Saddle tangencies and the distance of Heegaard splittings

Tao LI

We give another proof of a theorem of Scharlemann and Tomova and of a theorem
of Hartshorn. The two theorems together say the following. Mebe a compact
orientable irreducible 3—manifold anfél a Heegaard surface M. SupposeQ is

either an incompressible surface or a strongly irreducible Heegaard surfite in
Then either the Hempel distancéP) < 2 genusQ) or P is isotopic toQ. This
theorem can be naturally extended to bicompressible but weakly incompressible
surfaces.
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1 Introduction

Let P be a closed orientable surface of genus at least 2. The curve compkx of
introduced by Harveyfd], is the complex whose vertices are the isotopy classes of
essential simple closed curvesiy andk + 1 vertices determine k—simplex if they

are represented by pairwise disjoint curves. We denote the curve compfbpf
C(P). For any two vertices irC(P), the distanced(x,y) is the minimal number of
1-simplices in a simplicial path jointing to y. To simplify notation, unless necessatry,
we do not distinguish a vertex i@(P) from a simple closed curve iR representing
this vertex.

Let M be a compact orientable irreducible 3—manifold d&hdn embedded connected
separating surface il with genusP) > 2. LetU andV be the closure of the two
components oM — P. We may viewdU = gV = P. As in Scharlemann-Tomova
[14], we sayP is bicompressible if P is compressible in botty andV. Let#/ and

Y be the set of vertices i@(P) represented by curves bounding compressing disks in
U andV respectively. The distanad{P) is defined to be the distance betweé¢rand

Y in the curve complexC(P). If P is a Heegaard surface, thefP) is the distance
defined by Hempel [7]. We sal is strongly irreducible or following the definition

in [14], say P is weakly incompressible if d(P) > 2, ie every compressing disk id
intersects every compressing disk\in
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Let Q be another closed orientable surface embeddéd.ihet g(Q) be the genus of

Q. A theorem of Hartshorng] says that ifQ is incompressible an® is a strongly
irreducible Heegaard surface, thé(P) < 2g(Q). In [14], Scharlemann and Tomova
showed that if bothP and Q are connected, separating, bicompressible and strongly
irreducible, then eithed(P) < 2g(Q) or P and Q are well-separated d? and Q are
isotopic. In particular, if bothP and Q are strongly irreducible Heegaard surfaces,
eitherP andQ are isotopic od(P) < 29(Q).

Combining Hartshorn’s theorem and the theorem of Scharlemann and Tomova, we
have the following Theorem.

Theorem 1.1 SupposeM is a compact orientable irreducible 3—manifold dhds a
separating bicompressible and strongly irreducible (or weakly incompressible) surface
in M. LetQ be an embedded closed orientable surfadd iand suppose€) is either
incompressible or separating, bicompressible but strongly irreducible. Then either

(1) d(P) < 29(Q), or
(2) after isotopy,Py N Q = (0 for all t, whereP; (t € [0,1]) is a level surface in a
sweep-out folP, seeSection 2for definition, or

(3) P andQ are isotopic.

Remark The statement cfheorem 1.4s basically the same as the main theorem of
[14]. If Q is separating, bicompressible but strongly irreducible &ch Q = () for
all't € [0,1], then itis easy to see thRtandQ are well-separated. Note that part (3)
of the theorem never happengJfis incompressible.

In this paper, we give another proof ®heorem 1.1 Some arguments were originally
used in a different proof of the main theorem by the autf®r [The motivation for

this paper is a conjecture iB]which generalizes both the main theorem@&fdnd the
theorem of Scharlemann and Tomova. We hope this proof and the techniq@es0h [

can lead to a solution of this conjecture. Some arguments in the proof are similar to
those in [1,14)].

I would like to thank Marty Scharlemann for pointing out a mistake in an earlier version
of the paper. The research was partially supported by NSF grant DMS-0406038.

2 Saddle tangencies

Notation Throughout this paper, we denote the interiopoby int(X) for any space
X.
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Let P be abicompressible surface andleandV be the closure of the two components
of M — P as above. LePY andPV be the possibly disconnected surfaces obtained by
maximal compressing in U andV respectively. Sinc# is irreducible, after capping
off 2-sphere components by 3-balls, we may assBtandPV do not contain 2-sphere
components. Moreover, we may also assi®Hec int(U) andPY c int(V). SinceP

is strongly irreducible, as in Casson—-Gord@i [PY andPV are incompressible iM.
FurthermoreP" U PV bounds a submanifolp of M andP is a strongly irreducible
Heegaard surface dflp. Note that if U is a handlebody, the®Y = (. If P is a
Heegaard surface &, then we may viewMp = M.

The surfaceP cutsMp into a pair of compression bodiés N Mp andV N Mp. There
are a pair of properly embedded grapB¥ ¢ U N Mp andGY C V N Mp which
are the spines of the two compression bodies. The endpoints of the g&planid
GV lie in PY and PV respectively. Letty = PP UGY andXy = PV UGY, then
Mp — (Xy U Xy) is homeomorphic td® x (0, 1).

We consider a sweepott: P x (I,01) — (Mp, Xy U Xv), see [1], wherel = [0, 1]
andH|px(0,1) is an embedding. We denok§(P x {x}) by Py foranyx € I. We may
assumePy = Yy, P1 = Xy and eachPy (i # 0,1) is isotopic toP. To simplify
notation, we will not distinguistH(P x (0, 1)) from P x (0, 1).

Let 7: P x| — P be the projection. To simplify notation, we do not distinguish

between an essential simple closed cupvie Py and the vertex represented byy)
in the curve complexX (P).

Definition 2.1 Let Q be a properly embedded compact surfacklinWe sayQ is in
regular positionwith respectto P x | if

(1) QN GY andQn GY consist of finitely many points an€ is transverse to
PY UPY and

(2) Q is transverse to eacBy, x € (0,1), except for finitely many critical levels
t1,...,th € (0,1) and

(3) ateach critical levet;, Q is transverse t®; except for a single saddle or center
tangency.

If x € (0, 1) is not one of the;’s, then we say or Py is a regular level. Clearly every
embedded surfac® can be isotoped into a regular position.
Definition 2.2 We sayQ isirreduciblewith respectto P x | if

(1) Qisinregular position with respect tB x | and
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Figure 2.1

(2) at each regular leve®,, if a componenty of Q N Py is trivial in Py, then~ is
also trivial in Q.

In this section, we assum@ is irreducible with respect to the sweepdat< |. We
first perform some isotopy o to eliminate center tangencies and trivial intersection
curves.Lemma 2.1can be viewed as a special case of a theorem of Thurs&mapd

[4, Theorem 7.1].

Lemma 2.1 Let Q be an embedded surfaceNh and supposé® is irreducible with
respect to the sweepoBtx | . Then, one can perform an isotopy @nso that

(1) QN (GY UGY) consists of finitely many points is transverse t®Y U PV,
andQn (PY U PVY) consists of curves essential @

(2) Q is transverse to eadPy, x € (0,1), except for finitely many critical levels
tl7 .. .,tn 6 (0, l),

(3) at each critical levet;, Q is transverse td®; except for a saddle or circle
tangency, as shown Figure 2.1a);

(4) ateach regular leved, every component dD N Py is an essential curve iBy.

Proof SincePYUPY isincompressibleitM andM is irreducible, after some standard
isotopy we may assume condition (1) in the lemma holds.

Note that the intersection @& with P x | yields a (singular) foliation ofQ N Mp with
each leaf a component 6 N Py for somex € |. A singular point in the foliation is
either a pointinQ N (G U GY) or a saddle or center tangency.

Let x be a regular level and suppose a componeot Q N Py is trivial in Py. Suppose
~ is innermost inPy, ie the disk bounded byy in Py does not contain any other
intersection curve withQ. SinceQ is irreducible with respect t® x |, v bounds a
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disk D, in Q. If the induced foliation orD., contains more than one singular point,
since~ is trivial in Py, we can construct a did®’ C P x (x — ¢, X+ ¢€) for some small
e such that

(1) o' =+,

(2) the induced foliation oD’ N (P x 1) consists of parallel circles except for a
singular point corresponding to a center tangency,

(3) (Q—-D,)uUD’ isembedded i and irreducible with respect 8 x |.

SinceM isirreducible, Q—D,)UD’ is isotopic toQ. Moreover, the induced foliation
on (Q — D,) UD’ has fewer singular points. So after finitely many such operations,
we may assume that for any regular lexednd for any component of Q N Py that

is trivial in Py, the disk bounded by in Q lies in Mp and is transverse tB x (0, 1)
except for a single center tangency.

Let t be a critical level and suppog@ N P; contains a saddle tangency. Lebe a

sufficiently small number. So the component@f (P x [t — ¢,t + €]) that contains

the saddle tangent point is a pair of pafts Figure 2.1b) is a picture of the curves
changing fromF N P;_. to F N Pe...

We first claim that at most one componentdft is trivial in the corresponding level
surfaceP;... Let~1, 72 and~s be the 3 components ofF and suppose; and~; are
both trivial in the corresponding level surfaces. Then by the chanderoPy near the
saddle tangency as showrHigure 2.1b), v3 must also be trivial in the corresponding
level surfaceP;... SinceQ is irreducible with respect t® x |, 1 and~, bound disks

D1 andDs in Q respectively. By the assumption above, the dixkdoes not contain
any saddle tangency and herfee) D; = ~;, i = 1,2. ThusF U D1 UD> is a diskin

Q bounded byy; andF U D1 U D, contains a saddle tangent point. This contradicts
the assumption above. Thus at most one componefEds trivial in Pi..

Let F and~; be as above. Suppose and~; liein P;_. and~s liesin Py . If 1 is

trivialin P;_. and letD; be the disk inQ bounded byy1, thenF N D1 = 1 as above
andF U D1 is an annulus iQ bounded byy, U 3. SinceD1 is isotopic to a disk in
P;_., we can first pusiD; into P x [t — ¢,t + €], then as shown ifrigure 2.4a), we

may perform another isotopy d@ canceling the center tangencylin and the saddle
tangency inF. If ~3 is trivial in Py, by the assumption above, both and ~, are

essential inP;_.. Hencev; and~y, must be parallel irP;_.. Let D3 be the disk in
Q bounded byys. As above,F N D3 = v3 andF U D3 is an annulus iQ bounded
by 1 U 2. SinceDj is isotopic to the disk inP;, . bounded byys, we can first push
the annulug= U D3 into a 9—parallel annulus iP x [t — €, t + €¢]. Then an isotopy as
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shown inFigure 2.2Zb) can cancel the center tangencydn and the saddle tangency
in F, changingF U D3 into an annulus with a circle (or volcano) tangency. Note that
the circle tangency is an essential curve in the corresponding level sirface

Note that condition (1) of the lemma implies that for a smalQ NP, andQ N P1_.
consist of essential curves . and P1_. respectively. Since&) is not a 2—sphere,

a curve ofQ N Py that is trivial in Py will eventually meet and cancel with a saddle
tangency. Thus after a finite number of isotopies as above, we can eliminate all the
curves ofQN Py that are trivial inPy, and get a surfac® satisfying all the conditions

in the lemma. O

Note that a circle tangency does not create any singularity in the foliatiégd @fMp
induced fromP x |. Thus, if Q satisfies the conditions ihemma 2.1 a singular
point in the foliation of Q N Mp corresponds to either a saddle tangency or a point in
QN (GY U@GY). Itis possible that) does notintersedlp = P x |,ie Py x Q = ()

for all t, after isotopy.

Lemma 2.2 Let P and Q be as above and assume satisfies the conditions in
Lemma 2.1 SupposeQN Xy # 0 andQ N Xy # 0. Then the distance(P) =
d/, V) < 29(Q).

Proof SinceQ is connected an@ is separatingQN Xy #  andQN Xy # 0 imply
QN Py # () for everyt.

Claim1 Lett be a critical level and a sufficiently small number. Let andw be
any components 0@ N P;_. andQ N Py, respectively. Them(o, w) < 1.
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Proof of Claim 1 The claimis obvious iP; contains a circle tangency. Sowe suppose
P; contains a saddle tangency. Letbe the componento® N (P x [t — e, t + €])
that contains the saddle tangency. Theis a pair of pants and all other components
of QN (P x [t — ¢, t + ¢]) are essential vertical annuliiB x [t —¢,t+¢]. If o isa
boundary curve of a vertical annulus, theris isotopic to a component d® N Py,

and henceal(o, w) < 1 for any curvew in QN Py . If neithero norw is a boundary
curve of a vertical annulus, then andw are components afF andd(o,w) = 1 as
shown inFigure 2.1b). O

Let 55 < --- < s, be a collection of regular levels such thegt= 6, s, = 1— ¢ fora
small 6 and there is exactly one saddle or circle tangency in dash(s, s.1). Let
I'i = QN Py for eachi.

Recall thatPy = £y = PY UGY andP; = Xy = PY U GY. Sincesy = ¢ for a small
0, we may assumd(l{, I'p) is either O or 1, and iti(¢/, I'g) = 1 thend(l/, o) = 1 for
any component of T'g. Similarly, d(V, T'y) is either 0 or 1, and iti(V, I'y) = 1 then
d(V,w) = 1 for any componentv of I'y.

Supposa(l{, V) > 29(Q) and hencel(l/, V) > 2. Letk be the smallest integer such
thatd(l/, T'y) # 0 andl the largest integer such thdl"|, V) # 0. Sinced({/,I'g) < 1
andd(V,I'y) < 1, by Claim 1 aboved(/,T'x) = d(I'|, V) = 1 andk < |. Without
loss of generality, we assunke< |. Next we show that every curve iry is essential

in Q. Suppose a curve in Tk is trivial in Q and letD be the disk bounded by

in Q. SincePY andPY are incompressible, we may assube- Mp. SinceP is a
strongly irreducible Heegaard surfaceM§, by the no-nesting lemma of Scharlemann
[12, Lemma 2.2];y must bound a disk in one of the two compression bodies, ie either
veU orvye V. However,y € U contradictsd(i/, ') # 0, andy € V contradicts
d@,V) > 2. Thus every curve iy must be essential i. Similarly every curve in

I'| is also essential iQ.

LetQ = QN (P x[s(, §]), and letU’ andV’ be the two components & — P x (¢, §)
containingGY and GV respectivelyFy = QN U’ andFy = QN V. Sincel'x and
I are essential i, Fy, Q andFy are essential subsurfaces@t= Fy UQ UFy.

Claim 2 Let ox be any component dfy, thend(oy, i) < 1.

Proof of Claim 2 By the definition ofk and the argument abov€laim 2 holds if
k=0. If k> 0, thend(/,Tx_1) = 0 andd(/,Tx) = 1. Letw be a component
of T'x_1 that represents a vertex id. By Claim 1, for any componenty of T,
d(ok, U) < d(ok,w) < 1. D
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Claim3 Thereisacomponenf of I'y and acomponent of I'; such that(oy, o1) <

—x(@Q).

Proof of Claim3 Lett; < --- < ty be the levels ing, §) that contain the saddle
tangencies. For a sufficiently small P x [t; + ¢, tj, 1 — €] contains no saddle tangency
for eachi (to simplify notation we setty + ¢ = s andtyi1 — € = §). So by
the conditions inLemma 2.1Q N (P x [t + ¢, ti11 — €]) consists of annuli for each
i=0,...,N. If QN(Px[ti +e¢, ti 1 —¢€]) consists ofo—parallel annuli, thelQNP; = ()

for somet after isotopy, a contradiction to our assumption at the beginning. Thus an
annulus componerdy of Q N (P x [tj + ¢,ti 1 — €]) is vertical. We choosey; to

be a meridian circle inA; for eachi and assumer, = 9 = Ao N Ps, C I'x and

ol =9 = AN NPy C I'y. Since eacth is vertical,; is parallel to a component of
QN Py,,—. Similarly ~i;1 is parallel to a component @ N Py, .. By Claim 1,
d(vi,vi+1) < 1 and henced(o, 01) = d(vo, ) < N. Moreover, since the only
singular points in the induced foliation & are the saddle tangencies, by a standard
index argument;—x(Q’) = N and henceal(o, 01) < —x(Q). O

SinceQ’, Fy and Fy are essential subsurfaces@f x(Q') > x(Q). By Claim 2,
d(ox, U) < 1 and similarlyd(oy, V) < 1. Therefored(l/, V) < d(U4, ok) + d(ok, o1) +
d(o1,V) <1—x(Q)+1<2-x(Q) = 29(Q). D

Corollary 2.3 Let P andQ be as inTheorem 1.1 ThenTheorem 1.1holds ifQ is
incompressible.

Proof If Q isincompressible, the@ can be isotoped to be irreducible with respect to
Px 1. Moreover, ifQNXy = 0, then sinceQ is incompressibleQ can be isotoped out
of the compression bodylp — N(Xy). HenceQNMp = () after isotopy and part (2) of
Theorem 1.1holds. NowCorollary 2.3follows from Lemma 2.JandLemma 2.2 0O

3 The graphics of sweepouts

In this section, we suppog@ is separating, bicompressible and strongly irreducible.

Let X and Y be the closure of the 2 components Mf — Q. Let QX and Q" be

the possibly disconnected surfaces obtained by maximal compre®singX and Y
respectively and capping off 2—sphere components by 3—balls. Similar to the argument
onPY andPY above, we may assun@ C int(X) andQ" c int(Y) are incompressible
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(a) (b) () (d)

Figure 3.1

in M. FurthermoreQ* U QY bounds a submanifoltg of M andQ is a strongly
irreducible Heegaard surface bfg. If X is a handlebody, the@* = 0. If Qisa
Heegaard surface ®fl, we may viewMq = M.

As in Section 2 the surfaceQ cuts Mg into a pair of compression bodies N Mg
andY N Mgq. LetgraphsG* c XN Mg andGY C Y N Mg be the spines of the two
compression bodies and [ = QX UGX andXy = Q'UGY. ThenMg— (xUXy)
is homeomorphic t@ x (0, 1).

Now we consider the two sweepouts: P x (I,91) — (Mp, Xy U Xy) andH’: Q x
(1,01) = (Mg, Xx U Xy). LetPy = H(P x {t}) andQ = H'(Q x {t}), t € I. We
may assumeé)y = Xx, Q1 = Xy andQy is isotopic toQ for eachx € (0, 1).

The graphicA ofthe sweepouts, defined ibh]], is the set of pointsy(t) € (0, 1)x (0, 1)

such thatPg is not transverse tQ;. We briefly describe the graphic below and refer to
[11] for more details. As in11], Cerf theory implies that after some isotopy, we may
assume that is a graph in (01) x (0, 1) whose edges are the set of poirgg) for
which Pg is transverse t@; except for a single saddle or center tangency. There are
two types of vertices in\, birth-and-death vertices and crossing vertices, as shown in
Figure 3.1a). Moreover, each arc (0) x {x} contains at most one vertex,c (0, 1).

The complement of\, (0,1) x (0,1) — A, is a finite collection of regions. Note that
for every 6,t) in (0,1) x (0,1) — A, Ps is transverse t@);, and for any two points
(s,t) and €, t) in the same regionPs N Q; and Py N Qv have the same intersection
pattern.

Let (s,t) € (0,1) x (0,1) — A. Suppose there are disks or annDp C Pg and
Do C Q with Dp N Dg = dDp = 0Dg C PsN Q. SupposeDp is parallel toDg
(fixing 0Dp = 0Dg) in M and suppos®p U Dg bounds a 3-ball or solid toruk.
Moreover, suppos&; N E = Dg. Then we can perform an isotopy & by pushing
Dq acrossE and remove the intersecti@Dp = 0Dq. This isotopy is the same as the
operation that changeg; to (Q; — Dg) U Dp and then perturbs the resulting surface.
We call such an isotopytaivial isotopy on Q; at Ps. We may view a trivial isotopy on
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Q is associated with the disk or annulDg, C Q;. Suppose we are to perform another
trivial isotopy on Q; at Py and IetD’Q C Q; be the disk or annulus in the isotopy as
above. TherDg and D’Q are either disjoint or nested iQ;. Thus either the two trivial
isotopies are disjoint or we can view one isotopy as a middle step of the other.

Labelling For anyQ;, we useX; (resp.Y;) to denote the component M — Q; that
containsXx (resp. Xv). We label a region, ie a component of () x (0,1) — A, X
(resp. Y) if for a point (s, t) in the region, either (1) there is a componentRafn Q;
that is trivial in P but bounds an essential disk ¥y (resp. Y;), or (2) Xy or Xy lies

in Y; (resp. X;) after somerivial isotopies on Q; at finitely many regular level®y.
We labelt € (0,1) X (resp. Y) if the horizontal line segment (@) x {t} intersects

a region labelledX (resp. Y). Note that since a trivial isotopy does not increase
|Xu N Q or[Xy NQy, if tis notlabelled,Q; N Xy # 0 andQ; N Xy # (0 after any
trivial isotopies.

Lemma 3.1 Either Theorem 1.holds or for a sufficiently smali > 0, ¢ is labelled
X andl — ¢ is labelledY .

Proof For a sufficiently smalls > 0, H'(Q x [0, §]) is a small neighborhood of
Yx = QXU GX. If Psn GX # () for somes, then by definition/ is labelledX for a
sufficiently smalls. Suppose is not labelledX, then the graptG* must be disjoint
from Mp = H(P x 1). Moreover, ifQ* N P, = () for somet after isotopy, sinced*
is incompressible, we can isoto@ out of the two compression bodiddp — P;.
Hence,Qs N Mp = () after isotopy and part (2) 6Fheorem 1.holds. If QX N Py # ()
for all t, sinceQX is incompressible, bgorollary 2.3 d(P) < 2g(Q¥) < 2¢g(Q) and
Theorem 1.%Xollows. The prooffor 1— ¢ is similar. O

Lemma 3.2 Either Theorem 1.holds or not € (0, 1) is labelled bothX andY .

Proof We first remark that ity C Y; then one cannot movEy to X; by a trivial

isotopy, since if this happens, théf, must lie in E, whereE is the 3-ball or solid
torus in the trivial isotopy described above. However, sigff®) > 2 andP is strongly
irreducible,Xy cannot lie in a 3-ball or solid torus by8]. So by our labelling, ift is

labelled bothX and Y, then one can always fingl # s, such that ¢;,t) and &, t)

are pointsin (01) x (0,1) — A and one of the following 3 cases occurs.

(1). A component ofPs, N Q; contains a curve bounding an essential dlk in X
and a component d?s, N Q; contains a curve bounding an essential dskin Y;. In
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this case, since; # s, 9Dx N dDy = 0 in Q;, which contradicts the assumption that
Q is strongly irreducible.

(2). After trivial isotopies,Xy C Y; andXy C X;. Thismeans tha®; C P x (0,1) C
Mp and Q; separatexy and Xy in Mp. If Q; is incompressible irP x (0, 1), then
Q; is isotopic toP andTheorem 1.holds. Supposé€); is compressible ifP x (0, 1).
Similar to the construction oMq earlier, by maximal compressing; in P x (0, 1)
on both sides and capping off 2-sphere components, we obtain a submaM[godﬂ
P x (0,1) such thatQ; is a strongly irreducible Heegaard surfacel\d)@. Moreover,
by [3], OMg, is incompressible i x (0, 1). So each component 6Mg, is parallel to
P and Mé must be a product dP and an interval. Thus we can vie@ as a strongly
irreducible Heegaard surface of a prodBct [0, 1]. By Scharlemann—Thompsohd],
either Q; is isotopic toP or Q; cutsP x [0, 1] into a handlebody and a compression
body. In the later case, bothy and Xy lie in Y; (or both in X;), a contradiction.

(3). After trivial isotopies,Xy C Y; and a component d?s, N Q; contains a curvey
that is trivial in Ps; and bounds an essential diBkin Y;. Note that if a component
of Ps, N Q; also bounds an essential diskXq, then this contradicts th& is strongly
irreducible as in case (1). Thus, after some isotopy@pnwe may assume that is
innermost inPs, and the diskD bounded byy in Pg is an essential disk iiY;. Since
Yu C Yy andD C Y; — Xy, by maximal compressin@; in Y; — Xy and capping off
2-sphere components, we obtained a (possibly disconnected) s@facélote that
QY # 0 becausexy is not contained in a 3-ball. Sinc®; is strongly irreducible,
by [3], Q! is incompressible iftM — Y. Note that if P is a Heegaard surface of
a closed manifoldM, this is already a contradiction sin€g’ lies in the handlebody
M —N(Xy) and cannot be incompressibl@{ cuts; into H; andH,, whereH, isthe
compression body bounded I} andQ;’. Since the compressions @h are disjoint
from Xy and sinceXy does not lie in a 3-ballxy NH, = . HenceXy C Hj.
SinceQ,’ is incompressible itM — Xy, we can pusli®,” out of the compression body
Mp — N(2y) or equivalently pustiMp — N(2y) into H;. So we can isotop®p into
H;. In particular,Q; N Mp = () after isotopy and part(2) ofheorem 1.holds. O

Lemma 3.3 If t € (0, 1) has no label an{D, 1) x {t} contains no vertex o\, then
Q: is irreducible with respect t& x | andTheorem 1.holds.

Proof Since (01)x {t} contains no vertex oA, Q; is in regular position with respect
to P x 1. Forany §t) ¢ A, suppose a curve in PsN Qq is trivial in Ps. If v is an
essential curve i), by assumingy to be an innermost such curve, the disk bounded
by ~ in Ps can be isotoped to be an essential disk in eiteor Y;. Sincet € (0, 1)



12 Tao Li

has no labely must be trivial inQ;. Thus by definition@Q; is irreducible with respect
to P x |. So after isotopy we may assunqgsatisfies the conditions ibemma 2.1
Moreover, since has no labelQ; N Xy # () andQ; N Xy # 0 after the isotopy in the
proof of Lemma 2.1 SoTheorem 1.%ollows from Lemma 2.2 O

SupposeTheorem 1.1s not true. Then byemma 3.1for a smallé, ¢ is labelledX
and 1- ¢ is labelledY. Ast changes fromd to 1 — ¢, the label changes frorX to
Y. So byLemma 3.ZandLemma 3.3there must be a numbére (0, 1) such that

(1) (0,1) x {b} contains a vertex oA and
(2) b has no label and
(3) b— eislabelledX andb + ¢ is labelledY for sufficiently smalle > 0.

Let Z = (a, b) be the vertex ofA in (0,1) x {b}. If Z is a birth-and-death vertex,
then since no region that intersects 19 x {b} is labelled, as shown iRigure 3.1b)

and (c), after perturb (@) x {b} a little, we can find a line segment,(D) x {b + ¢}

that does not intersect any labelled region, a contradiction to our assumption above.
Therefore,Z = (a, b) must be a crossing vertekigure 3.1d) is a picture ofZ.

SinceZ = (a, b) is a crossing vertex, as explained 1] (see Kobayashi—Saeki [8,
Figure 2.6]),P;, is transverse t@)y, except for two saddle tangencies. Sirté not
labelled, for anys = a in (0, 1), either (1)Ps N Qp contains a single center or saddle
tangency or (2)Ps is transverse td), and if a component oPs N Qp is trivial in

Ps then it is also trivial inQ,. Moreover, after trivial isotopiesQ, N Xy # @ and
QvN Xy # 0. SinceP is separating an@ is connected, this implies th&y, N Ps # ()
forallsel.

Now we considerQp, N (P x [a — ¢,a+ ¢]) for a smalle. Let F be the union of
the components o, N (P x [a — ¢,a+ €]) that contain the two saddle tangencies.
ThusF is either the union of two disjoint pairs of pants or a connected surface with
x(F) = —2. Allother components o), N (P x [a—¢, a+¢€]), denoted byA, . . ., Am,

are vertical annuliirP x [a — e, a+ €].

Next we consider the case that a componenQgfn Po. is trivial in Paq.. If @
componenty of 9A;, i = 1,...,m, is trivial and innermost inP,., then by our
assumption;y bounds a diskD,, in Qp. We can perform a trivial isotopy 0@y, by
pushing the diskD, U A; away fromP x [a — ¢,a + ¢]. Thus, after a finite number
of such operations, we may assume the boundary of every annular com@grient
essential inPa.
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Suppose a componentof JF is an innermost trivial curve ifP,.. So~ bounds a
disk D, in Qp. If D, contains a component &f, then as in the proof dfemma 2.1
after replacingD,, by a disk which is transverse to evely except for a single center
tangency, we get a surface isotopic@ and has at most one saddle tangency in
P x [a — ¢,a+ ¢]. This means that after the isotopy, is irreducible with respect to

P x | andTheorem 1.Xollows from Lemma 2.2ZandLemma 3.3 So we may assume
thatD, N F = v for any componenty of OF that is trivial in Pa..

Let F be the union of and all the diskD,, in Q, bounded byoF as above. We may
push all such disk®, into P x (a—¢,a+ ¢) and isotopeﬁ into a surface properly
embedded ifP x [a — ¢, a+ €]. By the constructiondF is essential inP,... SoF
has no disk component. F consists of annuli, then sinc@F is essential inP,..,
each annulus is either vertical Oparallel inP x [a — ¢,a+ ¢]. Thus, after some
isotopy, Q, becomes irreducible with respectfox | andTheorem 1.Xollows from
Lemma 2.2andLemma 3.3 So we may assumg(F) is either—2 or —1, ie at most
one component oF is trivial in Pay..

Suppose((F) = —1. If F is a once-punctured torus, thEnmust be incompressible in
P x[a—e¢, a+e]. Otherwise a compression ényields a disk, contradicting thatF is
essential ifP,... AsF is properly embedded in the produetx [a— e, a+ €], F must
be —compressible. A)—compression ot yields an incompressible annulus with
both boundary circles ifP,_. (or Pa1¢). So the resulting annulus &—parallel. Since
Fis incompressible, this implies that itself is 0—parallel. Hence we can perform an
isotopy onF so thatQp, becomes irreducible with respect®ox | . Similarly, if F is a
pair of pants, thefr must be incompressible bét-compressible. So@-compression
on F yields one or two incompressible annuli. This implies that eithdés d—parallel
or we can perform an isotopy df so thatF is transverse to eadP, except for a single
saddle tangency. In either case, we can isofoge thatQ, becomes irreducible with
respect taP x | andTheorem 1.Xollows from Lemma 2.2andLemma 3.3

Therefore, we may assumgF) = —2. HenceF = F and every component @fF is
essential inPa.

Sinceb is not labelled and since every component®f above is essential iR, at
each regular levet € (0, 1), if a component oP,NQy, is trivialin Py, then it must also
be trivial in Qp. Thus, we can applyemma 2.1on QyN(P x ([0,a—e]U[a+¢, 1])).
So after some isotopie€), satisfies all the conditions ihemma 2.1except for the
level P, whereP,NQy contains 2 saddle tangencies. Moreover, simigenot labelled,
QyNXy # 0 andQp N Xy # 0. HenceQp N Ps # () for everys.
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ClaimA Let o andw be any components @, N P,_. andQp N P4, respectively.
Thend(o,w) <2 = —x(F) = —x(Qo N (P x [a — ¢, a+ €])).

Proof of Claim A If ¢ is a boundary curve of a vertical annulus componerDei
(Px[a—e, a+¢]), theno isisotopicto a component @NP,. . and henceal(o, w) < 1
for any curvew in QN P4... S0 we may assume neithemor w is a boundary curve
of a vertical annulus. Thus andw are both components @ff.

Let 2 be the union of the components Bf N Qp that contain the 2 saddle tangent
points. Sof? is a possibly disconnected graph with 2 vertices of valence 4.N(€X)

be a regular neighborhood 6f in P, and letw: P x | — P4 be the projection, then
w(0F) C N(Q2) after isotopy. Sincd® has genus at least 2, there must be an essential
curvex in Py disjointfrom N(€2). Sod(o,w) < d(o, @) + d(a,w) < 2= —x(F). O

Now Theorem 1.ifollows from the argument in the proof dfemma 2.2 As in the
proof ofLemma 2.2letsy < - - - < s, be a collection of regular levels such tisgt= 6,
s = 1-— 6 for a smallé and there is exactly one critical level in eaBhx (s, S11).
Let It = QN P for eachi.

Since we assum@ is bicompressible in this section and sindeis irreducible, ifQ is
a torus, therM must be a lens space aRdandQ must be isotopic Heegaard surfaces
of the lens space (see Bonahon—O23).[ So we may assumg(Q) > 2.

Supposeal(l/, V) > g(Q). Sinceg(Q) > 2, we haval(l/, V) > 4. Letk be the smallest
integer such that(/, ') # 0 andl the largest integer such thd{T';,V) # 0. By
Claim A above andClaim 1in the proof ofLemma 2.2 d(i/,T'y) and d(I'}, V) are
either 1 or 2 andk < |. Without loss of generality, we assurke< |.

Similar to the proof ofLemma 2.2 I'y andI'} must be essential iQ,. Let Q' =
Qp N (P x [sk,s]), and letU’ and V' be the two components dfl — P x (s, S)
containingGY andG respectivelyFy = Q,N U’ andFy = Q,NV’. Sincelk and
I'| are essential iIQy,, Fy, @ andFy are essential subsurfaces@f = Fy UQ UFy,.

Claim B Let ox be any component dfy, thend(oy, ) < 1 — x(Fuy).

Proof of Claim B If a componentA of Fy is a 9—parallel annulus ilJ’, then we
may first isotopeA into P x (sx — €, s]. Then we isotopé so thatA is transverse to
eachPy except for a circle tangency. Sinéé&y is essential inPs,, after the isotopy,
Qp still satisfies the conditions ihemma 2.lexcept at the leveP, as above. Now
we pushA out of U’. After the isotopy, we still havel(l/, T'x) # 0. If k is no longer
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the smallest number so thdf//, T'x) # O after the isotopy, then we can find a n&w

and proceed as above. Eventudy does not contain any—parallel annulus after
some isotopies. We can view these isotopies as trivial isotopies, so by our assumptions
above,Qp, N Xy # ) after the isotopies.

We first show thatl(oy, /) < 2. Asinthe proofoLemma 2.2d(ox, i) < 1if k=0.
So we may assumk > 0. By the definition ofk, d({/,T'x_1) = 0. Thus there is a
componentv of I'y_1 representing a vertex 1. By Claim A above and th€laim 1
in the proof ofLemma 2.2 d(ok, w) < 2 and henca(oy, ) < 2.

Since Fy is an essential subsurface @, x(Fu) < 0. Sinced(ok, i) < 2 and
x(Fu) < 0, to prove the claim, we only need to consider the case filat,) = 0.
Supposex(Fy) = 0. Sinced(/,T'x) # 0, Fy consists of incompressible annuli in
U’. Let A be the component dfy that containssy. If A is alsod—incompressible,
then A can be isotoped away from any compressing diskloind hencel(oy, &) <
1=1- x(Fy). If Ais 0—compressible, then sindé, contains noo—parallel
annulus, ad—compression orA yields a compressing disk dfi’ disjoint from A.
Thus,d(ok, ) < 1 =1-— x(Fy) in any case. O

Similar to Claim B, for any component; of I, d(V, o)) < 1 — x(Fv). Although
PaNQp contains 2 saddle tangencies, by Claim A and our assumptio@g p@laim 3
in the proof ofLemma 2.2also holds in this case, ie there is a compongnef I'y and
a componenty of I such thatd(oy, o)) < —x(Q').

SinceQ’, Fy andFy are essential subsurfacesQy, d(i/, V) < d(U4, o) +d(ok, o) +
d(o1,V) <1 - x(Fu) — x(Q) +1 - x(Fv) = 2— x(Q) = 29(Q). ThusTheorem 1.1
is proved. O
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