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ABSTRACT. In this paper we describe a function F,, : Ry — Ry such that for any hyperbolic
n-manifold M with totally geodesic boundary OM # (), the volume of M is equal to the sum of
the values of F,, on the orthospectrum of M. We derive an integral formula for Fj, in terms of
elementary functions. We use this to give a lower bound for the volume of a hyperbolic n-manifold
with totally geodesic boundary in terms of the area of the boundary.

1. INTRODUCTION

We let M be a compact hyperbolic n—manifold with non-empty totally geodesic boundary.
An orthogeodesic for M is a geodesic arc with endpoints in M and perpendicular to OM at
the endpoints. Then the orthospectrum Ap; of M is the set (with multiplicities) of lengths of
orthogeodesics. Let DM be the closed manifold obtained by doubling M along the boundary, then
DM is a closed hyperbolic manifold and therefore the set of closed geodesics of DM is countable.
As the orthogeodesics of M correspond to a subset of the closed geodesics of DM, the set of
orthogeodesics of M is also countable and therefore A,y is also. By decomposing the unit tangent
bundle of M we obtain the following theorem.

Theorem 1. Given n > 2 there exists a continuous monotonically decreasing function F, : Ry —
R such that if M is a compact hyperbolic n—manifold with non-empty totally geodesic boundary,
then

Vol(M) = Y Fu(l).

€A M

We give an integral formula for F,, over the unit interval of an elementary function and show
show that F, satisfies lim;_,g+ {""2F,(I) = K,, > 0. Therefore for n > 3, if a hyperbolic n-manifold
with geodesic boundary has a short orthogeodesic, it has large volume. Conversely, if it doesn’t
have a short orthogeodesic, the boundary has a large embedded neighborhood and therefore large
volume. Using this we prove the following theorem.

Theorem 2. For n > 3, there exists a monotonically increasing function H, : Ry — Ry and a
constant C,, > 0 such that if M is a hyperbolic n-manifold with totally geodesic boundary of area A
then

Vol, (M) > H,(A) > C,.AG=)
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2. DECOMPOSITION VIA ORTHOGEODESICS

In this section we define F,, and show that it gives a decomposition of the volume of M as
described in Theorem 1.

We let Cys be the set of orthogeodesics of M and write Cyy = {a;}ier. We further let ; =
Length(a;).

Let v € T1 (M) and let o, be the maximal length geodesic arc in M tangent to v. We define

T/ (M) = {v e Ty (M)] dov, € DM} .

Ifve Tlf (M) then a, is a closed geodesic arc with endpoints in OM intersecting OM transversely.
We define ~ on Tlf (M) by letting v ~ w if «, is homotopic to a,, in M rel boundary M. Let
v; € T1(M) be such that v; is tangent to the orthogeodesic «;. Then obviously «,, = «; and we let
D; = [v;]. We will show that the D; are exactly the equivalence classes of ~.

We consider the universal cover M of M in H". Then &M is a collection of disjoint planes P
bounding disjoint hyperbolic open half spaces H; such that M=H3— (U H;).

Given a v € Tf (M) we lift o, to a geodesic arc &, in M. Then &, has endpoints in two disjoint
components F;, P; of OM. As P;, Pj are disjoint, there is a unique perpendicular 3 between them
in M. Then &, is homotopic to /6’ in M rel boundary. We let 8 be the geodesic arc obtained by
projecting B down to M. Then [ is a geodesic arc with endpoints in M and perpendicular to
OM. Therefore 3 is an orthogeodesic of M and therefore 5 = «y, for some k. Also the homotopy
between &, and 3 in M rel boundary, descends to a homotopy between «,, and ay. Therefore if we
take vg, be a tangent vector to oy then [v] = [vg] = Dy.

Now to show that D; N D; = ( for i # j, we note that if v; ~ v; then a; is homotopic to a; rel
boundary.We lift this homotopy to obtain a homotopy between lifts &; and &; in M rel boundary.
Let Py, P, be the components of M joined by &;. Then @&; is the unique perpendicular between P,
and Pj. As &; is homotopic rel boundary to &;, it must also connect Py, P, and is also the unique
perpendicular between Py, and F;. Thus &; = &; adn therefore o; = «;.

By the ergodicity of geodesic flow on the double DM, almost every «, must have both endpoints
in @M. Therefore T{ (M) is of full measure in T} (M). Therefore integrating over the fibers, we
have

Qur(Ty(M)) = Vol(8" ). Vol (M) = >~ Qu(D;
i€l
giving

1
Vol(M) = VoIS 1) ; Qar(D;)

We now show that Q,(D;) depends only on I;. Let p : Ty (M) — Ty(M) be the covering map
associated to the covering m : M — M. We let Q be the standard volume measure on T} (H").
Then p is a local isometry between 2 and ;.

Given v; a tangent vector to «;, we lift to &; in M C H”. Then &; is the unique perpendicular
between the planes P;, P,. We let D; be the set of tangent vectors in T} (M ) tangent to a geodesic
arc with endpoints on P;, Py.

If v € D; then «, is homotopic to a; and therefore lifting the homotopy, it lifts to a geodesic
arc &, with endpoints in P;, P;. Therefore we can lift any point of D; to a point of D; and the
lift is a local isometry between Ty (M) and Ty (M). Also by projecting back down to M, every
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point of D; is a lift of a point of D;. Therefore p restricts to a covering map from D; to D;. To
show it is a homeomorphism, if ¢ is a covering transformation for the covering 7 : M — M that
sends o € D; to w € l~)i, then g must send the pair of boundary components P;, P, to themselves
(possibly switching). Therefore g must preserve the perpendicular @; and fix (at least) the center
point of of &;. As covering transformations have no fixed points this is a contradiction. Therefore
D; is an isometric lift of D;. Therefore Qu(D;) = Q(D;).

We now take the upper half space model for H” and denote the planes P; by the disks in R"~!
bounded by the half space H;. We define

D={zcR" | |z|<1} and D, = {x e R"!| |z| > a}

and the associated half-spaces by H, H, respectively. For each l;, we define a; = e!*. Then by an
isometry we can map the half-spaces H;, Hy to half-spaces H, H,,. We let (), be the set of tangent
vectors in Ty (H" — (H U H,)) tangent to a geodesic arc with endpoints in D, D,. Then we have
Q(Qa,) = Q(D;) and we define

_ Q(Qa1)
ED) = sy
Then
1 1 -
Vol(M) = Vol(s™1) ;EI Qu(D;) = Vol(s™ 1) ;e] QD;) = ;ez Fy(l:)

3. INTEGRAL FORMULA

We consider the upper half space model of H". As described above we have disks
D={zecR" | |z] <1} and D, = {x € R"| |z| > a}

bounding planes P, P, respectively. Then @, is the set of tangent vectors tangent to a geodesic arc
with endpoints on Py, P,.

We let © be the volume form on T3(H™). Let v € T3(H™) and define g, to be the directed
geodesic with tangent vector v. Then g, can be parameterized by the ordered pair of endpoints
(r,y) € R*~! x R""!. Furthermore if v has basepoint p then p is a unique signed hyperbolic
distance from the highest point (in the upper half-space model) of g,. We can therefore uniquely
parameterize T7 (H") by triples (z,y,t) € R"~! x R"~! x R where (z,y) is the directed endpoints
of g, and t is the signed distance from the highest point of g,,.

In terms of this parametrization we have

40 = 2dV (z)dV (y)dt
oy
where dV (z) = dxidxy ... dx, 1, for * = (v1,29,...,2,_1) € R" L.

Now if v € @, then g, has endpoints in D x D, or D, x D. We define the map L, : (D x D,) U
(Dq x D) — Ry given by letting L,(z,y) equal the length of the segment of the geodesic with
endpoints x,y between Py and P,.

Then integrating along the t direction we have

1 1 2dV (x)dV (y)dt
@) Vol(Sn—1) /Qa Vol(S"—l)/Q |x — y[?"—2
Giving
2 Lqo(2,y)dV (x)dV (y)
(1) = Vol(Sn—1 _ o [2n—2
ol( ) (DX Dg,)U(Dgx D) |z -y
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As Lo(z,y) = Lo(y, ) we have

B 4 Lo(a,y)dV (2)dV (y) (z,y)dV (z)dV (y)
Full) = Vol(Sn—1) /DxDa |z — y|?n—2 V01 /|T|<1 / ly|>a |z —y[>—2

We first note the following fact from prior work.

Lemma 3. (Bridgeman [1]) If x,y € R then

(y* —1)(2* — a2)>

1
Late) = 3108 (=

It follows that

/ / log yz_iz)?z;alg) dxdy
(x —y)? '
The above integral can be explicitly calculated yielding the following;

Theorem 4. (Bridgeman [1]) For n =2

4 1
F. = — —_—
2() 7T£ (cosh2 é)

4. HIGHER DIMENSIONAL CASE

where L is the Rogers L—function.

We now consider the case of n > 3. Let (z,y) € D x D,. We let z =y — z with u = z/|z|. Also
we define w to be the point on the line { joining z,y in R”~! nearest to the origin in the Euclidean
metric on R"™!. Then w = r.v where v € S"~2 and r > 0. Then u,v € S"~2 are perpendicular
and

Tr=Ssu-+rov y=tu+rv

for unique s,t € R.

We reparametrise the integral in terms of r,s,¢,u,v. We note that (u,v) parametrize the unit
tangent bundle Ty (S"~2).

To calculate the Jacobian, we first change variables from (x,y) to (z,z) where z = y — 2. Then
the Jacobian is trivially equal to one. As z = y—x = (t — s)u, then from standard polar coordinates
we have that

dV(z) = (t — 8)" " 2dQ(u)d(t — s).
where dQ(u) is the volume form on the unit sphere S”~2 in R"~!. Now for fixed u, then z = s.u+7r.v
is in cylindrical polar coordinates with respect to v. We let dQ(u,v) be the spherical volume form
on the vectors perpendicular to u. Then as u,v we have in terms of spherical polar coordinates

dV(z) = r"2dQ(u,v).dr.ds
dV (z)dV (y) = (t — s)"2r"73dQ(u, v)dQ(u)dr.ds.d(t — s).
Therefore
dV (x)dV (y) = (t — 8)" " 2r"3dQ(u, v)dQ(u)dr.ds.dt.
We consider the vertical hyperbolic plane P containing x,y. Then we see that P intersects both

Py, P, in semicircles centered about w. By definition of r = |w| we have that the semicircles have
radii 1 = V1 — 72,79 = Va? — r? respectively. The geodesic with endpoints x,y is contained in
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FIGURE 1. Parametrization by r, s, t,u,v

P. Therefore restricting to P and scaling by 1/r; we have that the length L,(z,y) is given by the
previous lemma

Lo(x,y) =L | —, — ) ==1o (& —ri
oY) =Lz rir ) 2 & (t2 —r3)(s2 —r?)

Then we have

2 2y,.2 2
log (&L=re=)
(2 )( 1 (t_s)n72rn73dt

S | Joor ), =
dr dQ(u dQ(u, v ds
Va1 0 Sn—2 ( ) Sn—3 ( ) |s|<r1 t>ro (S_t)2n_2

Integrating over u,v we get

(t2_71)(3 _7‘2)

V. oV lo

2 n n g r2 s —r2 )

Fo(l) = 7‘,2 3/ " 3d?ﬂ/ ds/ ¢ ra)l 2 at
n—1 —ry t>ro t—S)

We let u = s/r1,v=1t/ry and b = ro/r; then

2Vn72Vn73
‘/n—l 0

1
Fu(l) = " dr

s log ’2_12“5[)2))
/ du/ (RIC) dv

(v —u)"

We define

10g Zz—ll(uuz—r )
/ du/ G 1))dv

(v—u)"

Therefore
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1 n—3 2 _ 2
(1) B () = ZYn2Vuss / LV Y g
Vi1 0 ( /1— r2) 1—r

We obtain an alternate integral form for F, by letting « = “12__:22 . then

2 _ .2 2 2 2

— — -1
z? = a-r r? = r 4 2rdr = M?mdw

1—1r2 2 -1 (22 —1)2

Giving
n_o9o n__
" 3dr =y irdr = 2 —a?)* 7512 -1 rdr = 2(a? —1)(a” 77,,a2) : 2d:c
z2 -1 (22 —1)2 (2 —-1)=2

L@l 1 (221
21 iy \a@-1
Therefore

2V oVug [ P M, (z)
(2) Fn(l) - ‘/n_l /a ( aQ -1 1_2 -1 d‘/'r

4.1. Formula For M,,. We give an explicit formula for M,,. in order to do so we first need to state
some integral formulae. For n > 1 we define the polynomial function P, by

n .’L'k
Pu(z) =) =
k=1

We also define Py(z) = 0. We note that for |z| < 1, P,(x) is the first n terms of the Taylor series
of —log(1 — x). We therefore define the function L, (z) by L,(x) =log|l — z| 4+ P,(z). For |z] < 1
we have

) xk
k=n+1

We note that Lo(z) = log |1 — z|. We also note that P,(1) = 1+ 3 + ...+ +, the n'" Harmonic
number.
Then we have the following integral formula.

Lemma 5. If a # b € R and n a positive integer then

/(xfa)d(::nz:fb)n - (a,lb)n (10g H‘ernl(a—b)):%(‘;i)

z—b
[

Proof: We note that

1 1 1 o=\ 1 1 Qn—1(x)
x”(w—c)_c”<x—c_x”(x—c)>_c”(m—c_ xn )

and
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where

anl (.Z') -

n n
C _ _
:E l‘k 1cn k
C
k=1

Therefore

S = Y Wy L

As .
Qn-1(z) <~
xrn :Zznfk+1
k=1
then .
Qn-1(2) — vk c
Dorle) gy g -5 el p (9)
[ s —10gla > e~ loglel — B (G
Therefore

tfen (9) - 2

Cn

1 1
/7:5”(1 > dr = o (log

The result now follows by elementary substitution.

Integrating by parts we get,
Corollary 6. Forn > 2

/ log|x—a| 7b  log|z —d
(x—b) (a—b"1  (z— b1
and
b—a
/log|x—a| log |z — al _Ln Q(W)
b—ax) (b— )1 (b—a)nt

Furthermore for k > 1

L bw) log|b—a| — P,(1)

lim loglz —a| _
T—a (b — :U)k ( ) (b - a)k
Lemma 7. The function M, : (1,00) — Ry has the explicit form
7 1 1 (b+1)? b—1 N —b+1
Mn(b) - (TL _ 1)(7’L — 2) ((b — 1)n—2 (log( <4b) ) + 2Pn—2(1) - Ln—B(m) - (71) Ln—3( b+ 1 )> +
s (1o~ 2Pa) 4 Laca D 4 0 (D)) +

= (Ln3<b2f1> - Ln3<b2_b1>> = (L”3<b+21 )~ <‘””L"3(b_—21)>

Furthermore M, satisfies

, _ 2P,_2(1) bt 4
— n—2 g = # =
blir%(b )" M, (b) = D, = 1)n-2) and bhjlc;lo log b M, (b)

n—1
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Proof: We let

2 2 2
s log (=D =w )
I(u,b):/ (( ) (1 ))d
b

(v —u)"

then M, (b) = fol I(u,b)du. We split I = I + I where

oolog(f:g
Il(u,b)z/ -
b

(w5 (1—u?)
(v —u)"

)
=) dv Ig(u,b):/b

By the above lemma,

v— b—u &
L(ub) = — log(5=) _ Fn- : ()
e (v —u)n—1 (b —u)n—1

b
Therefore by the above corollary

1 P,_2(1)
L (u,b) = n—1 ((b— )1
7)2— u e
1\ log (7gv+b)1()1(i223) 1 [ 1 1 1 1
Ir(u,b) = — + / — + - dv
n—1 (v—u)n1 n—1J, (w—uwr1\v-1 ov+1 wv+b

Evaluating we get

lo (b*—1)(b+u) o

1 = 1 1 1 1

Ir(u,b) = ( (2B)( ) ) +/ ( (v + - )dv
b

n—1 (b —u)n—1 v—u)"1 -1 v+4+1 ov+bd

Therefore

( ) (b+u)
1 110g((2b)(1 u2)>+Pn 2 1 1 1
M, (D) = d — dvd
(®) n—1 /1 (b —u)n—1 u+/ / (v—u)® <v—1+v—|—1 v—l—b) va

We once again split this integral as follows;

Jb) = /1 log (“G) + Pa-2()

n—1\/_4 (b—u)nt

du

b+u
Ja(B) = — / s (it du
: S

1 bopee 1 1 1 1
Js(b)_nl(/_l/b (v —u)rt (v1+v+1_v+b>dvdu>

We now evaluate each of Jy, Jo, J3.
J1: Integrating we get

log ( ¢ 271) + Pr—2(1)
Ji(b) = <(n( _b)1)>(n —2) ((b - 1)7“2 b+ i)712>
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Jo: By the above lemma

JQ(b) _ 1 IOg ((1—2;_(1{_-&-10) B Ln—3(bf_7bu) Ln—3(%) + L (ﬁ
(n—=1)(n-2) (b—u)"=? @or=2 (-1 (b 1)n? B
Therefore
log(*L) — L,—s(b= Ln_3(#%) — La—s(% —log(¥5%) + Ly—s(2Ht
<n—1><n—2>J2<b>:< 2 2(6)_ = : “)>+< 3(”(12)1,)”2 3(“)>+< d fblf)nf( ”) +
, log(1 —u)  Ln—s(2=% . log(1+u) Ln-s(¥)
o <_ b—wm2 " (- 1bn2> R T T r Ry s 1)bnz>

< log(1 — u) N Ln—3(zl;_i)> _ Pus(1) —log(b—1)
(b—1)n—2

lim <log(1 + u) Ln—3(£_i)> ~log(b+1) — P,_3(1)
1 B (b+1)n—2

Therefore

og(=2tL » L (=L T

+

—log(%)—P 3(1) + Ln—3(&)
(b+1)n—2

J3: Switching the order of integration we get

Ja(b) = (n—l)l(n—Q) /boo (vil i Uil B v—1|—b> <(U—11)"_2 - (”+11)n_2)dv

Therefore

B 1 -5 -5 Ln-s(327)  Ln-s(2%)  Ln-s(2F)  La-s(355)
J3(b) =

D -2 \G-1D2 (rome g (22 T (h-1 2 (bt

Combining Ji, Jo, J3 we have

1 ((log (8455 + Paa(D) + Pa-al(l) = Lo-a(Bh) + 75 - (—1>"Ln_3(b’3£1)> ;

(b—1)n2

(lOg <(b(2;})) ) - Pn—2(1) - Pn—3(1) + Ln—B(lgi—%) - ﬁ + (71)nLn—3(_bb__11) .
(b+1)n=2

2n—2

< (Ln-3(2%) = Ln-3(2) + Ln-s(52) — (—1)"Ln— 3<b2>>>
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Noting that P,_3(1) + -5 = P,_2(1) we simplify to get
1,0 = g (e (10 + 2P - L) - (LG
—1)2 —bh—
e (o)~ 2Pua®) + s + (1) Laa(G )

1 2b 2b 1 2 n -2
+ (2b)n—2 <Ln3(b+1) _Ln3(b_1)) + on—2 (Lng(b_i_ 1) - (_1) Ln3(b_1>>
It follows from the above directly that M,, satisfies

. _ 2P, _o(1)
lim (b—1)" " ?M,(b) = —————~—.
S, (b= 1) = G- Din-2
We now consider the limit as b tends to infinity. As L,,_3 is continuous except at z = 1, we replace
the L,,_3 terms by the limiting value if the argument does not tend to 1 or is infinite. For other
values we substitute P,(x) = log |1 — z| + P, (z) and collect terms. Therefore

i (51201, (0) = 5 Jim (<1080 + 2P, -2(1) = Tou(;27) = Pacall) ~ (1" Luo(-1)

+ (10800 = 2P,-21) + log(z27) + Pacal) + (1" Lya(-1))

_ n—2 B
+ 2%_2 (Ln-3(2) = Ln-3(2)) + (bz% (L"—3(z)i1) — (=1)"Ln-s(; _21>>

After cancellation we have

, . B 1 (12 2 . 9
Jm (b= 1" M) = oy gy i o (L”—?’( )= (Z1) Ll )

For b large we can use the Taylor series expansion for L,,_3 to get

L 2 B 1 2 n—2 2 n—3 L 72 B 1 72 n—2 72 n—3
"\ px1)  n—2\bt1 ta- v n\p—1) T n—2\p-1 e\

Therefore "o
T (Lng( L) <—1)"Ln3<b_21>> =

b—oo 2"72 b —+ 1

i (g e (5y) - oo (G vty ) =0

We now use this fact to show the exact asyptotic behavior of M, (b) as b tends to infinity. From
the above we have

Jim b2 M, (b) = 0.

We now expand M, (b) around infinity by writing as a Taylor series in 1/b. From the form of M,
we must therefore have that for large b

+ dglog b + dilogb
Co 0 10g +C1 1108 +

M, (b) =
( ) bnfl bn
Thus we have that the leading terms is
dologh .
M, (b) =~ 2n—1 or blgr;b "“log b.M,,(b) = do.



HYPERBOLIC VOLUME OF N-MANIFOLDS WITH GEODESIC BOUNDARY AND ORTHOSPECTRA

11

To find dy we need only gather the logb terms. We can replace terms of the form log(sb + ) by
logb and also can ignore terms L,,_35(m(b)) where m(b) does not tend to 1 as b tends to infinity.

Therefore
N 1 2logbd _ 2logb N 1 2logb 1 _ 1
0= i (5o~ Bas) = DD e (=1 AF T
Therefore
1 2logb 1 1 4 log b
Ma®) = =) o2 <1 +(n=2)7 - <1 —(n- 2)b>) = <n - 1) 1
m

Corollary 8. For n even there is a closed form for F,.

Proof: We note by equation 2, for all n we have

2WVioVios [ (22 —a? 22 x M, (z)
Fn(l) = Vo, . ( w2 — 1 ﬁ dx.

By the above lemma, M, is in terms of rational functions and rational functions times sums of
linear log functions log(a + bx). Therefore for n even the function to be integrated in the above
equation for F,, is a sum of rational functions and rational functions times linear log functions.
As such functions have explicit formulae, we can therefore find formulae for F;, for n even. As the
number of terms of M,, is linear in n we obtain approximately a quadratic number of terms for F,,. ll

4.2. Three-dimensional case. For n = 3 we have

Using the above formula we have that

Mafo) = 2 (- tou(2) - o (257 ) oste = )+ 5 (5] ) oste + 1)

Also we have

for x close to 1.

4.3. Four-dimensional case. For n = 4 we have
1 T.M4 (‘ / %)

Using the above formula we have that

Ma(b) = =

6 b 1)2 b1 1) 20?2 + 2

2 2 _ _
1 <3—|—210g((b44';) ) 3+210g((b4;) ) log(gﬁ)—l—ﬁbl—% log(%)—l-ﬁ-f-

)
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Also we have ) )
M N~
1) = S Ty
for x close to 1.
5. PROPERTIES OF F,

We now describe the properties of F,,. In particular we complete the proof of Theorem 1.

Lemma 9. The function F,, satisfies the following:

(1) There exists a C,, > 0 such that
Ch

F.() < ——

"( ) = (el _ 1)7172

(2) F, is continuous monotonically decreasing

(3) |
21" Py o(D)D(2 + 1)T(2 — 1
lim ("2, (1) = K, = 2( )1(2 +DI(5 - 1)
0 A L0 — 1)
(4)
el (n—2)r"= (2 —1)
fim l n(l) = TESRYY
l—o0 (F(T)
Proof:

(1) For a = €' we have

F.(l) = W2V [* e M, @-r dr
" Vo1 o (VI _7,2)”_2' "

with
(t2—1)(q —b2))
dt

/ds/oolog (GREIGERD
(t—s)"

By lemma 7 we have that there exists a B,, > 0 such that
B,
My(z) < ————.
@) < G

Therefore
2BnVn72Vn73 ! rn—3
Fn(l) S V P - - p—1 dT.
b e ()
2B,V _oVi_s ! n=3
Fa(l) < =2t / : .
n—1 (\/@2—7“2—\/1—7"2)

Rationalizing the denominator we get
QBn oV 1, n-3 2 _ .2 1—42 n—2
Fal) < Vo2V, 3/ "3 (Va2 —r2 +/1—12) dr
Vi1 0 (a2 —1)n—2
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Therefore

n—2
_ 2B VioVis (Y (Va2 =124+ V112
- 1" 2F7 < Znin=2¥n=3 n—3 '
-0 < =57 /0 ' a+1 ar

We have fora > 0,0 <r <1

2 _ 2 )
0<\/a r24+vV1-—r <1
< a1 <

Therefore we have a C,, > 0 such that
(€ =1)"?F(1) < Cp  giving  Fo(l) < 47—
(2) We have for a = €' then by equation 2,
2V, oVis [ (22 —a? 22 M, (z)
F.(l) = dx.
() Vn—l /a <G,2—1 72 -1 .I
The function x;{_“f
and if a < b

o [z p2\ 22 M, (z) o 322\ 27 M, (x) o g2 g2\ 27 x M, (x)
< <
oGer) )= (o) () s [ (Gmt) ()

Thus F}, is monotonic for n > 4. The case for n = 3 we have an explicit form for M3 given

is monotonically decreasing in a. Therefore for n > 4 then % —-2>0

by
2 1 (z—-1 1 [fxz+1
M: = 1—1log(2)) — — 1 -1 — 1 1).
2(0) = 5o 1= o) - 5 (257 )tonte = 1+ o (257 oo+ 1)
This function is monotonically decreasing. As
ANEES
F()=2 dr

. 0 ﬁ .
then it follows that F3 is also monotonically decreasing.
(3) We now analyse the behavior of F,,(l) as | tends to zero. By lemma 7 we have that

lim (b —1)""?M,(b) = D,

b—1+

. Let € > 0. then on [0,1 — €] we have

n—2
) a2 — r2 a2 — r2 .
a1i>nll+ ( ﬁ — 1) Mn < 1_7‘2> = Dn unlformly.

Simplifying we have

n—2
a? —r2 . B (a® —1)n=2
1—17r2 (\/a2 —r2 g \/1 _ r2)(\/1 _ T2)n72
Therefore we have

a2 _ 2
lim (a —1)""2M, —— | =D,.(1 —r*)"2 uniformly on r € [1,1 — €.

a—1+ 1—1r2
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Therefore

1—e¢ n—3 1—¢
lim (a — 1)”_2/ TiHMn 1/ dr = D,,. / —r )"_er
a—1t 0 (m)

As M, (x) < W we have as above that

1 ypn—3 a2 —r? L
lim (a — 1)“72 _— .M, — |dr <B, " 3dr < B, .e.
n—2 1— 2
1—e¢ ( 1 2) T

a—1+

Also forn > 3

1
/ 7“"_3(\/ 1— TQ)”_er <e.
1—e

Therefore
1 Tn—S . T2

lim sup (a—l)"_Q/ —.M, —D,,. / )" 2dr| < (Bp+Dy)e.
a1+ o (VI—1?) 1_

As € is arbitrary we have

2 D,
llim+ ln—ZFn(l) — lim+(a _ 1>n—2Fn(Z) Vn 2Vn 3 / )n er
—0 a—a

Substituting = 72, and letting B be the Beta function then
1 1 n n
1 n n 1.,n n L(g —1).I'(3)
”_34/1—2"_2d=*/ 2721 —2)2 e ==-B(- -1,-) = —2__ /"= 2/
/Or ( P =5 | e de = 5B(5 - L5) = S o)
Combining we get

lim 1" 2F (l) D Vn 2Vn 31_‘(7 _1) F(%)

1—0+ Va—1.I'(n — 1)
As the volume formula for the n—sphere is
(n+1)r"%
Vo= "—">3—
r(*3?)

n—3
22 P, o()I(2 +1)I(% -1
lim 2F, (1) = K, = 27— L2005 + DG ~ 1)
[—0+ nl—\(%)r(n — 1)
We calculate K,, for some small values. Starting with n = 3 the first 10 values of K,, are

T 1 1172 57 137x% 7n2 121x* 76173 712975 134274
2777192 7 547 30720 1125’ 458752’ 23152507 5662310407 93767625

(4) We now consider F,(I) for [ large. Then for large a as (a? — r?)/(1 —r?) > a® — 1 for
0 <r < 1, and we have that

( a27’r2 >7L—
—r2 2 _ g2 4
lim %Mn al 7“2 = T uniformly on [0, 1].
a— 00 log( a _TT-2> —r n —
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Therefore on the interval [0,1 — €] we have

n—1 2 .2 4
lim CLiMn < . ) = (V1—r2)n=t uniformly on [0,1 — €].

a—oo loga 1—172 n—1"

Therefore

n—1 1—e n—3 2 __ .2 4 1—e
m 2 / ( 4 M, ( e ) dr = / "3/ 1 — r2dr
0 0

aLoo loga \/1—1"2)"_2 1—172 n—1

As this holds for all €, the improper integral exists and we have

ognt ot yn—3 a2 —r2 4 1 . Vrl(2 —1)
algrolo loga/o (m)nzMn< 1_T2>dr:n_1/0 r BW/I_TQdT:—F(";l).Q(n—l)
Therefore
im Y gy = PacaVors VAT D) (no 2T T(5 - )
o 1" Voo T(5).(n- 1) (50

The above lemma completes the proof of Theorem 1.

6. VOLUME BOUNDS

We now use the asymptotic behavior of F,, to get bounds on the volume of a hyperbolic n-
manifold with geodesic boundary in terms of the area of the boundary.
We first describe the volume of an r—neighborhood of a boundary component in terms of 7.

Lemma 10. Let X be a finite volume subset of H* =1 C H". Let N,5(X) be a one sided r—neighborhood
of X in H"™. Then

Vol, (N7 (X)) = Vol,_1(X).S,(r)
where

Sp(r) = /OT cosh™ ™ (z) dz.

Proof: We consider X on the vertical hyperplane P in the upper half-space model of H™ given
by #1 = 0. Then by elementary hyperbolic geometry the boundary of N,"(P) is the Euclidean plane
xn, = tan(bp).z;1 for Oy satisfying sinhr = tan 6y.

Welet 1 = rsin6, z,, = rcosf. Then (r,0,zs,...,7,_1) € N} (X) if and only if (0, z, x3,...,7) €
X and 0 < 6 < 6y. Changing variables we get

dridxs ... dx, rd@drdxs . .. dx,—1

Vol,,(NT (X)) = _— = =
(0] ( r ( )) \/]V;*'(X) xz ~/]\/';"(X) rn COSne
/ das ... dx,_1dr /00 do
% rn—1 “Jo cosn@’
As x, =r on P we get

dzy ... dx, dz, [ do % do
Vol (N (X)) :/ T2 o1 CF / :Voln_l(X)./
X 0 9 0

zn cos™ cos™ 6’

Therefore
Voln(Nj(X)) = Vol,,_1(X).S,(r)
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where
fo
Sp(r) = / sec™ 6 df
0

for sinhr = tanfy. We let sinha = tan# then coshxzdr = sec?0df. As coshz = secd we have
dx = secfdf and

90 60 r
Sp(r) = / sec”" 0 df = / sec" "1 (0) sec 9df = / cosh™ ! (z)dz.
0 0 0
|

We now prove Theorem 2. We first restate the theorem.
Theorem 2. For n > 3, there exists a monotonically increasing function H, : Ry — Ry and a
constant Cy, > 0 such that if M is a hyperbolic n-manifold with totally geodesic boundary of area A
then

Vol,(M) > H,(A) > C,. A=)

Proof: We let A = Vol,,_1(0M). We consider taking ¢ neighborhoods of M in M denoted
Ns(OM). We let 6g > 0 be the largest values such that the interior of Ns(OM) is embedded. Then
M has an orthogeodesic « of length d < 2y . Therefore there are two contributions to the volume,
one part Vi from the volume of the region associated with the orthogeodesic «, and the other V5
from the neighborhood of the boundary with Vol,, (M) > max(V;, V). Then we have Vi = F,,(d)
and as F,, is monotonically decreasing Vi > F,(2dg). As V5 is the (one-sided) &y nieighborhood of
OM, by lemma 10 we have

Vo = A.S, (o).

We note that for small 2, we have the simple approximation S, (z) ~ z, with S,,(x) > sinh z for all
x > 0. Also by the formula for S,,, we have that S,, is convex.

By lemma 9, we have that F,, is a continuous monotonically decreasing positive function that
tends to zero at infinity and tends to infinity at 0. We consider the continuous positive function
G (r) = max(F,(2r), A.S,(r)). Then G,, has a positive minimum value depending only on n and
A denoted H,(A). As F, is monotonically decreasing and S,, monotonically increasing, we have
that H, = J~!, where J is the function

We also note that H,(A) is the common value of the functions F,(2r), A.S,(r) at their unique
intersection point.
Therefore we have Vol,, (M) > G,,(69) > Hy,(A). Obviously as V, is monotonic in volume, the
function H,(A) is monotonic increasing in A (see figure 2).
By lemma 9, there is a K,, > 0 such that
lim " 2F, () = K,

[—0t
. Therefore there is a k,, such that for [ < 1

Fu(r) > = 1),

Tn72
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F (2r)
AS (r

5"

H (A

FIGURE 2. Graph of G, (r)
Also we have that S, (r) > A.r = s,(r) for all ». We consider the equation f,(2z) = s, (z). This

has a unique solution
kn kn 1/(n-1) k!
=Azx x = ( ) n

on—2 pn—2 am—2 A = Al/(n—1)

If < .5 then we have for r < x then F,(2r) > f,(2r) > fn.(2z). Therefore G, (r) > fn(22) for
r < x. Also for r > x then S, (r) > s,(r) > s,(x). Therefore G, (r) > s,(z) for r > x. Thus as
fn(22) = s, (x) then G, (1) > sp(x). Thus H,(A) > s, (z) giving

/
I a2

m = k/;A"71

If 2 > .5 then we have by monotonicity of fy,s,, that f,(1) > s,(.5). Therefore for r > .5

Hp(A) > Az =A

Sp(r) > sp(r) > s,(.5). Therefore G,,(r) > s,(.5) for r > .5. If r < .5 then F,,(2r) > f,(2r) >
fn(1) > s,(.5). Therefore G,(r) > s,(.5) for r < .5. Thus G,(r) > s,(.5) for all r. Thus
Hp(A) > s,(.5) = A/2 giving

Ho(A) > %.A = C,.A
|

Ky
Zn—2

H,(4) S (KzA) o

We note that using the approximation F,(x) =
of

for x small we get the approximate bound
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A

10

02 (4 0.6 0k 1o

FIGURE 3. Graph of F3(2x), ;- and 47S3(x)

7. GENERAL LOWER BOUND EXAMPLES

As the function H,(A) is monotonically increasing in A, if we have a general lower bound on
the volume of a closed hyperbolic n—manifold then we obtain a lower bound for a hyperbolic
(n + 1)—manifold with geodesic boundary.

Hyperbolic 3-manifolds
In [5], Kojima and Miyamoto showed that the lowest volume hyperbolic three manifold with totally
geodesic boundary has boundary a genus two surface and volume 6.452. Therefore 6.452 is the best
general lower bound.

By the above lemma 9, F3(z) ~ 5 for small x. Graphing F3 we see that this approximation is
very close (see figure 3).

For comparison with Kojima and Miyamoto, we note that as a closed hyperbolic surface has
area at least 47, our methods give a lower bound of Hs(47) for the volume of a hyperbolic three-
manifold with totally geodesic boundary. Plotting F5(2z) and 47.S3(x) we see that Hs(47) ~ 2.986
(see figure 3).
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