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Abstract

We define a decomposition of link projections whose pieces we call
atoroidal graphs. We describe a surgery operation on these graphs and
show that all atoroidal graphs can be generated by performing surgery
repeatedly on a family of well-known link projections. This gives a
method of enumerating atoroidal graphs and hence link projections
by recomposing the pieces of the decomposition.

1 Introduction

The problem of enumeration of knots and links has always interested knot
theorists. In this paper, we introduce a method of enumerating link pro-
jections by first decomposing them into pieces called atoroidal graphs. We
define surgery on these atoroidal graphs and show how they can be enumer-
ated by performing surgery on a well-known family of link projections. By
recomposing these atoroidal graphs, we can thus enumerate link projections.
We have included an enumeration of atoroidal graphs up to 12 crossings at
the end of the paper.

A link projection is given by a 4-valent planar graph G. To form a link,
we can replace each vertex of G by a crossing. To enumerate links in this
way, we must first enumerate link projections. It was Kirkman’s success in
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enumerating link projections, or polyhedra as he called them ([K1],[K2]), that
formed the basis of the knot tables of both Tait ([T]) and Little ([L1],[L2]).
In [C], Conway introduced a notation which made it possible for him to
enumerate knots to 11 crossings and links to 10 crossings in a single afternoon,
a task that had previously taken years. In his paper, Conway defined a
basic polyhedron to be a polyhedron with no bigon regions and showed that
every link is obtained by replacing each vertex of a basic polyhedron by a
rational tangle. These basic polyhedra are closely related to the atoroidal
graphs defined in this paper and can be enumerated using the enumeration
of atoroidal graphs described.

The decomposition of a link projection into atoroidal graphs is achieved
by cutting the projection along certain non-trivial curves. We then define
surgery on an atoroidal graph, giving a new atoroidal graph with one more
vertex. This gives a partial ordering on atoroidal graphs, where Gy < Gy if
surgery on (G results in G5. We show that a graph is initial if and only if it
has no vertices of a given type. Using this fact, we can list all initial objects
and thus enumerate atoroidal graphs by repeatedly performing surgery on
these initial objects.

The motivation for the paper comes from orbifold theory and hyperbolic
geometry, but a background in these is not necessary here. For a reference
see [Th]. For readers interested, these aspects are laid out in the section on
orbifolds.

I would like to thank Curt McMullen, Joe Christy, Rich Schwartz and
especially my advisor Bill Thurston.

2 Decomposition

Link Projections

Given a link L, a general position projection of L is a 4-valent graph G
embedded in S?. As we are only considering such graphs, we will use graph
to mean a 4-valent graph embedded in S?.

Let G be a graph with vertex set V.

Definition: 1 An n-curve of G is a simple closed curve in S* —V trans-
versely intersecting G, with n points of intersection.
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Figure 1: Trivial 0, 2, 4-curves

Let a be an n-curve (n = 0,2,4) of G. Then « splits S? into two disks
D1, Dy. A component D; is called trivial if D; N G is either empty, a simple
arc, two disjoint simple arcs or two arcs crossing at a single vertex (figure
1). If @ has a trivial component then « is also called trivial. Otherwise a is

called non-trivial.
Definition: 2 A graph G is irreducible if all n-curves (n = 0,2) are trivial.

Definition: 3 A graph G is atoroidal if all n-curves (n = 0,2,4) are trivial.

Decomposition

If @ is a non-trivial n-curve (n = 0,2,4) of G, then we can decompose G
along a into graphs G and G5 as follows. First cut along «, this splits the
sphere into two disks Di, Dy. To obtain the graph G; from D;, we identify
the boundary of D; to a single point. We say that G decomposes into G
and G5 along a.

We now describe the decomposition of a link projection G into atoroidal
graphs. If all n-curves (n = 0,2,4) in G are trivial then the decomposition
is done. Otherwise decompose GG into GG; and G5 along a non-trivial n-curve
(n = 0,2,4), choosing n to be a minimum. Now repeat the decomposition
on the resultant graphs G; and Gj. It is obvious that this decomposition
terminates.

The decomposition along non-trivial 0-curves is especially simple, cor-
responding to splitting a graph into its connected components. Thus both
irreducible and atoroidal graphs are connected and to decompose a connected
graph, we need only decompose along non-trivial n-curves (n = 2,4).



3 Structure of Atoroidal Graphs

Almost all Atoroidal Graphs are Hyperbolic

To investigate the type of atoroidal graphs possible, we consider the cell
division of S? given by G (note that as G is atoroidal, it is connected). We
call the cells, faces of G and a face F' is called an n-gon if it has n vertices
of G on its boundary. If F' is an n-gon of GG, then by taking the boundary of
a small neighborhood Ng of F', we get a 2n-curve ap.

If G has a 0-gon F' then ap is a trivial 0-curve and therefore it bounds a
disk D in S? — G. Attaching a disk to the boundary of Nz implies that G is
a Jordan curve or the unknot projection (figure 2).

If G has a 1-gon (monogon) F' then ap is a trivial 2-curve and therefore
bounds a neighborhood of an arc. Attaching a neighborhood of an arc to Ng
implies that G is a graph having the form of the number eight (figure 2).

If G has a 2-gon (bigon) F' then ap is a trivial 4-curve and therefore
bounds either a vertex neighborhood or a neighborhood of two parallel arcs.
Attaching a neighborhood of a vertex to Ng, we get the trefoil projection
and attaching a neighborhood of two parallel arcs to Ng gives two possible
graphs, but only one is also irreducible (figure 2). Thus G is either the trefoil
projection or the Hopf link projection.

Apart from these four exceptional graphs, all other atoroidal graphs have
faces that are at least triangular and are called hyperbolic graphs.

Surgery

Given any atoroidal graph G which has a face F' with greater than three
vertices, we can perform surgery on G to give another atoroidal graph G'.
We choose edges e, ej,es of F', with e, es adjacent to e. G’ is obtained by
pinching together ey, ey, that is, take a simple arc @« C F' with one endpoint
in the interior of both e; and ey, then shrink a to a single point. The graph
G' obtained by performing surgery on G has one more vertex than G (figure

3).
Lemma: 1 G’ is atoroidal.

Proof :Let o' be an n-curve in G’ which decomposes S? into disks D}, D5.
We can get G back by splitting open the new vertex v. As this splitting can
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be done in a small neighborhood of v and ' is outside such a neighborhood,
we get an n-curve « in G which splits S? into disks Dy, Dy. Note that D! and
D; are either the same, or the former is obtained from the latter by pinching
two edges together.

As @ is atoroidal then « is trivial for n = 0,2,4 and therefore we can
assume D is trivial.
If n = 0,2 then since D; has at most one edge intersecting it and therefore
hasn’t enough edges to pinch, D} = D;. Therefore D] is trivial.
If n = 4 then D, is either a vertex neighborhood or a neighborhood of two
non-intersecting arcs of G. If D is a vertex neighborhood then the only edges
that can be pinched are adjacent, this implies D} = D; and therefore D! is
trivial. If D; is a neighborhood of two parallel arcs then either D} = D; or
D is obtained by pinching the parallel arcs of D; together. In the first case
D} is automatically trivial and in the second D] is a vertex neighborhood
and therefore also trivial.

Thus every n-curve in G’ (n = 0,2,4) has a trivial component. Therefore
G’ is atoroidal. O

4 Orbifolds

This section explains how this work arises out of considering certain orbifolds
associated with a link projection. In this setting, the decomposition and
surgery we define are the torus decomposition and Dehn surgery on these
orbifolds. An orbifold is a generalization of a manifold in which the space is
locally modeled on R™ modulo the action of a finite group. For example, if a
group G acts properly discontinuously on a space M, then M /G is an orbifold
and is a manifold if the action is also free. For a reference on orbifolds see
chapter 13 of [Th].

Associated Orbifolds

We associate two orbifolds Og and Oy to a graph G as follows. We consider
G as a graph sitting on S? in S3. Let B be a ball in S? with boundary S?
and let V' be the vertex set of G. Og is a polyhedral orbifold with underlying
space Xo, = B — V, singular locus Yo, = S? — V and one-dimensional



singular locus E})G = G — V. The one-dimensional singular locus is marked
with Dy to indicate that any point on it is modeled by D3/Dy, where Dy
acts by two reflections in planes meeting at right angles. Oy has underlying
space Xor, = S3 —V and singular locus Yo, = G — V. Here the singular
locus is one-dimensional and is marked with Zs to indicate that any point
on it is modeled on D?/Z,, where Z, acts by rotation of order two.

¢ 1s the double of Og in the sense of orbifolds.

Decomposition and Surgery

In [B], we show that the torus decomposition on the orbifolds Og and Oy is
the decomposition we've described on G. By Andreev’s theorem (see [Th]),
if G is a hyperbolic graph then Og can be realized as an ideal hyperbolic
polyhedron with all dihedral angles right angles. Taking the subgroup of
orientation preserving elements of m(Og) shows us that Oy can also be
realized as a hyperbolic orbifold.

We show ([B]) that for any graph G, the double cover of Of is a link
complement denoted by Lg with one component for each vertex of G. Lg is
a hyperbolic link complement if and only if G is a hyperbolic graph. Also
if G’ is obtained by surgery on G then the link complement Lg is obtained
from Lg by removing a simple closed curve, which is Dehn drilling on Lg.

5 Partial Ordering

Surgery gives the set of atoroidal graphs a partial ordering < by defining
G < Gy if and only if Gy is obtained by performing r successive surgeries
on G, r=0,1,2,---. Note that surgery cannot be performed on any of the
four exceptional atoroidal graphs and they are never the resultant graph of
surgery, therefore they are isolated objects (both initial and final). Thus <
restricts to a partial ordering on hyperbolic graphs. To study this partial
ordering, we first show that the initial objects are a well-known family of
graphs. Then by performing surgery on the initial objects, we can generate
all atoroidal graphs up to any given vertex number.

After surgery has been performed, we obtain a graph G with a new vertex
v. The vertex v has the property that it is a vertex of a triangle 7" and the
faces Fi, Fy meeting at v and adjacent to 7" are both greater than triangular



Figure 4: Simple vertex

non-trivia
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Figure 5: Cutting open at a simple vertex doesn’t work

(figure 4). A vertex with this local structure we call simple. To find a G such
that G < G we might just look for a simple vertex v and cut open at v (there
is a unique way to cut open a simple vertex). This doesn’t necessarily give an
atoroidal graph as the resultant graph may have non-trivial 4-curves (figure
5). What we will show is that if a graph has a simple vertex v belonging to
a triangle T', then the graph can be cut open at some vertex of T' to give an
atoroidal graph. This implies that an initial object cannot have any simple
vertices. Before proving the stated result we will use it to show what the
initial objects are.

Since the exceptions are isolated, they never arise in a sequence of surg-
eries and all other initial objects are hyperbolic. Let G be a hyperbolic initial
object (not one of the exceptions). Calculating the Euler number of the cell
division of S? into faces of G, we see that G has a triangular face T,. As G is
initial, T} has two adjacent triangular faces T4, T4 (figure 6). Again using the
fact that G is initial, we have that both T%, T4 have a neighboring triangular
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Figure 7: Next stage and the resulting graph 7}

face other than Ti, labeled T%, T4 respectively.

If Tt = T4 then taking the boundary of a small neighborhood of the union
of the four described triangles, gives a trivial 4-curve. Attaching a trivial disk
to this curve, shows that G is the Borromean ring projection. Also if T%, T4
have a common vertex then similarly we get a trivial 2-curve and again G is
the Borromean ring projection, which we call T (figure 6).

If T, T are disjoint then each has a neighboring triangular face T%, T}
other than the previous faces T4, T5. These are unique as the face adjacent
to both TY and T¥ is at least four sided. If now T%, Tj have a common vertex
then as before a trivial 2-curve arises. When we close up the loose ends of
the 2-curve, we see that G is of the form above (figure 7), which we call T}.

Continuing this we get the collection of graphs {7}, },>3 (figure 8). These
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graphs, together with the exceptional atoroidal graphs are the initial objects
of <. The graph T3 is the only other isolated object besides the four excep-
tions. Knowing the initial objects allows us enumerate all atoroidal graphs
by performing surgery repeatedly.

Lemma: 2 Let G be an atoroidal graph with a simple vertex v of triangle T'
and let G’ be the graph obtained by cutting G open atv. Let €|, €, be the two
edges of face F' in G' pinched to get G then

1. G is irreducible.

2. Any non-trivial 4-curve & of G' intersects the face F' in a single arc [’
which separates €, €.

Proof :As above, let €}, e, be the two edges of F’ pinched together to
give G and let € be the edge adjacent to both. If ¢ has a neighborhood N,
such that Ny N/ is empty then we can pinch €/, €}, in Ny with o giving rise
to an n-curve a in G. If n = 0,2,4 then « is trivial and splits S? into two
disks Dy, Dy, with Dy trivial. Similarly o' splits S? into D}, D}, with either
D} = Dy or D} obtained from D; by cutting open a crossing. In either case,
this implies that D] is trivial and therefore o' is trivial.

Therefore every non-trivial n-curve (n = 0,2,4) must intersect F' in an arc
@' which has one endpoint on €' and the other endpoint on some edge e} of
F', where e # €', €], €.
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Figure 9: Pinch through o/

If n =0 then o doesn’t intersect G' and therefore ' is trivial.

If n = 2 then o only intersects G’ at the two endpoints of 3'. If we pinch
e, e, together to get G, we can do so by either leaving e} fixed and pulling €},
through o' or vice-versa. This gives 4-curves a”,a! in G which are identical
with o' outside a neighborhood of the new vertex v and going either right or
left respectively around v as they approach v from inside T' (figure 9). As G
is atoroidal, " is trivial and therefore splits S? into D;, Dy with D; trivial.
The region containing v also contains another vertex of 7' and so can’t be
trivial. Therefore D, contains vertex vy of T" and by G being atoroidal, D,
must be a neighborhood of vy. This implies that 7" has a neighboring face
which is a bigon, contradicting the fact that v is simple. Therefore G’ has
no non-trivial 2-curves and is thus irreducible.

If n = 4 then o N F’ consists of either one or two arcs. If it is two arcs
G, 85 then traversing around ', we have four connected arcs (1,71, 85, V5-
We can join the endpoints of 4] by another arc 6] in F’ such that v U §]
is a 2-curve in G’ and therefore trivial. If the endpoints of 4] belong to
different edges then both components of S? — «} U §] contain vertices. This
contradicts it being a trivial 2-curve. Therefore both ~{,~} are contained in
adjacent faces to F’. This implies that o' is the boundary of a neighborhood
of two parallel arcs of G’ and is therefore trivial (figure 10). Therefore any
non-trivial 4-curve in G’ intersects F’ in a single arc (', with §’ separating
the two edges in G’ that we pinch to obtain G. O

Definition: 4 An n-curve a (n > 4) in G is trivial if and only if either

e « is the boundary of a neighborhood of a vertex of G
or
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Figure 11: Only trivial 6-curves in atoroidal graph

o there exists an arc [ intersecting G at most once, such that 3 Na = 0f
and 0f splits a into oy, ay each containing at least two points of G.
0 is called a compression of a.

If G is atoroidal then it can be easily shown that the only trivial 6-curves
of G are those curves that split S? into two disks, one of which is of the form
given above (figure 11). Disks of this kind are also called trivial.

Lemma: 3 If « is a non-trivial 4-curve in G' then associated with it are
two non-trivial 6-curves o!,a” in G.

Proof :¢/ intersects F' in a single arc 3’ separating edges €/, €, and as
before we can pinch €}, e, together to get graph G. This can be done in
two ways, either by fixing €] and pushing €, across 5’ or vice-versa. We get
two 6-curves o”, ol in G, both identical to o/ outside a neighborhood of the
new vertex v and going right, left respectively around the vertex inside the
neighborhood of v as before (figure 9).
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a” splits S? into disks Dy, D» with D containing vertices v, v, of T and
Dy containing vertex vs. Therefore if Dy is trivial then it must be the same
type as the fourth disk described (figure 11). But then o would bound a
neighborhood of a vertex of G which contradicts ' being non-trivial. If Dy
is trivial then it is either the same type as the third or fourth disk (figure
11). If it is the third type then as before o would bound a neighborhood of a
vertex of G which contradicts o’ non-trivial. If it is the fourth type then face
F, adjacent to T' would be a triangle contradicting v being simple. Therefore

a" is non-trivial and similarly o/ is non-trivial. O

Theorem 1 If G has a simple vertex v of a triangle T' then either

e splitting open at v gives an atoroidal graph G’

or

o both other vertices vi,vo of T' are simple and splitting at either gives an
atoroidal graph.

Proof :If G’ is not atoroidal then there exists a non-trivial 4-curve ' in G
and non-trivial 6-curves ", a! in G. Triangle T' has adjacent faces Fy, Fy, F;
with both Fy, Fy, non-triangular, as v is simple. If Fj is triangular then o”
splits F3 in two, one piece containing just one vertex, say v;, and the other
containing two. Therefore a” takes a clockwise path about vy from 7" through
F3. If instead we take an anti-clockwise path, o’ gives us another 4-curve in
G, called & (figure 12). Since & doesn’t intersect €', it is trivial. Therefore
& splits S? into disks D, D, with D} trivial. « splits S? into D/, D}, with
D' obtained from D by crossing two adjacent ends. Therefore if D/ is
neighborhood of two parallel arcs then D) is a vertex neighborhood and if
DY is a vertex neighborhood then G’ would contain a bigon. Therefore Fj
must be non-triangular and both vertices vy, vy are simple.

If splitting at v; doesn’t give an atoroidal graph then there is a non-trivial
4-curve o in G and non-trivial 6-curves o, o} in G. Consider now the 6-
curves a,a; where a = o and a; = af. We will show that they can be
isotoped to intersect in only two points. Then by showing that they cannot
intersect in the given way (figure 13), the theorem is proven.

First we will show that a, a; can be isotoped to intersect only twice. If
they intersect any more than twice, then S? — a U a; contains at least four
regions that are disks with boundary consisting of one arc of a and one arc
of ay and with no two disks having a common boundary arc. As a U a; has
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Figure 12: All vertices of T" are simple

12 intersections with G, at least one region has boundary being an n-curve
with n < 4. Let D be such a region and let v = @D. Then 7 is either a
trivial 0 or 2-curve, as GG is atoroidal. Also v = U 3y, where 3,3, are arcs
of a, ay respectively. If v is a O-curve then either D or D¢ is a trivial disk. If
D is trivial then by an isotopy which pulls B through 3;, we can remove two
intersections of a and «;. If D¢ is trivial then any of the other three disks
with boundary consisting of one arc of @ and «; are trivial and hence we can
reduce the number of intersections as in first case.

If v is a 2-curve then both 3, 3 intersect G, since if § didn’t then it would
be a compression for a;, which contradicts «; being non-trivial. Therefore
either D or D¢ is trivial and is therefore a neighborhood of an arc of G. If
D is trivial then we can isotope by pulling # through (3, reducing number
of intersections of a and «y. If D€ is trivial then the other three disks with
boundary consisting of one arc of @ and «; cannot have boundaries being
n-curves n > 4, since they can have a maximum of 10 intersections with G
between them. Therefore there is region D, which either doesn’t intersect G
and thus we can isotope as before to reduce the number of intersections of «
and ap, or, is a neighborhood of an arc of GG, which we can also isotope as
before.

Therefore we can assume that « and «; intersect twice and divide S? into
four disks. We label these disks D;,7 = 1,...,4, where Dy, Dy, D3 contain
v1, v, v Tespectively and 7' = 8D;. ~* is an n;-curve where Y n; = 24 and
n; > 4. Also v = ' U 3! where 3%, 3! are arcs of a, a; respectively (figure
13). Note that the arcs 8¢, 3! have duplication, with each of the arcs of a
and a; repeated twice, as each arc forms part of the boundary of a region
on both sides. For ease of labeling we will leave this duplication, considering
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Figure 13: Two intersecting non-trivial 6-curves

the two labels that have the same arc to correspond to the two sides of the
arc on o or o.

Case 1:If ny = 4 then D, is a neighborhood of vy and both §? and £}
intersect G twice, otherwise we get a compression of a or a;. Therefore !
is a 6-curve and inside D; is a 4-curve 4! (figure 14). If it is the boundary of
a neighborhood of two parallel arcs of G then this implies that either Fj is a
bigon or ¢ is a trivial 6-curve. If it is the boundary of a vertex neighborhood
then this would imply that Fj is triangular. Therefore ny # 4.

Case 2:If n; = 4 then §} intersects G only twice, otherwise 8! is a
compression of a;. Therefore v is a 6-curve and D, contains a 4-curve ¥*
(figure 14). If it is the boundary of a neighborhood of two parallel arcs of G
then this implies that either F) is a bigon or « is a trivial 6-curve. If it is the
boundary of a vertex neighborhood then this implies that F} is triangular.
Therefore ny; # 4 and by symmetry ng # 4.

Case 3:If ny = 4 then D4 must be a neighborhood of parallel arcs of G,
which implies F is a bigon (figure 14). Therefore ng # 4.

Case 4:If n; = 6 then each arc 8,3} intersects G exactly three times.
Therefore 4',7* are both 4-curves. If 4% is the boundary of a neighborhood
of two parallel arcs of G then this implies that either F; is a bigon or both
a and a; have compressions, contradicting the fact that Fj is not a bigon
and both a,a; are non-trivial (figure 14). If 4* is the boundary of a vertex
neighborhood then this implies that F) is triangular, another contradiction.
Therefore the case of n; = 6 is ruled out.

Having ruled out all possible cases, we have shown that 6-curves cannot
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Figure 14: Cases

intersect in the way that a and a; would have to if both existed. This implies
that if o exists then oy can’t exist. Therefore if G' is not atoroidal then G
is atoroidal. Similarly, if G’ is not atoroidal then G} is atoroidal. O

We have shown that the initial objects of < are {T,,},>3 along with the
four exceptions. T, is the projection of the (3,n) torus link with the link
having three components if three divides n and having one component oth-
erwise. From this, we see that 7, has symmetries taking any directed edge
of one of the non-triangular faces to any other. Therefore any surgery on 7,
gives the same graph, which we call 7).

Lemma: 4 IfT, <G andT,, # G (n>4) then T,, 1 < G.

Proof :If T,, < G and T,, # G then T} < G. As before (figure 7), we
can pinch together edges of T¢ and T} to get T.}. Only one vertex of T} is
simple, so we cut open at that vertex first. This reduces the pinched T% to
a triangle which has only one simple vertex. After we cut open this sim-
ple vertex (figure 15), the resulting graph is T}, ;. Therefore we have that
To1<Ti, <Tf=<G. 0O

Therefore if C), is the set of proper descendants of T;,, that is, the set of
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Figure 15: T,F | < Tt

all descendants except T,,, then

Ci 2020220,

6 Enumeration

We now have a way to enumerate atoroidal graphs up to any prescribed cross-
ing number by performing surgery on the initial objects. Figure 16 is the
enumeration of atoroidal graphs up to twelve crossings. To enumerate prime
link projections we need only recombine the atoroidal graphs as follows. We
choose two atoroidal graphs GG and G with vertices v, and v, respectively.
Now take the complement of a neighborhood of each vertex and attach their
boundaries, making sure to match up the strands of the graphs. In recom-
bining we do not use the first three exceptions as either they have no vertices
or the complement of a neighborhood of a vertex is trivial. To enumerate
the basic polyhedra of Conway the trefoil projection is also not used as the
complement of a vertex is a bigon.
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Figure 16: Atoroidal graphs of twelve crossings or less
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