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Abstract

We show that the orthospectrum of a finite area hyperbolic surface S with non-empty totally
geodesic boundary satisfies an infinite summation formula for the Rogers L-function. This formula
gives an identity on the Moduli space for the underlying surface.

1 Orthospectrum of a hyperbolic surface

Let S be a finite area, hyperbolic surface with non-empty totally geodesic boundary 9S. We let €
be the volume measure on the unit tangent bundle T7(S). We let a(v) be the longest geodesic arc
containing v as a tangent vector in S. Generically a(v) will be a geodesic arc with endpoints on 05S.

We define the function L : Ty (S) — R by letting L(v) = Length(a(v)). We note that L(v) is measurable
but can be infinite. We define measure Mg on the real line by Mg = L,f2. Then Mg is a measure
describing the distribution of the lengths of a(v).

As 08 is totally geodesic, the components of 95 are either finite length closed geodesics or bi-infinite
geodesics. A cusp of S is an ideal vertex of a component of 3S. We let Ng be the number of cusps of
S. We denote by {a;} the geodesic arcs in S which have endpoints perpendicular to S and denote the
length of «; by l;. We note that if S is an ideal k—gon then there are a finite number of geodesics «.
Otherwise there are an infinite number. We call the set {l;} (with multiplicities) the orthospectrum of
S. By doubling S we see that the orthospectrum of S corresponds to a subset of the closed geodesics
of a finite area closed surface and therefore is a countable set.

We use the convention that the Euler characteristic x(5) of a surface with boundary is the orbifold
Euler characteristic of S with mirrored boundary (i.e. boundary edges and vertices are counted with
multiplicity 1/2). Equivalently the Euler characteristic of S is half that of the double of S.



The main theorem of this paper is the following length spectrum identity

Theorem 1 (Length Spectrum Identity) Let S be a finite area hyperbolic surface with non-empty totally
geodesic boundary. Then the orthospectrum of S satisfies the equations
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or equivalently
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where L is the Rogers dilogarithm function (described below).

As the righthandside only depends on the underlying surface, the Length Spectrum Identity gives an
identity on the moduli space Mod(S) of the underlying surface.

2 Dilogarithms and Polylogarithms

The k** polylogarithm function Li is defined by the Taylor series
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for |z| < 1 and by analytic continuation to C. In particular
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Lig(z) = Lii(z) = —log(1 — 2).
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Also the functions Lij are related to the Riemann ¢ function by Lix(1) = (k).

The dilogarithm function is the function Lis(z) and is given by

Liy(z) = —/OZ log(1=2) ;.

z

Below is a brief description of some properties of the dilogarithm function. They can all be found in
1991 survey ”Structural Properties of Polylogarithms” by L. Lewin (see [5]). From the power series
representation, it is easy to see that the dilogarithm function satisfies the functional equation

Lin(2) + Lis(—2) = %Lig(zg).



Other functional relations of the dilogarithm can be best described by normalizing the dilogarithm
function. The (extended) Rogers L—function (see [9]) is defined by

L(x) = Lig(z) + %log |z| log(1 — x) z <1
In terms of the Rogers £L—function, Euler’s reflection relations for the dilogarithm are
L)+ L(1—2)=L(1)=— 0<z<1
L(z)+ Lz =2L(-1) = —— x <0 (1)
Also in terms of £, Landen’s identity is

£<_x>:—£(m) 0<z<1 (2)
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and Abel’s functional equation is

L(z) + L(y) = L(zy) + L (M) +L <
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A closed form for £(x) is known for certain values of z including
1 2 2 2
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where ¢ is the golden ratio.

Finally we note that Ramanujan found the following linear identities (see [1], [3])
2
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3 Measure Mg

The Length Spectrum Identity Theorem follows immediately from the following theorem describing
the measure Mg. This theorem is proved in a later section of the paper.

Theorem 2 There exists a function p : R?> — R such that infinitesimally
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where Ng is the number of cusps of S. Furthermore the total mass of the measure p(l, z)dz on the real

line is given by
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In particular the measure Mg depends only on the orthospectrum of S.



The Length Spectrum Identity now follows as a corollary of the above theorem.

Proof of Length Spectrum Identity: As Mg = L,(), then Mg has total mass equal to the volume
of Ty (S). Therefore Mg(R) = Q(T1(5)) = 472|x(S)|. Summing up the masses of measures in theorem
2 above, we immediately obtain
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An elementary calculation (see [2]) shows that
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Therefore using F(l) = 8L <c051119§> we get

2Ngm? 1
42|y (S)| = 33 +8.Z£<l_>.

giving

4 Identity on Mod(S)

As the Length Spectrum Identity has righthandside only depending on x(S) and Ng, we obtain a
summation identity on the Moduli space Mod(S) of S. There is an obvious comparison to be made
between the above Length Spectrum Identity and the (generalized) McShane identity of McShane and
Mirzakhani (see [6] and [7]). Both identities are on the Moduli space of a surface and are given by the
summation of a certain functions over a length spectrum of the surface. Alternately there does not
seem to be a direct relation as both the spectra and functions used are completely different with the
McShane identity being for embedded geodesics while the geodesics in the Length Spectrum Identity
are not. Also the function summed in the McShane identity is an elementary hyperbolic trigonometric
function unlike the Rogers L-function.

We note that the Length Spectrum Identity is an infinite relation except in the case when S is an
ideal polygon. In the case of S being an ideal polygon, we will now show that the Length Spectrum
Identities includes all the classical dilogarithm identities described above.



5 Classical Identities and the Moduli space of ideal polygons

For S an ideal n-gon, the Length Spectrum Identity is a finite summation relation. We will show that
the associated relations give an infinite list of finite relations including the classical identities stated in
the previous section.

If {I;} is an orthospectrum, we will define two parameterizations by letting
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’ sinh? % " cosh? %
We now consider the Poincaré disk model and let x;,2 = 1,...,n be the vertices in anticlockwise cyclic

ordering around the circle. Let s; be the side z;z;1;. Let [;; be the length of the diagonal between s;
and s; for |i — j| > 2. We define the cross-ratio by

(21 — 22) (24 — 23)
(21— 23) (24 — 22)

[zla 224523, Z4] =

As the cross ratio is invariant under Mébius transformations, we map the quadruple (z;, 41, %5, €j41)
to (—1,1, ek, —elis). Then

o (CloD)(ebi— ) el .
Liy Ti41, Ly, Lj = —1,1,€l”,—el” :_( _ _
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As S has area (n—2)m and n cusps, x(S) = (n—2)/2 and Ng = n. Thus the Length Spectrum Identity

becomes ( | 2
n—3)w

i?j
where the sum is over all ordered pairs 7, j such that the sides s;, s; are disjoint (at infinity). In terms
of dilogarithms we get

. n—3)% 1
> Lig ([ws, wig1, w5, 2511]) = (6) b > log (1= [wi, miv1, @5, @j41]) log (23, i1, 25, 511]) (6)
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5.1 Cases corresponding to classical relations

Quadrilateral and Euler reflection identity: The ideal quadrilateral has 4 cusps and two ort-
holengths I1,ls. By elementary hyperbolic geometry we have sinh(ly/2).sinh(l2/2) = 1. Therefore
ai.az = 1 and letting a = a; the Length Spectrum identity is equivalent to the the classical reflection
identity of Euler.

2
L(a)+ L@ ) = 5 (7)
Also we have
1 1 1 sinh?(l;/2) 1
cosh®(l2/2)  1+sinh*(l2/2) 14 —57—  cosh®(l1/2) cosh®(l1/2)

sinh2(11/2)
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Thus letting b = b1, the Length Spectrum identity is equivalent to the Euler reflection identity

L(b)+ L(1—b) = ﬂ; (8)

Pentagon and Abel’s Identity: If we choose a general ideal pentagon then there are 5 diagonals
and therefore 5 parameters a;. We send three of the vertices to 0,1, 00 and the other two to u,v with
0 < u < v < 1. Then the cross ratios in terms of u, v are

_ _ 1—
“. 1w, v u7 v u’ u(l—w)
v 1—u v(l —u)

Putting into the equation we obtain the following equation.

ﬁ(u)+c(1_v>+£(”;“>+c<7;:z>+c(m>:7;2. (9)

Letting © = u/v,y = v, then we get

—x z(1 — 2
E(xy)—i—ﬁ(l—y)—i—ﬁ(l—x)—l—ﬁ(zjl(:l_g;)—i—ﬁ(1(1_;;)):3. (10)

Now by applying Euler’s reflection identities for z, y, we obtain Abel’s identity for the Rogers £—function.

11—y

E(a;)—i—ﬁ(y)—ﬁ(a:y)—i—ﬁ(yl(l_;z))—i—ﬁ( (11)

General equation: We obtain similar finite identities in the general ideal n—gon case. In general we
note that equation 5 will have (n — 3) independent variables and will be given by the summation of

evaluating £ on @ rational functions in the (n — 3) variables.

5.2 Regular ideal n-gon relation

We now consider the dilogarithm equation for the specific case of a regular ideal n-gon. In this case
the cross ratios can be calculated and the dilogarithm formulas for specific values of the dilogarithm
function.

We consider a regular ideal n—gon in with center 0 in the Poincaré disk model and vertices at vy =
27

uF k=0,...,n—1foru=en . Then equation 5 can be thought of as an equation on the roots of the

polynomial 2z = 1. We have

(1—u)(u —u")  u(u— 1) _ sinz(%)

[UO,Ul,UT,UT+1] = - 1 = 5 = "5 rm
(I —u")(u*tt —u)  w(u" —1)*  sin*(IT)




For r < n/2 there are exactly n distinct perpendiculars between sides separated by r sides and for
r = n/2 there are n/2 such sides. To take care of the even and odd case simultaneously we let e, be 1
if n is even and 0 if n is odd. Therefore we have

Mn/2]—1 om a2
> om0 ) e T (sin? (X)) = (2T (12)
— sin®(~T) 2 n 6
where [z] is the least integer greater than or equal to z. Dividing by n we get

/21 s en T n—3)7w
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Limiting case: We let n go to infinity and obtain the equation

[n/2]-1 2 2 2
. sin”(T) ™| . (=3 7
dm 2 £ << >> et D) ) = Jm =

r=2

This gives a Rogers L—function series relation due to Lewin (see p. 298 of [5])

Z£<T2> :—2 (13)

r=2

Regular ideal quadrilateral: This case is trivial a; = ag = —1, by = by = 1/2 and equations 7,8
give the classical evaluations

L(-1)=—— and L(z)=—.

Regular ideal pentagon, Golden Mean: For the regular ideal pentagon, the orthospectrum consists
of 5 geodesics each of the same length /. Using the formula above for n = 5,7 = 2 we obtain that [

satisfies l )
cosh? [ = | = = ¢?
<2> V5 +3 ¢

where ¢ is the golden mean. Therefore as ¢? = ¢ + 1

smh2<> ¢—1_¢

and we have a = —¢~!. Thus the Length Spectrum Identity gives the classical relations of Landen
2 2
o hH=_T -2y _ T
Applying the quadrilateral relations 7, 8 we also get
2 2
=" e hy= T
L(—0) = -T — (-6 = - T



Regular ideal Hexagon: For a regular ideal hexagon, there are 9 elements of the orthospectrum,
with the 6 being perpendicular to sides one apart and three being perpendicular to opposite sides.
Putting n = 6 into equation 12 above then gives the linear relation

1 2

62(3) 35(%) =z (14)

Ramanujan Identities: We can form an elementary ideal hexagon by gluing two regular ideal quadri-
laterals along a common edge. Then calculating orthospectra, the length spectrum identity gives

o) e () e (i) 2 (6) -5

Therefore as L (%) = 7{—; we obtain

oL (;) Y, (i) . @) _ 7;2 (15)

We see that taking linear combinations of equations 14, 15, we obtain the Ramanujan identities in
equations 4.

6 Infinite Relations

The Length Spectrum Identity is an infinite relation on Mod(S) when the surface S is not an ideal
polygon. We now calculate the identity for some simple cases.

We consider the hyperbolic annulus with one boundary component a closed geodesic of length [ and the
other an infinite geodesic with one cusp. Then to find the orthospectrum, we lift the closed geodesic
to the geodesic g joining 0,00 in the upper half space model and such that a cusp is at the point
1. Then the covering group is Z and generated by the map f(z) = Az for A = e!. The lifts of the
boundary components consists of the geodesic ¢ joining 0, oo for the closed boundary geodesic and the
geodesics gy joining \¥ to A¥t1 for k any integer, for the boundary component with cusp. As there are
no orthgeodesics from the closed boundary component to itself, each orthogeodesic has a copy with
endpoint on the geodesic gg. Then the Length spectrum identity gives
oo 2
L([L,A,0,00]) + 3" L([L, AN A+ = T
k=2 6

Therefore calculating cross-ratios we get

cli-e)+>c( =52 )=
= sinh® 6

Using Euler’s reflection identity we get



If we let [ tend to 0 we once more obtain Lewin’s infinite identity (eqn. 13) so this can be thought of
as a generalized version of Lewin’s identity.

To obtain another relation, we glue two such annuli along their common closed geodesic boundary
component by a dehn twist of size t. Then once again as above, we obtain a lift with the closed
geodesic lifting to the geodesic g joining 0,00 with one cusp lifting to 1 and another to —z for some
x > 0. Then one component of the boundary lifts to geodesics g and the other component to geodesics
hy, with endpoints —a2 A1, —2. \*. Therefore = e'. The length spectrum identity is

00 o0 2
3 L(lah, —a AR 4237 £([1 A N N = T
k=—o00 k=2 ;

Subtracting the length spectrum identity for each side gives

i L([~aX, —z, N A1) = 2. (1 - e_l) .

k=—o00

Z £ <cosh(2?si1(tl))—;closh(l)> =2L (1 B 64) '

k=—o00

Evaluating we get

We now consider the geometry of ideal quadrilaterals in the hyperbolic plane.

7 Intersections with ideal quadrilaterals

Given two disjoint geodesics g1, g2 in H? with perpendicular distance | between them, let @ be the
ideal quadrilateral with opposite sides g1, go. Then we can map ) by a Mdébius transformation to the
ideal quadrilateral @, in the upper half-plane with vertices a,0,1,00 € R where a < 0. Similarly we
can map Q to the ideal quadrilateral Q, in the upper half-plane with vertices 0,b,1,00 € R where
b > 0. Using cross-ratios we have that

1 1
a=——7- b= ——— 17
sinh? % cosh? % (17)

The choice of normalization @Q,, @y leads to the equivalent forms of the Length Spectrum Identity.

If x,y € R,x # y, we let g(x,y) be the geodesic in the upper half plane with end points x,y. Then for
(z,y) € (a,0)x(1,00), the geodesic g(x,y) intersects @, in a definite length denoted L,(x,y). Similarly
for (z,y) € (0,b) x (1,00), the geodesic g(x,y) intersects @ in a definite length denoted Ly(z,y).

Lemma 3 If k= a orb, the map Ly is given

1 Syly—k) -1\ 1  fily)
nie) = g (B0 =3

2 ()
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Figure 1: Length intersection function L, (z,y)

where
x(x —k)

r—1

fre(z) =

Proof: Let T be the ideal triangle with vertices 0,1,00. Let l; : (—00,0) x (0,1) — R and ls :
(—00,0) x (1,00) — R be given by letting l1(z,y) be the length of the intersection of g(z,y) with
T and ls(x,y) be the length of the intersection of g(x,y) with T. By a previous paper (see [2]) the
functions [; are given by

N =)

To calculate L,, we split the quadrilateral @), by the vertical line at x = 0 into two ideal triangles
Ty, T, where T} has vertices 0, 1,00 and T3 has vertices a,0,00. Then 77 = T and f3(z) = z/a sends
T5 to T. Therefore

La(x,y) = la(z,y) + l(y/a,x/a)

Therefore
e = (555) + 30 (53) -3 (B -5 (=)

To calculate L; we note that the map

10



Simplifying we get

We consider the rational function fi(x) defined above. Differentiating we have
(20 —k)(z—1)—1.(a* —kz) 2> —22+k
(z—1)? (1)

Therefore fi(z) has two critical points 1 4+ /1 — k. We label the critical points zg = 1 — /1 — k and
Yo = 1 + vV 1-— k‘

fi(x) =

8 Summation Identity for F

In this section we prove that the first part of theorem 2 and a summation identity for F'.
Lemma 4 Let S be a finite area hyperbolic surface with non-empty totally geodesic boundary. Then

the measure Mg has form
_ ,z)
57 smh2 plli
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where Ng is the number of cusps of S.

Proof: By definition
(L:£2)(9) = / ¢(L(v)) dQ.
T1(S)

Let «, 3 be two arcs in S with endpoints on 35. Then we say « ~ § if they are homotopic relative to
the boundary 95.

We define the sets A; = {v € T1(S)|a(v) ~ a;}. Also for each cusp ¢ we define A, = {v € T1(S)|a(v) ~
¢} where a(v) ~ ¢ if a(v) can be homotoped (rel boundary) out the cusp c. Note that for v € A4; or
v € A., L(v) is finite. Finally we define the set A to be all v not in any A; or A.. By definition,
the sets A;, A, Ax form a partition of 71 (S). If we double S along its boundary, the geodesic arcs «;
correspond to a subset of the geodesics of the doubled surface. Therefore as the length spectrum of the
doubled surface is countable, so is the collection of arcs a; in S. Also, by ergodicity of geodesic flow
on S (see [4]), the set A is a measure zero.

Therefore
}:/‘¢ dQ+§:/ o(L
We let
1
@i =——"—57
sinh 3

Then setting QQ; = Qq,, we have that @; is a quadrilateral with perpendicular of length ;. We lift «;
to the upper half plane so that it is the perpendicular of length I; in Q;. We lift each cusp ¢ to the
ideal vertex at infinity between the vertical geodesics x = 0, = 1. Let T be the ideal triangle with
vertices 0,1,00 € R.

If v € T1(H?) in the upper half plane, we define g(v) to be the geodesic with tangent vector v. We also
denote the endpoints of g(v) by (z(v),y(v)).

We lift the set A; to the set A, C T1(Q;). Then for v € A, the geodesic arc o/ (v) = Q; Ng(v) is a lift of

a(v). Similarly we lift A, to the set AL C T1(T).Then for v € Al the geodesic arc o/(v) = T Ng(v) is
a lift of a(v). By abuse of notation we also let £ be the volume measure on T3 (H?). We parameterize
T1(H?) by (2,9,1) € R x R x R where (z,y,1) corresponds to the vector v such that g(v) has ordered
endpoints (z,y) and v has basepoint on g(v) a distance [ from the highest point of g(v) in the upper
half-plane. Then the volume form € can be written as (see [8])

Therefore

B 2.¢(L(v)) dxdydl
/. O(L)) a0 =

A (z—y)?

We note that L(v) only depends on the endpoints and therefore we can write L(v) = L(z,y). If v € A,
then either (z,y) or (y,z) € (—o0,0) x (1, . Integrating over [ we have

/A/ 2.¢( (; ) dxdydl / / 4.0(L ;;:2, Y) d:cdy.
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By our previous paper [2]

/ / 4.0(L VL(z,y) dxdy _/°° 4.¢(L).L*dL
—y)? ~Jo  sinbh*L

Thus as there are Ng cusps we have

2
Z/ ¢(L(v)) dt = Ns. / sthL = = Moo(¢)

where M, is the measure with infinitesimal

ANgz’dx

dM., =
o sinh? z

Similarly we have by lifting A; to A} that

B 2.¢(L(v)) dxdydl
/Az,d’(“””d“‘/; L

If v € A} then either (z,y) or (y,x) € (a;,0) x (1,00) . Integrating over [ we have

//2¢(($_ dzdydl // 4.6(L g ) dedy

For a < 0 we define M,(¢) to be the righthandside of the above equation. Then

o [ [T

MS:MOO+ZMM

%

Then

By lemma 3 we have

Do) = ylog (L2000 ) = o (1) o g0 =TS

Taking derivatives of the length function L(z,y) we have

oL _ fo) 0L _ f(y)
or ~ 2f(m) oy 2f()

By the previous section, the function f has critical points xg,yo. Furthermore on (a,0) the function
f(z) has global maximum at xy and on (1,00), f has global minimum at yg. Therefore fixing x, the
function u : (1,00) — R given by u(y) = L(z,y) is decreasing on (1,yy) and increasing on (yp, 00).
Therefore we make the change of variable t = L(z,y),z = . Finding inverses for f we define the two
function g4, g— by

(a+x) £t/ (a+x)?—4x
5 :

g+(x) =
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Then solving t = L(x,vy) gives f(y) = f(z)e*. Therefore on (1,yp) we have y = g_(f(z)e?) and on
(yo,00) we have y = g, (f(x)e?") Therefore we have

AV e = e

and
/yO 4.¢(L(z,y)) L(z,y) dy _ /L(””’y(’) 4.9(t)t.g" (f(z)e*)2f (x)e* dt
1 (x —y)? o0 (z — g-(f(z)e*))?
/°° 4.¢(L(z,y))L(x,y) dy _ /00 4.9(t)t.g' (f(x)e*)2f (x)edt
Yo (z —y)? L,y0) (x — g4 (f(x)e*)?
Therefore combining we have
o (U@ (@) )
D= fo 16 (G2t ~ Tty

We switch the order of integration. The function L(z,yo) is minimum at xzy with minimum value
[ = L(xo,yo0) being the length of the perpendicular (see figure 2). Thus we integrate ¢ from [ to infinity.
The integral in the = direction is between the two z solutions of t = L(x,yp) which are solutions to

f(x) = f(yo)e™?". Thus we integrate = from g_(f(yo)e ') to g1 (f(yo)e 2!) giving

_ [ gige [PV (@) glf@e) o
o) = [ Bt </g<f<yo>eu> (ot~ o imy) ! “)

Therefore ~
- /0 o(1).p(1, )t
where
o I (o 1C L B AT My
ALY =88 X </g<f<yo>e—2t> -0 @)~ @—g-Gwep) IO
_ z(r—a) B 1
and f(z) = e where a = —m
Therefore ~
Ms(é) = (L.)@) = | ola)p(o)is
0
where AN
ple) = sms; +Zp i 2)
[

We note that the equivalence relation ~ on 77(5) described in the above lemma gives a partition of
T (S) which is quite complicated with each tangent plane at a point x € S being decomposed in to an

14



(countably) infinite collection of intervals. In particular it does not arise from a decomposition of the
surface S into regions.

We now define
Then we have the following corollary

Corollary 5 Let S be a finite area hyperbolic surface with non-empty totally geodesic boundary. Then
the function F satisfies

> ) 2 6lx()] - N) (18)

Proof: As Mg = L, it has total mass equal to the volume of T} (S) which is 472|x(S)|. Therefore

T4(S)) = 4n°|x(S)| = Ms(1) )+ ZMaZ (19)

By an elementary calculation (see [2])
/ < 22dx B w2
o sinh’z 6

Therefore - ) o 9 ) )
4Ngx“d d 2N,
Mw(l):/ W:ms/ N T 2T
0 0

sinh? z sinh? z 6 3

Using lemma 3 we substitute the formula for L,(z,y) to obtain

y a)(z—1)
/ /002 log w(o—a)(y= 1)>dxdy
—y)?
By the previous lemma

M, (1) = /Ooo o1, 2)dz = F(I).

Therefore by equation 19 above we obtain

2N
42|y (S) S” Z F(l
giving the summation identity
2Ngm? 272
> F(l) = 47*|x(S)] — 5 = 5 (6Ix(5) = Ns)
i
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We note that it follows from the above that for

1 1
a=———57 b=—157
sinh” 5 cosh” 5

then by the formulae for L,(x,y) and Ly(x,y) (see lemma 3) that
y(y a)(z—1)

y(y b)(z—1)
/ /002 log (4= a)(y 1) dady / /002 log (LL=PE=1 ) dudy 0)

—y)?

9 Integral Calculation of F

In this section we find a formula for F'(I) by calculating an integral. We note that by the previous
section, we already know that the function F' satisfies the functional equation 18. We will make use of
this to reduce F' to the form we wish independent of using any classical dilogarithm relations.

Lemma 6 Fort<1

x(a:tyl

oo log yly—t)(z— 1)‘dnlcdy
ST

Proof: We fix t < 1 and let

o log w(g s | dudy
o= [ [

Integrating by parts we get

y(y—t)(z—1) y(y—t)(z—1)
/10gx<ityl‘df” 1ogx(“)(y1)‘+/ 1 L 1 1y
(z — y)2 - r—y r—y\z—1 =z z—-1 '
Using
| o aiegide = 5 oslo — ol ~ log o~ b)
@)@ x_a—b oglr —a og |z
we get
yy=t)(z=1) yly=t)(z=1)
/ a(a— t>(y1’dx_ 2@=t)y= ”‘+ L (log|z — 3| - log |z — 1]) +
(2 —y)? z—y y—1
1 1
——(log|x —y| —log|x|) — —— (log |z — y| — log |z — t
y( | | |z|) y_t( | \ |z —1])
(y—t)(z—1)
log W’ log|e — 1| | log|a|  log|z —t| LENN N
= - + + +log |z —y]) -
y—x y—1 y y—t -y oyt
We define

y(y—t)(z—1)
I(y) —/ st l)ydl‘
0 (z — y)Q
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To evaluate the improper integral I(y) we gather the divergent terms to find their limits. Therefore

1 1 1 1
I(y) = lim log |z| < - > + lim log |z — ] < — )
x—0 Yy—x Yy x—1 Yy —
yy—t

(y=t)
_log’t(y—l)’_log\t_lo | ( 111 )
y y—t s y—1 'y y-—t
log ‘ y(ytzt)(t—l) ‘

—1 log|t —1 log |t 1 1 1

y—t y—1 y—1 y y—t

By elementary calculus, both limits are zero. As y > 1 and ¢t < 1, when we gather the remaining terms
by common denominators and get

2log [t| — 210 —t) +lo -1 lo —t) —log(l —t)—lo
I(y) = 2ol g(yy) gly—1) , logly—1) yg_(1 ) ~log(y) |
+log(1 —t)+2log(y) — 2log |t| — log(y — 1)
y—1

We now rewrite in the following form

t) = () ), (Lol e (22 (i) e ()

Yy y—1 y—t Yy y—1 y—t

= L(y)+L(y)+13(y).

(21)
Before we calculate the integral of I(y) we note some properties of the dilogarithm. As the dilogarithm

function Liy satisfies
Zlog(l -t
Lis(2) = —/ log(1 1) )
0 t
Then for z < 1 we have that £ has derivative

) =L (Liz(x) N %10g|xllog(1 - x)> _ log(1- :c)+; <log(1 ~1) 1og|x|> 1 <log(1 ), log yx|>

dx x T 1—= 2 x 1—=x

We let

s =220~ 46 (1) =20 (T24) = 50) + 2ao) + o)

Then differentiating we get

Jy) =2. (_;) (1), <log(1 —(1-y)  logfl—yl ) _ <log(y -1 log(y)> _ L)

l-y 1-(1-y) y y—1
1— 1— ¢ -1
= (Y (ot (s C o) sl fes() ree(=)Y
a 2 1t - 1=yt y—t s
_t t y—t 1t
) — —a 1 + log(l y) log’y‘ log(y) t.log(y
W =473\ P D)
Yy Yy
As
t 1 1




we have

() )y,

) log <y7_t> —log ('Z—‘) . log (%) _

Jo(y) = —
2(9) y y—t y y—t

Then we have J'(y) = I(y) and therefore we have an antiderivative for I. Integrating we get

G(t) = [ 1)y = T = Jim )~ lim I,

y—1+
We let Lo be the limit if £(x) as = tends to —oo. Then

lim J(y) = 2£(0) — 4L(t) — 2£(0) = AL(¢) lim J(y) = —4£(0).

y—1t Yy—oo

As £(0) = 0 we have

10 Volume interpretation of £

Let g1, g2 be disjoint geodesics in H? with perpendicular distance ! and endpoints z1,y; and z2,yo
respectively on S!. Given v € T1(S) let g, be the associated oriented geodesic with tangent v. Then
we define the set

C(91,92) ={v eTi(S)| gpNg1 # 0, go N g2 # 0}

Let t = [x1,y1, T2, Y2, then depending on the ordering of the points on the circle we have

1

1
t=[-1,1,¢, €] = ——.
-1.1,¢,—¢] sinh?(1/2)

=~ o t=[-11-¢é]=
cosh?(1/2) | ]

It follows from the invariance of volume on 77(S), that the volume of C(g1, g2) in T1(S) only depends
on t. We therefore define V(t) = Volume(S(g1, 92))-

Then it follows from the main theorem that
1
L(t) = j:§V(t)

where the sign is given by the sign of . Therefore we can interpret the Rogers £L—function as a signed
volume function on 71(S) for the sets G(g1,g2).
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11 Asymptotic behavior

In this section we study the asymptotic behavior of the function p(l,t) for large t.

For functions of a single variable, we write f(x) >~ g(x) as = tends to g if

Furthermore for functions of more than one variable, we write f(x,y) ~, g(x,y) as x tends to xq if

. flz,y)
s g(z,y)

Theorem 7 The measure p(l,t)dz on the real line satisfies

p(l, 1)

. Te2e2 = 0
uniformly on compact subsets of (0,00) where
—2a? + 5a — 2 1
r(l) = T2atha 2 for a=

a(l - a) ~sinh? (1)

Proof: We now show limy_,o p(l,t) = r(l) converges uniformly on compact subsets of (0,00). Let

I C (0,00) be a compact interval. Now let I € I. As before we let a = —1/sinh?(1/2) and define
f(x) =z(x —a)/(x — 1) with inverses g4 and critical values xg, yo. Let

9\ (f(@)e*) 9" (f(@)e*)

2

— g2t —
Gl ) =8t <<x — g+ (f@e)? (v —g-(f(a)e

) 1@

Then for ¢t > [ we have 2t

g+(f(yo)e™
p(l,t) = / G(t,z)dx
9-(f(yo)e=2")

For C > 0, we further define

9+(f(yo)Ce?")
p(C,1t) = / G(t,x)dx (22)
9-(f(yo)Ce2")

On the interval [a, 0] f has maximum at x¢. Therefore p(C, [, t) is defined for all ¢ such that f(yo)Ce 2 <
f(xg) or

f (o)
f (o)

1 1 1

Considering g4 (x) for large x we have

2
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Therefore

and

g-(2) =1 g (@)~ % (@) =z d(@) =1 (23)

We let I = [g-(f(yo)Ce "), g1 (f(yo)Ce 2)]. Then for x € I we have f(x)e?* > C.f(yo). Therefore
for C' sufficiently large we use the above approximations to approximate G(¢,z) on Ic. We substitute
the approximations 23 into the formula for G(t, x) to define

. 1 Ty
Gt =16 (s - T

Simplifying we have

) — 672t 1 — a !
Gi(t,x) =8t '<(1—f(§)62t)2 (x—1)2> fl=)

Noting that f(x)e?* > Cf(yo) on I¢, then for large C' the quantity W is small and we obtain the

approximation
1
tx)=8te 2 (1 - —2 .
Gut) =t (1= -5 ) 7

Therefore given an € > 0 we can find a K;(e) such that

G(t,x)
GQ (t, l‘)

€[l —¢€1+¢ for all C' > Kj(e),t > Ko(C),z € I¢.

Therefore integrating

1 i /9+(f(yo)06_2t) <1 a > 1 p [ td
— | 8te™“". — rz|lell—€el+e
p(C,1,t) - (F(yo)Ce—2t) (z-1)2) f(z)

for C > Kj(e) and t > Ko(C). We fix a K > K;(¢) and define

(1) =8 o g+ (f(yo)Ke™2t) ) a 1 p
pr(l,t) = 8te . / < — ) T
" ke \ @—12) f@)

g1 (f(yo)Ke™?t) _
= 8te 2, / ( r—1 — @ > dzx
9— (fyo)Ke—21) z(r—a) z(x—a)(z—1)

Integrating we have

/(x.ic__la) —x(x_;;(x_l)>da:: (1;“111;@1— 1fa1nyx—1y—m1n|x—a\)>
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Therefore

1-— 2 —3a+1
prc(l,t) = Ste™?t, (aaln|x| - 1ialn|az—1| —aa(l_a;;lnu—cd)

g+(f(yo)Ke2t)
g—(f(yo)Ke2t)

For z small we have

(a+z)+ \/m a+x 2z
palo) = (i)
Therefore
@)= ata) - oma LD gy T LT
Therefore
) e (1 [FHE - ] )

Taking limits as we have

l—-a a>—3a+1 —2a% + 5a — 2
1,t) ~ (16t%e72H). | — — = (1612 %) ———_ =~
pic(l,1) = (16t% )( a a(l—a) ) (16t%™) a(l —a)

Therefore given € > 0 there exists K(e) > 0 such that for any C' > K;(e) both

o(C.1,1) , oCLY
htrgg)lf m and hill}ilélp m are 1 [1 — €, 1 + 6]. (24)
where
—2a? + 5a — 2
r(a) = ——
a(l —a)

We now define
e—Zt)

g-(f(yo) ) 9+ (f(wo)
p—(C,1,1t) —/ G(t,z)dx and p+(C,1,t) —/ G(t,z)dt.
9-(f(yo)e=2) 9+ (f(yo)Ce=2t)

Then by definition
o) = p(C,L 1) + p_(C,L 1) + ps (C, 1, 1),

We now bound the functions p+(C,[,t). Let I, Ig be the given intervals.

On the interval I, g4 (f(x)e?) > 1 and = < 0 so (z — g+(f(x)e?))? > 1. Also as ¢ (f(x)e?') < 0 we
have
v (U@ g g@e
Gt = e (20 ey ~ g rmy) T
< 8t.e®. (¢} (f(2)e*) — g_(f(x)e” )) f(z).
The derivative of g4 (z) is given by

1 1 z+a-2
gie(w) =5+ —
2 2 /(a+2)?—4x

Therefore




As f has critical values f(xg) and f(yo) we have that
, o _ T+a—2
Y = [y S (7]

We note that on Ig we have f(yo) < f(z)e* < Cf(yo) then

. Cf () + a2 |
V(o) = Flzo))(f(2)e* = F(yo))

B <0f<yo>+a—2> et

~ \WV/wo) — fz0) ) V(@) — flyo)e ™
The function f(x) = z(x — a)/(x — 1) has maximum at g on (a,0). Therefore for b < f(z¢)

p— (= 9-())(z —g+(b)
(z—1)

9y (f(@)e*) — g_ (f(z)e™)

fz) -

As z € (a,0) we have
f@) =b=(x—g-(b)(g+(b) — x)
Therefore

Cflyo) +a—2 e

VI o) — f(xo)> V(@ = g-(f(yo)e ) (9+(f(yo)e =) — )

Now restricting to I, we have @ > g (f(yo)Ce™%). Therefore for x € I,

Cf(yo) +a—2 ) et
V(o) = f(@0)(9+(f(yo)Ce2) — g_(f(wo)e 2)) ) /9+(F(yo)e %) — =

94 (fx)e*) — gL (f(z)e™) < (

gy (F(@)e*) gl (f(x)e*) < <

Therefore we have

f(z)
C,l,t) < G(t,z)|dx < D(t)8te’. dt
P+ ( ) z;' (t,x)|dzx (t)8te Ve W) ®) —a

where D(t) is the constant

D) = < Cf(yo) +a—2 )
V (f(yo) = f(0))(g+(f(yo)Ce=2) — g—(f(yo)e=?))
As f(z) =x(x —a)/(x — 1) then, 0 < f(x) < az on (a,0) we have

l d R.a.t.el. d
PHOLDS [ 10600 < DSt [ e

By integration we have

by 2
——dz = =(2b Vb —
/a b—ax 3( +a) a

Therefore

p+(C,1,t) <16.D(t).a-t.c". (29+(f(yo)e ™) + g+ (f(y0)Ce ) Vg (f(yo)e ) — g+ (f (o) Ce™2).
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Now for ¢ large we have

t—o0 V(f(yo) — f(x0)).]a]

We note for z small g4 (x) ~ x/a. Therefore

lim D(t)z( Cfyo) +a—2 >:D

16.D.a.tc!. (ke swce ) Y O T e

. ,0+(C, l7 t) . a
lim sup | =75 =57 | < limsup P
C,l,t 16.D. 32(0 +2)y/C —1
lim sup % < lim sup J (o) (C +2) =0.
t—o0 tee— t t—o00 t.\/ —a
Thus
P+ (07 la t) -0
t—oo  t2e—2t '
Similarly for p_(C,1,t) we once again have that
p* (07 l7 t) _ 0
t—oo t2e—2t
Therefore given € > 0 we can find K (€) such that for C' > K(€) by equations 24
: p(l;t) : p—(C,1,t) p(C,1,t) p+(C,1,t) : p(C,1,t)
1 _ PGty —1 ALY e
i 16t2e—2tr(a) i 16t2e—2tr(a) = 16t2e~2tr(a)  16t2e—2tr(a) i 16t2e—2tr(a) [1=e; 1+4]

As € is arbitrary we have
p(l,t)

I L7
Tiigp 16t2e—2tr(a)
Similarly
. pl,t)
htn—l>£f 16t2e~2tr(a) L
[ |
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