THE WALDHAUSEN CONJECTURE
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A Heegaard splitting of a closed and orientable 3-manifold M is a decomposition
M = H1Ug Hy, where S = 0H; = 0Hy = H1NHjy is a closed embedded separating
surface and each H; (i =1,2) is a handlebody. The surface S is called a Heegaard
surface, and the genus of S is the genus of this Heegaard splitting. Every closed
and orientable 3—manifold has a Heegaard splitting.

A Heegaard splitting is reducible if there is an essential curve in the Heegaard
surface that bounds compressing disks in both handlebodies. A Heegaard splitting
M = Hy Ug Hy is weakly reducible [1] if there exist a pair of compressing disks
Dy C Hy and Dy C Hy such that 9D; NODy = (. If a Heegaard splitting is not
reducible (resp. weakly reducible), then it is irreducible (resp. strongly irreducible).
A lemma of Haken [4] says that if M is reducible, then every Heegaard splitting
is reducible. Casson and Gordon [1] showed that if a Heegaard splitting of a non-
Haken 3—manifold is irreducible, then it is strongly irreducible.

A conjecture of Waldhausen asserts that a closed orientable 3—manifold has only
a finite number of Heegaard splittings of any given genus, up to homeomorphism.
Johannson [6, 7] proved this conjecture for Haken manifolds. If M contains an
incompressible torus, one may construct an infinite family of homeomorphic but
non-isotopic Heegaard splittings using Dehn twists along the torus. The so-called
generalized Waldhausen conjecture says that a closed, orientable and atoroidal 3—
manifold has only finitely many Heegaard splittings of any genus, up to isotopy.
This is also proved to be true for Haken manifolds by Johannson [6, 7]. In this
report, we outline a proof of the (generalized) Waldhausen conjecture, see [8] for
details. A much stronger theorem for non-Haken 3-manifolds is proved in [9].

Theorem 1. A closed, orientable, irreducible and atoroidal 3-manifold has only
finitely many Heegaard splittings in each genus, up to isotopy.

The first ingredient of the proof is normal surface theory. A normal disk in a
tetrahedron is a triangle or a quadrilateral that meets each edge in at most one
point. A surface is called a normal surface, if the intersection of the surface with
each tetrahedron consists of normal disks. Any incompressible surface is isotopic
to a normal surface [3].

An almost normal piece in a tetrahedron is either an octagon, or an annulus
obtained by connecting two normal disks using an unknotted tube, see [14] for a
picture. An embedded surface S is almost normal if S is normal except in one
tetrahedron T', where T'NS consists of normal disks and at most one almost normal
piece. A theorem of Rubinstein and Stocking [12, 14] says that every strongly
irreducible Heegaard surface is isotopic to an almost normal surface.

The second ingredient of the proof is the theory of branched surfaces. A branched
surface is a 2-dimensional generalization of a train track, see [2, 11] for a picture
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and basic properties. Given an almost normal surface, by identifying the parallel
normal disks, we get a branched surface, and we say that this branched surface fully
carries the almost normal surface. Since there are only a finitely number of normal
disk types, there are only finitely many different such branched surfaces. This is
basically a construction in [2], where the authors showed that every incompressible
surface is fully carried by one of a finite collection of branched surfaces. It follows
trivially that, after isotopy, every strongly irreducible Heegaard surface is fully
carried by one of a finite collection of branched surfaces.

For any branched surface B, there is a one-to-one correspondence between com-
pact surfaces carried by B and nonnegative integer solutions to the system of
branch equations, see [11] for basic definitions. Given any two compact surfaces Fj
and Fy carried by the B, the sum F}+ F5 is obtained by a canonical cutting-and-
pasting along the double curves. The sum Fj + F» is also a surface carried by B
and its corresponding integer solution is the vector sum of the two integer solutions
corresponding to Fy and Fs.

A crucial part of the proof is to analyze normal surfaces with nonnegative Euler
characteristic. Since the 3-manifold is orientable, if a branched surfaces does not
carry any normal 2—sphere or torus, then it dose not carry any closed normal surface
with nonnegative Euler characteristic.

Theorem 2. Let M be a closed orientable, irreducible and atoroidal 3—manifold,
and suppose M is not a small Seifert fiber space. Then, M has a finite collection
of branched surfaces, such that

(1) each branched surface in this collection is obtained by gluing together normal
disks and at most one almost normal piece, similar to [2],

(2) up to isotopy, each strongly irreducible Heegaard surface is fully carried by
a branched surface in this collection,

(3) no branched surface in this collection carries any normal 2-sphere or nor-
mal torus.

Proof of Theorem 1 using Theorem 2. Suppose a branched surface B in Theorem 2
fully carries an infinite family of almost normal surfaces of genus ¢g. Then one can
find two surfaces S; and So in this family such that Sy = S + T, where T is a
closed surface carried by B. Since S; and S have the same genus, x(S1) = x(S2)
and hence x(7T) = 0. This implies that a component of T' has nonnegative Euler
characteristic. Moreover, T'" must be a normal surface, since S; and Ss have the
same almost normal piece. This contradicts Theorem 2. O

The first two conditions in Theorem 2 follow trivially from the construction of
Floyd and Oertel mentioned above. To prove Theorem 2, we show that, given a
branched surface B, one can perform some splittings and obtain a finite collection
of branched surfaces such that any Heegaard surface fully carried by B is carried
by a branched surface in this collection and no branched surface in this collection
carries any normal 2-sphere of torus.

To eliminate 2—spheres, we use a O—efficient triangulation. A O—efficient trian-
gulation is a triangulation with only one vertex and the only normal S? is the
vertex-linking one. It is shown in [5] that, except for S® and certain Lens spaces,
every closed and orientable 3—manifold admits a O—efficient triangulation. Since the
branched surfaces in our construction fully carry some Heegaard surfaces, we may
assume our branched surfaces do not carry the vertex-linking normal S?2.
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To eliminate normal tori, we need to consider measured laminations. In general,
a measured lamination (carried by a branched surface) corresponds to an irrational
point in the solution space of the branch equations. Given any measured lamination
u carried by B, the Euler characteristic of ;1 can be defined using a linear equation
of the weights of p at the branch sectors of B [10].

Let PL(B) be the projective solution space of the branch equations of B
(PL(B) is also called the projective measured lamination space). Let 7(B) C
PL(B) be the projective space of measured laminations with Euler characteristic
0. For any Heegaard surface S fully carried by B and p € 7(B), we may assume
that S and p lie in N(B), where N(B) is a regular neighborhood of B and
N(B) can be regarded as an I-bundle over B. We call an isotopy in N(B) a
B —isotopy if the isotopy is invariant on each I-fiber of N(B). We call an arc
a C S a splitting arc relative to pu if aNp # @ under any B-isotopy of p in
N(B). Note that if we delete a small neighborhood of a from N(B), we get a
regular neighborhood of a new branched surface B’ that still carries S but does
not carry p. We say that B’ is obtained by splitting B along «. The following
lemma is an important step in the proof of Theorem 2. In the lemma, we use a
combinatorial length, and one can consider the length of an arc to be the number
of intersection points of the arc with the 2—skeleton.

Lemma 3. Let p € T(B). Then, for any strongly irreducible Heegaard surface S
fully carried by B, there is a surface S’ carried by B and isotopic to S in M,
such that either (1) S'Np =0 or (2) there is a splitting arc o C S" relative to p
with length(a) < K(B, ), where K (B, p) is a number depending on B and .

A theorem in [10] says that any measured lamination is a disjoint union of a
finite number of sublaminations of the following types: (1) a lamination consisting
of compact leaves and (2) a minimal exceptional set (every leaf is dense). The proof
of Lemma 3 is a discussion of two cases: (1) p is a normal torus and (2) p is an
exceptional minimal set. In the first case, we use the fact that a normal torus in
a O—efficient triangulation always bounds a solid torus. In the second case, we first
show that p is contained in a nice solid torus. Then we apply a theorem in [13],
which says that the intersection of a strongly irreducible Heegaard surface with a
certain solid torus is very simple.

Let « be the splitting arc in Lemma 3. If we split B along a, we get a
branched surface B’ that carries a surface isotopic to S but does not carry p. In
fact, for each splitting arc «, there is an open neighborhood N of p in PL(B)
such that none of the measured laminations in N is carried by B’. Since we
use a combinatorial length, up to isotopy fixing the 2-skeleton, there are only
finitely many different splitting arcs with length less than K (B, ). Thus, for each
w € T(B), we can define N,, to be the intersection of all the neighborhoods of
i that correspond to these splitting arcs. So, NN, is an open neighborhood of p
in PL(B). By compactness, there are a finite number of measured laminations
Py .-y pn in T (B) such that 7(B) C Ui N, .

For each strongly irreducible Heegaard surface S, we have a finite set of splitting
arcs am, ..., q, relative to i, ..., u, respectively. After splitting along these arcs
we obtain a branched surface B that carries a surface isotopic to S but does
not carry any measured lamination in (J;_, Ny, . Since T7(B) C U}, N, Bs
does not carry any normal torus. As the length of each «; is bounded, there are
only finitely many possibilities for the set {a;}. Hence, if we apply such splittings
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to

every strongly irreducible Heegaard surface, we end up with only finitely many

different branched surfaces, none of which carries any normal torus. This proves
Theorem 2.

n
[2
3
4
5
6
[7
8
[9
[10
[11

[12

(13
[14

[15

REFERENCES

| Andrew Casson; Cameron Gordon, Reducing Heegaard splittings. Topology and its Applica-

tions, 27 275-283 (1987).

William Floyd; Ulrich Oertel, Incompressible surfaces via branched surfaces. Topology 23

(1984), no. 1, 117-125.

| Wolfgang Haken, Theorie der Normalflachen: FEin Isotopickriterium fir der Kreisknoten.
Acta Math., 105 (1961) 245-375.

| Wolfgang Haken, Some results on surfaces in 3-manifolds. Studies in Modern Topology,
Math. Assoc. Amer., distributed by Pretice-Hall, (1968) 34-98.

| William Jaco and Hyam Rubinstein, 0—efficient triangulations of 3—manifolds. J. Differential
Geometry, 65 (2003) 61-168

| Klaus Johannson, Heegaard surfaces in Haken 3 -manifolds. Bull. Amer. Math. Soc. 23
(1990), no. 1, 91-98.

| Klaus Johannson, Topology and combinatorics of 3—manifolds. Lecture Notes in Mathematics,
1599, Springer-Verlag, Berlin, 1995.

| Tao Li, Heegaard surfaces and measured laminations, I: the Waldhausen conjecture. Preprint.
arXiv:math.GT, also available at: www2.bc.edu/ taoli/publications.html

| Tao Li, Heegaard surfaces and measured laminations, II: non-Haken 3-manifolds. Preprint,
arXiv:math.GT, also available at: www2.bc.edu/ taoli/publications.html

| John Morgan and Peter Shalen, Degerations of hyperbolic structures, II: Measured lamina-
tions in 3-manifolds. Annals of Math. 127 (1988), 403-456.

] Ulrich Oertel, Measured laminations in 3—manifolds. Trans. Amer. Math. Soc. 305 (1988),
no. 2, 531-573.

| Hyam Rubinstein, Polyhedral minimal surfaces, Heegaard splittings and decision problems
for 3-dimensional manifolds. Proc. Georgia Topology Conference, Amer. Math. Coc./Intl.
Press, 1993.

| Martin Scharlemann, Local detection of strongly irreducible Heegaard splittings. Topology
and its Applications, 90 (1998) 135-147.

| Michelle Stocking, Almost normal surfaces in 3-manifolds. Trans. Amer. Math. Soc. 352,
171-207 (2000).

| Friedhelm Waldhausen, Some problems on 8-manifolds, Proc. Symp. Pure Math. 32 (1978)
313-322.

DEPARTMENT OF MATHEMATICS, BOSTON COLLEGE, CHESTNUT HILL, MA 02467, USA
E-mail address: taoli@bc.edu



