers. Let K
beaknot in S3, and M = S® int(N(K)), whereN (K) is a tubular neighborhood of K .
SupposeS is a minimal gerus Seifert surfaceof K. To simplify notation, we alsouseS to
denote the corresponding surface properly embeddedin M (i.e. S int (N (K)). We rst
X an orientation for K and assigna\+" and\ " sideto S.



De nition  5.6. We say S hasa positive (resp. negative) double twist, if there is a 3-kall
whoseintersection with K and S is as shownin Figure 1(a) (resp. (b)), and inside the
3-hall, one can add a Galai disk (above Figure 1) as shownin Figure 2(b). Note that the
dashel curvesin Figure 1 (and other guresin this paper) denote the intersection of S
and the boundary of the 3-ball. The circle in Figure 2(b) denote the circle along which we
add the Gatai disk. Similarly, we say S has a (positive or negative) triple twist if there
is a 3-kall whoseintersection with K and S is as shownin Figure 2(a), and one can
simultaneously add two Galai disks (both alove Figure 2(a)) in the 3-tall. Note that any
two crossingsin Figure 2(a) form a (positive or negative) doubletwist, and one can add

a Galai disk (from alove) along any two crossings.
SeL- ~~~_7

@) (b)

Figure 2:

If S has a double twist and one adds a Gabai disk as in Figure 2(b) (see[Gab86h,
Gab864d), by xing a normal direction for the Gabai disk, one can obtain a taut sutured

manifold decomposition for the sutured manifold S [Gab86a Gab83. Note that the
Gabai disk correspondsto a product disk in S and one always gets a taut sutured
manifold by adding any product disk to a taut suture manifold [Gab86a Gab83. Let D
be the product disk in M S corresponding to the Gabai disk. Then, one can modify
S[ D into a branched surfaceB properly embeddedin M, andM int (N (B)) is the taut
sutured manifold above. The branched locus of B consists of two disjoint arcs properly
embeddedin S. Figure 5(a) is a schematic picture of the branch locus of B (the arrows
denote the branch directions). The boundary train track @ is as shawvn in Figure 5(b),

seeFigure 14 of [Rob9Y5 for a picture of B near @M .

Lemma 5.7 ([Rob01 ] and compare with [MZ00 ]). If S hasa positive (resp.negative)
doubletwist, then M (r) contains a taut foliation for anyr 2 (1 ;1) (resp.r 2 ( 1;1)).

Proof. The proof is similar to [Rob0]] in spirit. SupposeS has a positive double twist.
Let B be the branched surfaceabove. We rst show that B contains no (half) sink disk.
The branch sector corresponding to the Gabai disk D is not a half sink disk asthe branch
directions all point out of D. Now, we consider the local picture of S in Figure 5(a).
The subsurfaceof S in Figure 5(a) is an annulus and the branch locus consists of two
essetial arcs in this annulus that cut this annulus into two disks, say d; and d,. The
branch directions all point into d; and out of d,. Figure 4(a) is a picture of d; (the arcs
with arrows denote the branch locus, the dashedarcs denote the intersection of d; with



Figure 3:

the boundary of the 3-ball in de nition 5.6, and the other arcs are from @5). Since any
branch sectorthat doesnot corntain di hasa boundary arc with branch direction pointing
outwards, if there is a (half) sink disk, then the two dashedlines in Figure 4(a) must be
parallel to K (in S), and hencethe picture must be asshawn in Figure 3(a), in which case
K is a link with more than one componert. This cortradicts our hypothesisthat K is a
knot. Therefore, B cannot have any (half) sink disk.

SinceM  int(N(B)) is a taut sutured manifold and the suture is @N (B) [ (@M
int (N (B))) [Gab83 Gab87), it follows from our construction that B is a laminar branched
surface.Moreaver, @1 @B is a union of bigonsand B doesnot carry any closedsurface.
Therefore, B satis es all the hypothesesin Theorem 5.4, and hence M (r) cortains an
essetial lamination for every slope fully carried by @ . If S has a positive double twist,
then the train track @ (corresponding to Figure 5(a)) is as shown in Figure 5(b). By
[Li03, Rob0]] (or a simple calculation), the interval of slopesfully carried by this train
track is (1 ;1)

If S hasa negative double twist, then the boundary train track @ (corresponding to
Figure 5(c)) is as shown in Figure 5(d), and the interval of slopesfully carried by this
train track is ( 1;1 ).

Moreover, since B is obtained by a sutured manifold decomposition and K is a knot
in S, by [Gab87, the essetial laminations above can be extendedto taut foliations in
M (r). O

Corollary 5.8. If S contains both positive and negative doubletwists, then M (r) contains
a taut foliation for any sloper 6 1 .
O

Lemma 5.9. If S hastwo disjoint positive (resp.negative) doubletwists, in other words, if
there are two disjoint 3-balls whoseintersections with S and K are as shownin Figure 1(a)
(resp. (b)), then M (r) contains a taut foliation for any sloper 2 (1 ;2) (resp.( 2;1)).

Proof. If there are two disjoint positive double twists, then we can add two Gabai disks D 1
and D», which give rise to a taut sutured manifold decomposition. As before, we deform
S[ D1[ Djinto a branched surfaceB sothat M int (N (B)) is a taut sutured manifold.

10
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Sincewe have two Gabai disks, the boundary train track @ is asshawvn in Figure 6(a), and
it follows from [Li03] that interval of slopesfully carried by such a train track is (1 ;2).
If S hastwo disjoint negative twists, then the corresponding boundary train track is as
shown in Figure 6(b), in which casethe interval of slopesin ( 2;1 ).

Similar to the argumert in the proof of Lemma5.7, we have two disjoint 3-balls, which
together with the branch locus cut S into pieces.In this case,we have two copies of
Figure 4(a), and any other piece cortains a boundary arc with branch direction pointing
outwards. If B cortains a (half) sink disk, then either K and S have a local picture as
in Figure 3(a) and Lemma 5.7, or two dashedarcs from the two copiesof Figure 4(a) are
parallel in S and the other two dashedarcs are parallel to K in S. Note that when we
connectthe two copiesof Figure 4(a) along dashedarcs, we have to make the + and
sidescompatible. Figure 3(b) givesan example of getting a (half) sink disk by connecting
the two copiesof Figure 4(a), and there are other possiblecon gurations.

Howewer, it is easyto seethat, in any cases,if one obtains a (half) sink disk by

11



connectingthe dashedarcsin the two copiesof Figure 4(a), K is always a link with more
than one componen, asillustrated in Figure 3(a) and (b). Thus, asin Lemma5.7,B is a
laminar branched surfaceand the lemma follows from Theorem 5.4. O

IONON AL
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@ (6)

Figure 6:

Figure 7:

Lemma 5.10. SupmseK is not a trefoil knot and S has a positive (resp. negative) triple
twist. Then, M (r) contains a taut foliation for anyr 2 (1 ;2) (resp.( 2;1)).

Proof. We will only prove the casethat the triple twist is positive, and the negative
caseis similar. If we have a triple twist, we can still add two Gabai disks, i.e., add two

12



product disksto M S, and get a branched surfaceB sudc that M int (N (B)) is the
corresponding taut sutured manifold. The schematic picture of the branch locus of B in
this caseis asshawn in Figure 7(a), and the corresponding boundary train track @ is as
shawvn in Figure 7(b).

If we reverse the orientation of both Gabai disks, we will get a dierent branched
surfaceB%but M int(N(B9) is the sametaut sutured manifold as M int (N(B))
[Gab86a Gab83 Gab87]. Figure 7(c) is a schematic picture of the branch locusof B and
the boundary train track @ °is as shovn in Figure 7(d). Furthermore, if we reversethe
orientation of only one Gabai disk, asshown in Figure 7(e), then we get a branched surface
B %which alsogivesrise to the sametaut sutured manifold decomposition [Gab863 Gab83,
Gab87]. The boundary train track @ %‘is asshawn in Figure 7(f). It following from [Li03]
that the interval of realizable slopes for the three train tracks @, @ ° and @ “Care the
same,i.e.,, (1 ;2).

Similar to the proof of Lemma 5.7, we considerthe local picture of S, i.e. the inter-
section of S with the 3-ball in de nition 5.6. The branch locus of B cuts the subsurface
in Figure 7(a) into piecesand only one piece,s& d, hasall the branch directions pointing
inward. Figure 4(b) is a picture of d, wherethe arcswith arrows denote the branch locus,
the dashedlines denote the intersection of d with the boundary of the 3-ball, all other
boundary arcsare from K, and the two points A, B denotethe points A, B in Figure 7(a).
Similar to the proof of Lemma 5.7, if B cortains a (half) sink disk, then the two dashed
linesin Figure 4(b) must be parallel to K in S, and hencethe con guration of K must be
as shown in Figure 8(a).

We supposeB cortains a sink disk and hencethe con guration of K isasin Figure 8(a).
Then, we reverse the orientation of both Gabai disks and construct another branched
surface B as above. Similarly, if B also cortains a sink disk, then the con guration of
K must be asin Figure 8(b). Now, we supposeboth B and B° contain sink disks, and
hencethe con guration of K is asin Figure 8(b). Then we reversethe orientation of only
one Gabai disk, as in Figures 7(e) and 8(c), and construct the branched surface B ®as
above. By the sameargumert, if B ®Calso cortains a sink disk, then the two dashedlines
in Figure 8(c) must be parallel to K in S, and hencethe con guration of K must be
Figure 8(d) which is a trefoil knot.

Sincewe have assumedthat K is not a trefoil knot, at least one of the three branched
surfacesB, B?and B ““doesnot cortain any sink disk, and the lemma follows from Theo-
rem 5.4 and the discussionof the train tracks of the three branched surfacesabove. [

The next theoremis an immediate corollary of Lemmas5.7,5.9,5.10and Corollary 5.8.

Theorem 5.11. LetK beaknotin S3 and S be a minimal genusSeifert surface. Supmse
S has a triple twist or two disjoint doubletwists. Then, unlessK is a trefoil knot, any
Dehn surgery along the slope r 2 ( 2;2) yields a 3-manifold with in nite fundamental
group. In particular, K has property P. Moreover, if a Dehn surgery yields a Poincare
homolay sphee, then K must be a trefoil knot and the slope is 1 or 1.

Proof. By a simple homology argumernt, the Dehn surgery along the slope r producesa
homology sphereif and only if r = 1=n for someinteger n. Therefore, the theorem follows
from Lemmas5.7,5.9, 5.10and Corollary 5.8. O
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Figure 8:

5.1 Pro of of Theorem 3.2

Proof. A Gabai disk correspondsto a product disk in M S. As before, one can choose
any normal direction of a product disk and construct a branched surfacewhich corresponds
to a taut sutured manifold decomposition. Then, either the boundary train track of this
branched surfaceis as shavn in Figure 9 for a certain direction of the Gabai disk, or a
small neighborhood of the Gabai disk is a 3-ball that cortains a double twist. If the rst

casenever happens,then Theorem 3.2 follows from Theorem 5.11.

Now, supposethe rst casehappens,i.e. the boundary train track of the branched
surface obtained by adding one Gabai disk is as shown in Figure 9. Then, similar to
the argumert above, the branched surface contains a sink disk i the two arcs in the
boundary of the Gabai disk are parallel. In this casethe knot K is not prime. By [DR99],
for a composite knot, any nontrivial Dehn surgeryyields a laminar manifold. If K is prime,
then the branched surfacecortains no sink disk. By [Li03], the train track in Figure 9 fully
carriesany slopein (1 ;1 ). Theorefore,asbefore,M (r) contains an essetial lamination

foranyr2 (1 ;1). O
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