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Abstract

If P is a pleated plane in 3-dimensional hyperbolic space H® and «a a geodesic in
its intrinsic metric we define B(P, ), the average bending of P in the direction a.
We show that if P is a convex pleated plane embedded in H? then B(P,a) < K for
some universal K. Furthermore if Pr is a boundary component of the convex hull
of a quasi-Fuchsian group I' then B(Pr,a) = B(I') almost everywhere, where B(I")
is a constant times the length of the bending lamination (r of the pleated surface
Xr = Pr/I'. We use these to prove a number of results about quasi-Fuchsian groups
including a universal bound on the Lipschitz constant for the map to infinity and a
bound on the length of Sr by a constant times the Euler characteristic of Xr.

1 Introduction

In this paper we study the bending of pleated planes in 3-dimensional hyperbolic space H?>.
If P is a pleated plane with bending measured lamination # and « is a geodesic in the
intrinsic hyperbolic metric on P then we define the average bending of a, B(P,«), as the
transverse measure of a per unit length. This gives us a measure of the bending of P in
the direction of a. The main result is that if P is a convex embedded pleated plane then
B(P,a) < K where K is universal.

If ' is a quasi-Fuchsian group then let Pr be a component of the boundary of the convex
hull of T'. Then Pr is a convex pleated plane embedded in H® and therefore B(Pr,a) < K.
Furthermore using the group action on Pr we show that B(Pr, ) = B(I') almost everywhere
where B(I') is a constant depending only on I' and almost everywhere means in almost every
direction. The surface Xr = Pr/I" has a hyperbolic metric coming from the metric on Pr and
has bending measured lamination 3r. We show that B(I') = Lx.(6r)/(7* - |x(Xr)|) where
Lx.(Br) is the length of Gr in Xr. Thus let X be a hyperbolic surface and # a measured
lamination on X. Then a necessary condition for (X, 3) to correspond to a component of

the convex core of a quasi-Fuchsian group is that Lx(3) < K - w2 - |x(X)|. We further
use the universal bound on average bending to show that 1 + K is a universal bound on
the Lipschitz constant between the hyperbolic metric on the convex core boundary and the
hyperbolic metric on the quotient of the domain of of discontinuity.
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3 Pleated planes, Average bending

Informally a convex pleated plane is a hyperbolic plane H? which is mapped into H? bent
along some disjoint geodesics. A simple example is if we have a geodesic @ on H? and we
map H? into H? so that it is bent along a by some angle ¢. The pair (¢,a) corresponds to
the measured lamination tar which assigns to any arc transverse to «, ¢ times the intersection
number with a. Note that the map of H? into H? is isometric in the complement of a and
the amount of bending is given by ¢. Also the pair (H?, ta) uniquely determines the pleated
plane up to post-composition by a Moebius transformation.

Formally a convex pleated plane P is given by a triple (Xp, 3p, fp : Xp — H?) where
Xp is isometric to the hyperbolic plane H?, 8p is a measured geodesic lamination on Xp
and fp is a continuous map with the following properties. The map fp is an isometry in the
complement of 3p, the image fp(Xp) is convex in the sense that all bending is in the same
direction and the bending lamination is precisely (p.

Another description is that there is a well defined normal map n : Xp — Bp — T1(H?)
which assigns to each point z the unique normal vector n(z) such that the triple of vec-
tors (fp«(e1), fre(€2),n(z)) is an oriented orthonormal basis whenever (e, €3) is an oriented
orthonormal basis. The map n induces a measure on curves transverse to 3p on Xp by
measuring the total angle of turning of n along the transverse curve. The convexity of P
corresponds to this being a non-negative transverse measure and the bending measure being
exactly Bp means they are equal as transverse measures.

The map fp is unique up to post-composition with a Moebius transformation ([T1]), so
we will identify P with the pair (Xp, 8p). Also in discussion of a metric on P we are referring
to the metric P inherits from Xp.

For a more detailed description of convex pleated planes see the article by Epstein and
Marden ([EM]).

To measure how bent a convex pleated plane is, we introduce the notion of average
bending. Let « be a finite length geodesic arc on P.

Definition: 1 The average bending of o, denoted B(P,«), is given by

where Lp(a) is the length of a in P.

An alternative description is that B(P,«) is the bending per unit length of a.



If o 1s an infinite length geodesic then we define the average bending of o centered at x
by L
B(P,a;) = 7fli}m B(P,al)

where o is the closed subarc of a of length 2¢ centered at = € a.
If P is a convex pleated plane then we define the notion of support plane in much the
same way as is done for convex polyhedra.

Definition: 2 A support plane P to a pleated plane P is a hyperbolic plane in H® which is
the boundary of a half-space Hp such that Hp N fp(Xp) C P.

Thus a support plane P to a pleated plane P does not pass through P but has a glancing
intersection. In general the intersection of P and P can either be a single geodesic, called
an edge, or a flat piece of the pleated plane bounded by a set of disjoint geodesics, called a

flat.

The following Lemma, due to Thurston, shows how support planes can be used to bound

i(a, /pr).

Lemma: 1 ([T1]) Let o : [0,1] — P be a geodesic arc on a pleated plane P and {P;,}7_, be
support planes to P with a(t;) € Py, for0 =ty <t; <...<t,=1. If P,_, and P;, intersect
with exterior dihedral angle b; then

a, Bp) Szn:

We say a geodesic arc a has an nm-roof if it is as in the above Lemma.

Theorem: 1 If P is a convex pleated plane embedded in H> then

where « is a geodesic of length Lp(a).

Proof: The proof of this fact follows from an observation similar to the “insulator
condition” of Gabai ([G]). The observation is that a ball B(z,r) in H® that meets three
disjoint half spaces Hi, Hy, Hs must have radius r > (log3)/2. To see this, arrange by an
isometry that the center z of the ball is the origin O of the Poincaré model for H?, bounded
by the unit sphere S? in R®. Then each H; touches S* along a spherical disk D; centered
at x; € S? and of spherical radius r;. Considering the circle passing through the centers
T1, T2, %3, we see that at least one of the radii must satisfy r; < 7/3, since the D; have
disjoint interiors. By elementary trigonometry, it follows that the Euclidean distance from
z = O to the corresponding H; is at most d = 2 — v/3, and therefore that the hyperbolic
distance from z to H; is bounded by log((1+d)/(1 —d)) = (log3)/2. Because B(z,r) meets
H; it follows that r > (log 3)/2.

Let a: [0,1] — H? be a closed geodesic arc of length [ with [ <log3 on P. Therefore a
lies inside a ball B of radius [/2 centered about the midpoint of a. Any support plane to P
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which contains a point of @ must intersect B. Let Fy, P; be support planes to P containing
a(0), a(1) respectively. If Py N Py # () then a has a 7-roof and by Lemma 1 i(a, 8p) < 7.

If Py, P, do not intersect, then they are interpolated by a continuous one-parameter family
of support planes {Ps|s € [0,1]} obtained by going along «. At any point «(t) there will
be either a single support plane or a one-parameter family of support planes and P is just
the sum of these. Each P, must intersect B. To see that there must be a support plane Py
which intersects both Fy and Py, consider B centered at the origin O in the Poincare model
for H?. Py, P, are represented by two disjoint disks Dy, D; on S? and P, by a continuous
one-parameter family of disks Dy interpolating between Dy and Dy. The radius of B is less
than or equal (log3)/2 and therefore by the above each disk D, must intersect either Dy or
Dy. Therefore as D; is a continuous one-parameter family of disks interpolating between Dy
and Dy, there is a disk Dy intersecting both Dy and D,. Thus Fy, Py, P, forms a 2m-roof
for @ and therefore by Lemma 1 (o, 8p) < 27.

Thus if « is a geodesic arc with Lp(a) < log3 then

i(aa BP) <2

If v is a geodesic arc then we break it up into subarcs of length less than or equal log 3. If
[z]* denotes the smallest integer greater than or equal to z then « splits into [Lp(a)/ log 3]t
such sunbarcs. By the above, the intersection of each of these subarcs is bounded by 27 and

therefore .
. Lp(a) Lp(a)
<2 <2 1
o fp) < 7Tllogi’)] - 7T(log3 +

Dividing by Lp(a) we get

|
We define functions 7,6 : Ry — Ry by

, t 2m log 3
t) =2 1 b(t) = 1
it) 7T(log?)—l_ ) (*) log?)( + i )

Then by Theorem 1 any geodesic arc of length ¢ on a convex pleated plane has intersection

with the bending lamination bounded by i(¢) and average bending bounded by b(t).

Lemma: 2 Let a an infinite length geodesic on a convex plane P and a1, ay be geodesic
subares of lengths Ly, Ly respectively. Let C be a bound for the mazimum length of a connected
component of (ay N a§) U (ag N af) such that Ly > 2C + 2. Then there exist a constant K¢
depending only on C such that

K¢
_ < v
|B(paal) B(,PaaQN = L, — 20



Proof: Let A— B denote the set AN B°. Each of the sets (a3 — a2), (g — a1 ) is composed
of at most two connected components of length < C'. Also we have |Ly— L1| < 2C. Therefore

BP, o) — B(P,ay)| = |105)  ilanfis)

L4 Lo

i(al —QQ,XB)S) 1 1. i(a2_a17ﬁ5)
= |-~ "7 - / 0. 3e) — —=2 727

| Ll —I_(Ll LQ)Z(QIQQQM b) L2 |
< i(on — oz, Bs) n |L2 — L] i1 N s, Bs) n i(o2 — a1, fBs)

Ly Ly Ly L,

2 2C 2
< Z00) 1 b)) + i
< Zi0)+ iy + L)
_ 20H(Ly) + 4(C)
- Ly —2C

If we let Ko = 2Cb(2) 4 4:i(C) then since L; > 2 and b is monotonic we have

K,
|B(,P,Q/1) — B(,P,Q/QN S 1;1—7026'

Lemma: 3 Let o be an infinite length geodesic on a pleated plane P and x,y € o. Then
B(P,a,) = B(P,ay,). Furthermore B(P,a,) = lim,_., B(P,a®).

Proof: Applying the above Lemma to subarcs of and ozZ where =,y € «, we can take C' =
distance from z to y on a. Thus for t > C' + 1, |B(P,a}) — B(P,a,)| < K¢ /(2t —2C).
Therefore we have B(P,a,) = B(P, ).

Let ¢ > 0 and n = [t]* . Applying the above Lemma to the subarcs of, and af we can
take ¢ = 1. Thus for ¢t > 4, |B(P,a.) — B(P,al)| < Ki/(2t — 2). Therefore we have
B(P,a,) = lim,_.. B(P,a%).
|

We now define the the average bending of an infinite length geodesic .

Definition: 3 The average bending of an infinite length geodesic o on a pleated plane P,
denoted B(P, ), is given by B(P,a) = B(P,a,) where z € a.

Theorem: 2 There is a constant K > 0 such that B(P,a) < K for any infinite length
geodesic o on a convex pleated plane P embedded in H3.

Furthermore K < 2m/log 3 = 5.719202.

Proof: Follows immediately by letting Lp () tend to infinity in Theorem 1.
|

In what follows K will always refer to the universal bound on the average bending of
an infinite length geodesic, which by Theorem 2 is at most 5.719202. Further work of the
author has shown K < 3.7. Also there is evidence (the planar case [B]) that the optimal
bound should be 1.



4 Convex pleated surfaces, quasi-Fuchsian groups

A convex pleated surface S is formally a triple (Xs,fs, fs : Xs = H?) where X5 is a
hyperbolic surface with universal cover Xb, (s 1s a measured geodesic lamination on Xg with
preimage Bs in Xg and such that (Xb,ﬁb,fg Xs = HP’) is a convex pleated plane. The
universal cover of a pleated surface S is the pleated plane S given by the triple (XS, Bs, fs :
Xs = H?). We say S is an embedded convex pleated surface if fs is an embedding.

As before the map fs is unique up to post-composition by a Moebius transformation and
we therefore identify S with the pair (Xs, 3s) which we call the pleating coordinates.

The study of embedded convex pleated surfaces is closely related to the study of quasi-
Fuchsian groups. If I' is a quasi-Fuchsian group then a component of the boundary of the
convex core St is an embedded convex pleated surface given by a pair (Xt, fr) where X is
the intrinsic metric on St and fFr is the bending lamination. Furthermore this pair uniquely
determines the group TI'.

We define the average bending of a finite length geodesic arc a on the pleated surface §
N (o, )

7 a, ,65
B(S, a) Is(a)
where Lg(a) is the length of a. We extend it to infinite length arcs by taking lim sup as
before. Note that if & is any lift of @ on S then B(S,a) = B(S,a).

Proposition: 1 There exists a K > 0 such that if S is a convex embedded pleated surface
and a a geodesic on S then B(S,a) < K. Therefore if a is a closed geodesic in S then

i(a, Bs) < K - Ls(a) (1)

Proof: Let o be a geodesic on S and & a lift of o on S. Applying Theorem 2 we get
B(S,a&) < K and therefore B(S,a) < K.

If « is a closed geodesic then

Therefore i(a, fs) < K - Lg(a).
[ |

Proposition: 2 If S is a convex embedded plealed surface then

Ls(Bs) < K -m%-|x(9)]

Proof: By continuity of the length function and of the intersection number, the inequality
of Proposition 1 extends to any geodesic current « of S in the sense of [Bonl|[Bon2]. In
particular, we can apply the inequality to the case where « is the Liouville geodesic current
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associated to the hyperbolic metric of S (see [Bon2]). Two fundamental properties of this
Liouville geodesic current . are that for every geodesic current 3

i(L, B) = Ls(B)

and its sell-intersection number satisfies
(L, L) = 7*|x(9)]

Substituting o = L and 3 = (s into the inequality in Proposition 1 gives the required result.
|

As average bending can be defined for non-closed geodesics we can define a function
B :Ti(Xs) — R4 on the unit tangent bundle of X by letting B(v) be the average bending
of the geodesic with tangent vector v. The function B is obviously invariant under geodesic
flow and the following proposition shows that it is measurable. Therefore by the ergodicity of
geodesic flow (see [Hol), B is constant in almost every direction. Thus the average bending
of a “random geodesic” is constant.

Proposition: 3 The function B : T1(Xs) — R4 is measurable and equal to a constant B(S)
almost everywhere. The constant B(S) = 0 if and only if Bs =0

Proof: Let S be a convex embedded pleated surface and B : Ti(Xg) — Ry be given by
B(v) = B(S, o) where a, is the geodesic, parameterized by arc length, with &,(0) = v. Let
gt : T1(Xs) = T1(Xs) be the time ¢ geodesic flow.

We define By : Ti(Xs) — Ry by Bi(v) = i(e,([0,1)),8s). Therefore Bi(v) is the
intersection of s with the (half-open) unit length geodesic arc obtained by taking the
geodesic flow starting at v.

The function By is a measurable L' function and therefore by the Birkhoff-Khinchin
Ergodic Theorem ([CFS]) there is a measurable function B such that

1 n
> Bi(gi(v)) almost everywhere

k=—n

E(U) = lim
n—oo 2n + 1

By Lemma 3 we can define B by

— 1 =

B(v) =1 > Bilge(v))

1m
n—oo In + 1 —

Therefore B = B almost everywhere and is therefore measurable.

The function B is invariant under geodesic flow. By a result of Hopf ([Ho]), geodesic
flow is ergodic. Therefore by the Ergodic Theorem B is equal to a constant B(S) almost
everywhere.

Also the Ergodic Theorem implies that for any ergodic flow the time average is equal the
space average. Therefore as B is the time average of By, then

1

B($) = Vola(T1(X5s))

/ By (w)d) where  is the volume form on T1(Xs)
Ti(Xs)
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If Bs # 0 then there is a tangent vector © such that B;(v) > 0. From the description
of By, v must have a neighbourhood of positive measure in T7(Xs) on which By is bounded
away from zero. Thus the integral of Bj is positive and therefore B(S) > 0. As B(S) is
obviously 0 when 35 =0, B(S) = 0 if and only if 85 = 0.
|

In [Bon2], Bonahon gives an interpretation of the Liouville geodesic current based on

Thurston’s idea of “random geodesic” (see [Wol]) . In the following we use this interpretation
to evaluate B(S5).

Proposition: 4 [If (Xs,3s) are the pleating coordinates of S then

_ Ls(Bs)
B = 2 (o)

Proof: Let B : Ti(Xs) — Ry be defined as before by B(v) = B(S,a,) where o, is the
geodesic, parameterized by arc length, with ¢,(0) = v.

Let C be the diameter of Xg. Then for any v € Ti(Xs) we can construct a closed
geodesic o by taking the closed geodesic in the homotopy class of the following curve. Take
the geodesic segment of length 2¢ with midpoint having tangent vector v and then join the
endpoints by a geodesic segment of length less than equal C'. We divide of by its length to
get a unit length geodesic current. Bonahon ([Bon2]) shows that for almost every v, the limit
of these unit length geodesic currents as ¢ tends to infinity is a constant times the Liouville
geodesic current L for S. More precisely

al L

11 v = .e.
e Tg(al) — 72 x(9)] °

By continuity of the intersection number 7, we can take the intersection with Fs to get

lim oy, Bs) (L, Bs) _ Ls(Bs) e,

t—00 LS(O‘D w2 |X(S)| w2 |X(S)|

From Proposition 3 we have that

B(v) = lim i{aw([=1, 1), Bs) a.e.

t—00 2t

To find Ls(al) we lift a,([—t,1]) to H?. We get a triangle with one side of length 2¢ and
another of length < C'. The third side maps to a closed curve @’ homotopic to af. By the
triangle inequality we have 2t — C' < Lg(a’) < 2t + C. As the diameter of Xg is C' and @
is homotopic to of,, we have 2t — 3C < Lg(al) <2t + C.

Choose (7 so that every geodesic arc of length < (' has intersection number < 'y with
Bs. Then

i(en([—t,t]), Bs) — 3C <i(ay, Bs) < i(au([~1,1]), 8s) + Ch

Thus
o ia([=10),8s) . iler,Bs)  Ls(Bs)
B(v) = lim 21 = fim Ls(a) 72 (9] *©
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Therefore

|
Note that the bound on the length of the bending lamination s also follows from the
evaluation of B(S) above by using the fact that B(S) < K.

5 Lipschitz bounds and quasi-Fuchsian groups

As mentioned before the theory of convex pleated surfaces is closely related to quasi-Fuchsian
groups. A conformal structure on a surface X is given by a smooth atlas with conformal
transition maps. The space of conformal structures (up to isotopy) on a surface X is called
Teichmiiller space and denoted T'(X). By the Uniformization Theorem, given a conformal
structure we can represent it by the quotient of the unit disk by a discrete group of Moebius
transformations. Therefore every conformal structure on X uniquely determines a hyperbolic
structure on X and 7T'(X) can be considered as the space of hyperbolic structures (up to
isotopy) on X.

If I' is a quasi-Fuchsian group and St a boundary component of the convex core then Sr
is a convex pleated surface with pleating coordinates (Xr,Or). Also, facing Sr at infinity
is the conformal structure Y obtained by taking the quotient of one component Qf of the
domain of discontinuity by the group I

We now use average bending to compare the hyperbolic metric on Yr with the hyperbolic
metric on Xr.

Definition: 4 Let (X1, dy), (X3, ds) be two metric spaces then a map f: (X1,d1) — (X2, d>)
is K-Lipschitz if da(f(a), f(b)) < Kdi(a,b) for all a,b € Xy. We call K the Lipschitz
constant of f.

If [f] is a homotopy class of a homeomorphism from X; to X, then the minimum Lipschitz
constant of [f] is the infimum of Lipschitz constants for all Lipschitz homeomorphisms in
[f]. In particular if X, Xy € T'(X) are two hyperbolic structures on X then we define the
minimum Lipschitz constant between X; and X, to be the minimum Lipschitz constant of
the homotopy class given by the identity map.

Proposition: 5 Let I' be a quasi-Fuchsian group. Then the minimum Lipschilz constant
between Xr and Yr is bounded by 1 + K.

Proof: Let o be a simple closed curve and let Lx.(«), Ly.(a) be the lengths of the
geodesics homotopic to « in X1, Yr respectively. Then from [Mc] we have that

Ly:(a) < Lxp(e) +i(a, fr)
Dividing by Lx.(a) we get

LYF (Oz)
LXF(a)

LXp(a) —|— i(a, /81“)
LXF(a)

S §1+B(SF704)
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By the universal bound on B(Sr, a) we have

Thurston proved ([T2]) that the minimum Lipschitz constant between two hyperbolic
structures is the supremum of the ratio of lengths of corresponding simple closed geodesics.
Therefore by the above, Xr and Yr are at most 1 + K Lipschitz.
|
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