INTERSECTION THEORY ON SHIMURA SURFACES II

BENJAMIN HOWARD

ABSTRACT. This is the third of a series of papers relating intersections of spe-
cial cycles on the integral model of a Shimura surface to Fourier coefficients
of Hilbert modular forms. More precisely, we embed the Shimura curve over
@ associated to a rational quaternion algebra into the Shimura surface asso-
ciated to the base change of the quaterion algebra to a real quadratic field.
After extending the associated moduli problems over Z we obtain an arithmetic
threefold with a embedded arithmetic surface, which we view as a cycle of codi-
mension one. We then construct a family, indexed by totally positive algebraic
integers in the real quadratic field, of codimension two cycles (complex mul-
tiplication points) on the arithmetic threefold. The intersection multiplicities
of the codimension two cycles with the fixed codimension one cycle are shown
to agree with the Fourier coefficients of a (very particular) Hilbert modular
form of weight 3/2. The results are higher dimensional variants of results of
Kudla-Rapoport-Yang, which relate intersection multiplicities of special cycles
on the integral model of a Shimura curve to Fourier coefficients of a modular
form in two variables.

0. INTRODUCTION

Let F' C R be a real quadratic field of discriminant dr and fix a Z-basis {w, w2}
of Op. Let By be a quaternion division algebra over QQ satisfying

(a) By ®g R = M>(R) (fix one such isomorphism once and for all)

(b) every prime divisor of disc(By) splits in F
and set B = By ®g F. Choose a maximal order Op, of By which is stable under
the main involution b — b* and set Op = Op, ®z OF. The hypothesis that all
primes ramified in By split in F' implies that Op is a maximal order of B. We
consider two functors on the category of Z-schemes. The first, Mg, associates to
a Z-scheme S the set of isomorphism classes of abelian schemes over S of relative
dimension two equipped with an action of Op,. The second, M, associates to a
Z-scheme S the set of isomorphism classes of abelian schemes over S of relative
dimension four equipped with an action of Op (the more precise definitions of
these moduli problems are in §1; for the purposes of this introduction we omit
some of the moduli data, e.g. polarizations). The moduli problems M, and M
are representable by proper, regular Deligne-Mumford stacks of relative dimensions
two and three, respectively, over Spec(Z) whose complex fibers are well-known from
the theory of Shimura varieties. To describe these complex fibers define algebraic
groups Gog C G over Q by

Go(A) = (Bo®@g A)™
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and
G(A) ={z € (B®gA)* | Nm(z) € A*}
for any Q-algebra A. Here Nm is the reduced norm on B*. Define discrete sub-
groups
Iy = Op, C Go(Q)
and
I'={z € O | Nm(z) € Z*} C G(Q).
Identifying Go(R) with GLy(R) and viewing G(R) as a subgroup of GLa(R) x
GL2(R) there are isomorphisms

Mp(C) =T\ Xy M(C) =T\X
(one should interpret the quotients as orbifolds) where
Xo=XJUXy
is the union of the upper and lower complex half-planes and
X =(X¢ x XHUu(Xy x X;).

For an abelian scheme Aj over an arbitrary base scheme S there is an abelian
scheme Ay ® O whose functor of points satisfies (Ao ® Op)(T') = Ao(T) ®z OF for
any S-scheme T [9, §2.1]. There is a canonical closed immersion My — M which is
given on moduli by Ay — Ag ® Op, and which on complex fibers is induced by the
diagonal embedding Xy — X. This closed immersion induces a linear functional
(defined in §1)

(1) deg g, : CIL (M) — R

on the codimension two Gillet-Soulé arithmetic Chow group of M (with rational
coefficients) called the arithmetic degree along Mg. In an earlier work [9] the author
constructed an arithmetic cycle class

2) P(a,v) € CH (M)

depending on a totally positive o € Of and a totally positive v € F ®gR = R x R.
The construction of this class is based upon another moduli problem, Y(«), which
associates to a Z-scheme S the set of isomorphism classes of abelian schemes over
S equipped with an action of Op and a commuting action of Op[y/—a]. Roughly
speaking Y(«) is the moduli space of points on M with complex multiplication by
the order Op[\/—a]. The evident forgetful map V() — M is finite and unramified,
allowing one to view Y(«) as a cycle on M. The cycle

V() xz Z[1/disc(By)] — M xz Z[1/disc(By)]

has codimension two, and may (depending on «)) have nonreduced vertical compo-
nents at primes which are inert in F. At primes dividing disc(By) the cycle Y(«)
may have vertical components of codimension one in M. One of the main results
of [9] is the construction of certain natural replacements for these components of
excess dimension, and we will briefly recall the essentials of this construction in §6.
The codimension two cycle on M underlying the cycle class (2) is then V(«) with
the modified vertical components at primes dividing disc(By). The totally positive
parameter v € F'®q R is used in the construction of a Green current for this cycle.
As the value

(3) deg py, V(a,v)
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is essentially the intersection multiplicity of () with Mg one would expect, follow-
ing the general philosophy of Kudla [12, 13, 14] and the results of Kudla-Rapoport-
Yang [17], that the arithmetic degree (3) should be related to Fourier coefficients
of the deriviative of an Eisenstein series. The main result of [9] confirms that this
is so, at least under the hypothesis that the field extension F(yv/—a)/Q is not bi-
quadratic. This hypothesis ensures that the cycles Y(«) and My on M intersect
properly in the generic fiber, so that the arithmetic degree along My is (essentially)
the usual naive intersection multiplicity. In the present work we turn to the more
difficult case in which F(y/—a)/Q is biquadratic; thus we must compute intersec-
tion multiplicities of cycles which intersect improperly, in which case the definition
of the arithmetic degree along M, requires the use of Chow’s moving lemma [20]
on the generic fiber of M. This complicates the picture considerably.

Before stating the main result we describe the automorphic form to which (3) is
to be related. To the quadratic space of trace zero elements of By Kudla-Rapoport-
Yang [17, (5.1.44)] attach an Eisenstein series &2 (7, s, By) of weight 3/2 on the Siegel
half-space of genus two hy. This Eisenstein series satisfies a functional equation
which forces (7,0, Bp) = 0, and we denote by

9/21;2(7—) = 5&(7’, 0, BO)
its derivative at s = 0. Let h; be the usual complex upper half-plane. The choice
of Z-basis {w, w2} of Op determines an embedding b1 x h; — ho by the rule

(r1,72) — R (Tl ) ‘R
T2

where the matrix R is defined in (77). Pulling back bo (1) by this embedding results

in a Hilbert modular form 82(7'177'2) of weight 3/2 for the real quadratic field F’
having a Fourier expansion of the form

(4) $2(7—177—2) = Z C(Ck,’[)) . e27ri7—10627”'720('3r
a€eOp

in which v = (v1,v2) is the imaginary part of (71, 72) and o is the nontrivial Galois
automorphism of F/Q.
Our main theorem is the following.

Theorem A. Suppose that o € O and v € F ®g R are both totally positive. If 2
splits in F' and if aOp is relatively prime to the different of F/Q then

d/eTgMO)A/(oz, v) = ¢(a,v).

Remark 0.1. If F(v/—a)/Q is not biquadratic then one does not need to assume
that 2 splits in F' or that aOp is relatively prime to the different. See the main
result of [9] or Theorem 7.2 below.

As for the proof of Theorem A we begin by noting that ¢(«, v) has already been
computed by Kudla-Rapoport-Yang [17]. Let

Sym,(Z)¥ = {<b72 bf) [abee z}.

For each T' € Sym,(Z) and positive definite symmetric v € My (R) Kudla-Rapoport-
Yang construct an arithmetic cycle class

~

Z(T,v) € CHy(Mo)
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(the arithmetic Chow group with real coefficients) and relate the Fourier coefficients

of the genus two Siegel modular form $2 (1) to the image of this class under the
isomorphism

— =2
deg : CHR(Mp) — R
of [17, §2.4]. More precisely, they prove that the Fourier expansion of q/f)\g(T) is

(/52(7') = Z deg Z(T,v)-q"
TeSym,(Z)

where v is the imaginary part of 7 € by and ¢7 = 2™ ™(T7) From this it is an easy

exercise (see [9, Lemma 4.2.1]) to determine the Fourier coefficients of the pullback
¢2(T1,72): for any o € Op and any totally positive v € F ®g R

cla,v) = Z d/e\gZA(T,V)
TeS ()

in which v and v = (v1,v2) € R x R are related by (77) and

Y(a) = {(bc/lQ bé?) € Symy(Z)Y ’ o = aw? + bwywy + cwg} .
This leaves us with the problem of computing (3) for totally positive o and com-
paring with the values of Z(T,v) (which are known by [17, Chapter 6]) to prove

degp, V(e,v) = Y deg Z(T,v)
TeX(a)

from which Theorem A follows immediately. It is the calculation of the left hand
side of this last equality which occupies the entirety of this paper, culminating in
Theorem 7.2.

In the calculation of (3) one encounters several obstacles. As noted earlier the
cycle Y(a) on M may have components in codimension one, and so must be mod-
ified in order to obtain the cycle class (2). This is carried out in [9], and the
construction of the modified components will be quickly recalled in §6. In order
to compute (3) one must decompose the cycle Y(«) component-by-component and
treat irreducible components in different ways depending on whether they meet M,
properly or improperly. If D is a component of Y(«) which meets M, improperly
then D is contained in M. We attach an arithmetic cycle class

D(v) € CH (M)
to D and prove an arithmetic adjunction formula (Theorem 4.6) which computes
the arithmetic degree of 13(11) along My in terms of data intrinsic to the divisor D on
My (as opposed to data involving the relative positions of D and My in the larger
threefold M). While the method of derivation of the arithmetic adjunction formula
should apply to the general problem of computing the arithmetic intersection of a
codimension one cycle and a codimension two cycle which meet improperly in an
arithmetic threefold, the final formula is rather specific to the case at hand, as it

makes use of the moduli interpretation of ¢ : My — M. More precisely, an essential
ingredient in the proof of Theorem 4.6 is the isomorphism of line bundles on M

1w = wy ® wy
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in which wy and w are the canonical bundles on My and M, respectively. This
isomorphism is proved in §3 by using the Kodaira-Spencer isomorphism to give
moduli-theoretic interpretations of the canonical bundles.

This leaves the problem of computing the intersection of the remaining com-
ponents of Y(«) (those which are not contained in Mj) against M. For these
components the arithmetic degree along Mg can be computed as a sum of local
intersections at each prime, plus an archimedean contribution. Primes not dividing
disc(By) are treated in §5 using formal deformation theory, while primes dividing
disc(By) are treated in §6 using the Cherednik-Drinfeld uniformization of the for-
mal completion of Mz along its special fiber. Primes which are nonsplit in F
cause the most difficulty, largely because of the presence of nonreduced vertical
components in Y(«),z, whose multiplicities must be determined. As this calcula-
tion is very long and technical it has been relegated to a separate article [8], which
contains the bulk of the the deformation theory calculations at primes nonsplit in
F. Tt is Proposition 5.6 and its corollary Proposition 5.7 which make use of the
calculations of [8]. Finally the calculations of §4, §5, and §6 are combined in §7 to
yield the final result Theorem 7.2, from which Theorem A follows.

Theorem A is one of the major steps toward the larger goal of proving a Gross-
Zagier type theorem for Shimura surfaces, extending [17, Corollary 1.0.7] from
Shimura curves to Shimura surfaces. This is explained in the introduction to [9],
and we say nothing further about this aspect here.

0.1. Acknowledgements. This research was supported in part by NSF grant
DMS-0556174, and by a Sloan Foundation Research Fellowship. The author thanks
Steve Kudla and Michael Rapoport for helpful conversations.

0.2. Notation. Denote by ® the different of F/Q. Fix an embedding F' — R
and let o be the nontrivial Galois automorphism of F/Q. We extend the ring
homomorphism F — R x R defined by a ® 1 — (a,a”) to an isomorphism of
R-algebras F' ®g R =2 R x R which we denote by v +— (v1,v2).

Fix a positive involution b — b* of By which leaves Op, stable and has the form
b* = s71b*s for some s € Op, with s> = —disc(By). Extend b — b* to an involution
of B which is trivial on F. If L is an algebraically closed field, X is any algebraic
stack, and P € X (L), then we denote by Auty(P) the automorphism group of P
in the category X' (L).

1. QUATERNIONIC SHIMURA VARIETIES

In this section we recall some of the basic definitions and notation of [9]. By a
QM abelian surface (QM is short for quaternionic multiplication) over a scheme S
we mean a pair Ag = (A, i) consisting of an abelian scheme Ay — S of relative
dimension two and an action iy : Op, — End(A) satisfying the Kottwitz condition
of [9, §2.1]. A principal polarization of Ay is a principal polarization \g : Ag — A
of the underlying abelian scheme which satisfies A\g 0 ig(b*) = ig(b)¥ o Ag for all
b€ Op,. By a QM abelian fourfold over a scheme S we mean a pair A = (A,1)
consisting of an abelian scheme A — S of relative dimension four and an action
i : Op — End(A) satisfying the Kottwitz condition. A D3'-polarization of A
is a polarization A : A — AV of the underlying abelian fourfold which satisfies
Ao i(b*) = i(b)Y o A for all b € Op and whose kernel is A[Dr]. Such a A\ deter-
mines an isomorphism A ®o,, @;1 — AV. By an endomorphism of Ay or A we
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mean an endomorphism of the underlying abelian scheme which commutes with
the quaternionic action.

Let My be the Deligne-Mumford (DM) stack of principally polarized QM abelian
surfaces over schemes, let M be the DM stack of @}l—polarized QM abelian four-
folds over schemes, and let ¢ : My — M be the closed immersion defined by the
functor

(Ao, Xo) — (A, X0) ®Op = (Ag® Op, A\ ® OF)

as in [9, §2.1]. The DM stacks M and M are regular of dimensions two and three,
respectively, and are flat and projective over Spec(Z). It follows from [18, §6.3.2]
that ¢ is a regular immersion and hence that My is an effective Cartier divisor on
M. If we abbreviate D = disc(By) then My is smooth over Z[1/D] and M is
smooth over Z[1/(DdF)].

If (Ao, \o) is a principally polarized QM abelian surface over a connected base
scheme S then \g determines a Rosati involution 7 — 71 on the Q-algebra End”(Ay)
of quasi-endomorphisms of Ag. The Rosati trace on End’(Ay) is defined by Tr(r) =
7+71, and an endomorphism of A of Rosati trace zero is called a special endomor-
phism. The Z-module of special endomorphisms of (Ag, ) is equipped with the
symmetric Z-valued bilinear form |11, 2] = —Tr(7172) and its associated quadratic
form Qo(7) = —72. Similarly if (A, ) is a principally polarized QM abelian fourfold
over S then the F-algebra End”(A) of B-linear quasi-endomorphisms of A comes
equipped with the F-linear Rosati involution 7 — 71 determined by A, and the
endomorphisms of A of Rosati trace zero are again called special endomorphisms.
The Op-module of special endomorphisms of (A, A) has a symmetric bilinear form
[T1,72] = —Tr(m172) and an associated quadratic form Q(7) = —72, each of which
is Op-valued.

For each nonzero t € Z we define, following [17, §3.4], Z(¢) to be the DM
stack of triples (Ag, Ao, so) in which (Ag, Ag) is a principally polarized QM abelian
surface over a scheme and sy € End(Ag) is a special endomorphism which satisfies
Qo(so) =t. We view Z(t) also as a codimension two cycle on M. This means that
every irreducible component of Z(t) of dimension one is viewed as an irreducible
cycle of My via the forgetful morphism, and is weighted according to the length of
the strictly Henselian local ring at its generic point. By [17, Proposition 3.4.5] the
cycle Z(t) has no vertical components except possibly at primes dividing disc(By).
As a cycle we decompose Z(t) = ZBT(t) + ZVer(t) into its horizontal and vertical
parts, and then further decompose

29ty = Y Z(t),

pldisc(Bo)
As in [17, §3.6], for each nonzero T' € Sym,(Z)" let Z(T) be the DM stack of
quadruples (Ag, Ag, S1,82) in which (Ag, Ag) is as above and s, s2 € End(Ag) are
special endomorphisms which satisfy

(5) 1 ([51’31] [51,32]> _T

2 \[51,52] [s2,52]

If det(T") # 0 then by [17, Theorem 3.6.1] Z(T) is either empty or all of its points
have residue field of the same characteristic p # 0. If this characteristic p does not
divide disc(By) then Z(T') is of dimension zero, while if p does divide disc(By) then
Z(T) may have vertical components of dimension one. If det(T) = 0 then there is
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a t € Z for which Z(T) = Z(t). See [17, Lemma 6.4.1] or (47) below. In any case
one has dim Z(7T) < 1.

For each nonzero o € Op let V() be the DM stack of triples (A, A, t,) in which
(A, N) is a D;l—polarized QM abelian fourfold over a scheme and t, is a special
endomorphism of A satisfying Q(t,) = a. Let ¢ : Y(a) — M be the functor which
forgets the data t,, and define Vy(a) = V() X a1 My so that we have a cartesian
diagram

Yo(a) RN Mo

I

y(a) T>./\/l

in which both vertical arrows are closed immersions and both horizontal arrows are
proper and quasi-finite, hence finite. As in [9, §2.1] there is a canonical decompo-
sition
(6) Wole)= || 2(T)

TeX(a)

defined as follows. An object of the category Yo(a) consists of an object (A, A, ty)
of Y(a), an object (Ag, A\g) of My, and an isomorphism (A, \) = (Ag, \g) @ Op.

This isomorphisms determines an isomorphism
End(A) = End(Ag) ® Op

which allows us to write t, = s1w7 + sows for some special endomorphisms s, s3 €
End(Ag). The condition Q(t,) = « is equivalent to the condition that the matrix
(5) lies in 3(«), and the isomorphism (6) takes the above data to the quadruple
(Ao, )\0, S1, 52).

Remark 1.1. If P € M(L) with L an algebraically closed field then we define

ep = [Autp(r) (P)].
If P € Mo(L) then we will routinely confuse P with its image in M(L). As |9,
Lemma 2.1.1] implies that the automorphism group of P in M(L) is isomorphic
to the automorphism group of P in M(L), we also have

ep = [Aut v, r) (P)]-

Similarly, if P € Z(T)(L) (respectively P € Z(¢)(L)) then ep denotes the size of the
automorphism group of P in Mg(L), where we regard P as an object of this latter
category via the obvious forgetful map Z(T) — My (respectively Z(t) — My).

Fix a prime p and an isomorphism of stacks M,z = [H\M] with M a Z,-scheme
and H a finite group of automorphisms of M (for example by imposing prime-to-p
level structure on the moduli problem defining the stack M). Set

(7) M():MO XMM.

If D is an irreducible cycle of codimension two on M which is not contained in My
we define the Serre intersection multiplicity at p

O,z
(8)  I,(D,My) = Z Z(—l)e-1ength0MU,$Tor£M" (Op .2 Onty o)
€My (F3') €20
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where we view both Op and O)y, as coherent Op;-modules. In fact only the £ =0
term contributes to the right hand side: as D is integral of dimension one the
local ring of Op at any point of D is a Cohen-Macaulay local ring, and hence
the stalk Op , at any = € M(F2'8) is a Cohen-Macaulay Oy -module [22, p. 63].
The regularity of My implies that the stalk Oy, . is also Cohen-Macaulay as an
O, z-module, and hence

(9) TOI‘E)M’m (OD@, OMO@) =0
for £ > 0 by [22, p. 111]. If Fy is a coherent OJ\/IO/FP -module we define the Euler

characteristic

X(Fo) = > _(—1)*dimp, H*(Myx,, Fo).
k>0

If the sheaf Fy is supported in dimension zero then

(10) X(Fo)= > lengthy,  Foa.
x€ Mo (F3'8)

For any irreducible vertical cycle D of codimension two on M the coherent Oj-
module Tor?M“’ (Op,x,On,,») is annihilated by p and by the ideal sheaf of the
closed subscheme My — M, and hence may be viewed as a coherent Oy, /e -module.
Thus we may define

(11) I,(D, My) =Y (-1)* - x(Tor{™ (Op, Oy, )).-
>0

If D is both vertical and not contained in M then one sees using (10) that the two
definitions (8) and (11) of I,,(D, M) agree. By extending I,(D, My) linearly in the
first variable we then define I,,(D, M) for any codimension two cycle D on M whose
support is disjoint from My in the generic fiber. If f is a rational function on any
irreducible component of M, and D is the associated Weil divisor on M p, , viewed
as a vertical cycle on M of codimension two, then one can show that I,,(D, M) = 0.
By [4, Lemma 4.2], any codimension two cycle D on M with support disjoint from
M in the generic fiber determines an H-invariant codimension two cycle D on M
which is disjoint from Mj in the generic fiber. Thus we may define

I,(D, M) = LI,,(D,MO).
|H|

Now consider the situation at the infinite place. Choose an isomorphism of stacks
M g = [H\M] with M a Q-scheme and H a finite group of automorphisms of M.
Again define My by (7). Suppose that D is any codimension two cycle on M which
is disjoint from My and that Ep is a Green current for D in the sense of [5, §1.2].
We give two definitions of 1o (Ep, Mp). The first definition uses the methods of [5,
§1.3]. We say that two currents = and Z’ on M (or on My) are equivalent if there
are smooth currents v and v such that

E =Z+ 0u + Ov.

One may replace Zp by an equivalent current 27, which is a Green form of logarith-
mic type for D. In particular, as we assume that the support of D is disjoint from
My, =, is represented by a smooth (1,1)-form in a complex neighborhood of My
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and the pullback ¢*Z; is a differential form of top degree on the smooth manifold
My(C). We then define

1
I(Ep, My) = = 2.
( P 0) 2/MO(C)Z P

The second definition uses the methods of [5, §2.1.5]. Briefly, one can construct a
family {w*}eso of smooth (1,1)-forms on M (C) which converge, as ¢ — 0, to the
delta current d57, on M. One then defines

IOC(ED,]\f()):lin’l1 w*A\NZp
e—0 2 M(C)

where the integral on the right is understood to mean evaluation of the current
w® A Zp at the constant function 1. One checks that this definition agrees with the
first definition using [5, §2.2.12]. Now suppose D is a codimension two cycle on M
and let D be the associated H-invariant cycle on M as in the previous paragraph.
A Green current Zp for D is simply defined to be an H-invariant Green current Zp
for D. If D has support disjoint from M in the generic fiber and Zp is a Green
current for D, we define

1

IOO(EDyMO) = ﬁ

I(Ep, My).

If X is either My or M we let 2"(%’) be the Q-vector space of pairs (D, =)
in which D is a codimension k cycle on X with rational coefficients and = is an
equivalence class of Green currents for D. The codimension k arithmetic Chow

—k ~
group CH (X) of X, as defined by Gillet-Soulé [1, 5, 23], is the quotient of Z*(X)
by the subspace spanned by pairs of the form

div(f) = (div(f), [~ log | f]])

for f a rational function on an integral substack of X' of codimension & — 1. Any

class D € EEQ(M) may be represented by a pair (D,Zp) in which D has support
disjoint from My in the generic fiber (by first expressing the generic fiber M q as
a the quotient of a Q-scheme M by the action of a finite group H, applying the
Moving Lemma over Q proved in [20], and then averaging over H). The arithmetic
degree along Mg of D

degp,D = Ino(Z, Mo) + > L,(D, Mo)log(p)

p prime

does not depend on the choice of representative (D, Zp), and defines a homomor-
phism

(12) dogy, : CH (M) — R.

We remark that one proves that the arithmetic degree along Mg does not depend
of the choice of (D,Ep) by showing that the definition given above agrees with the
definition of arithmetic degree along M, given in [9, §1.3].
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2. COMPLEX UNIFORMIZATION

Fix a totally positive o € Op and abbreviate Y = Y(a)). Choose an isomorphism
of stacks M ;o = [H\M] with M a Q-scheme and H a finite group of automorphisms
of M and abbreviate

Y=Y xum M.
Recalling the forgetful map ¢ : Y — M we attach to Y the 0-cycle on M
(13) Co= )Y lengthy, (Oyv,)- é(y)
yey

which, using [4, Lemma 4.2], descends to a codimension two cycle Cg on M g inde-
pendent of the choice of presentation M — M q. There is a unique decomposition
Co=Cy+Cy

of cycles on M /g such that Cg® is supported on My ,q and Cg) has support disjoint
from My ,q. We will construct Green currents for the cycles Cg and Cg?°.

Remark 2.1. In (13) we in fact have lengthy, (Oy,y) =1 for each y € Y. Indeed,
V)q is étale over Spec(Q) by [9, Lemma 2.1.3], and in particular Y is a disjoint
union of spectra of number fields.

Set Xo = C \ R and denote by X~ and X the connected components of Xj.
If we set X* = XF x X then X, embeds diagonally into X = X U X~. The
obvious inclusion X — Xy x Xy is denoted  — (21, 22) and 7; : X — X denotes
the function m;(x) = x;. Let

po =y > -dzr Ady
be the usual hyperbolic volume form on Xj. For any positive v € R Kudla [17,
§7.3] has constructed a symmetric Green function ¢2(z1, z2) for the diagonal on
Xo x Xo and a smooth symmetric function ¢2 (21, 22) on Xy x Xg. These functions
have the property that for any fixed zy € Xy the smooth function in the variable
zp € Xo ™ {1‘0}
go(7o,u)(20) = 92(%7 20)
and smooth (1, 1)-form on X
Do(z0,u)(20) = @y (w0, 20) 110 (20)
satisfy the Green equation
ddego(zo,u) + Iz, = Po(xo, u)
of (1,1)-currents on Xy. For a point 2 € X* and a pair v = (v1, v2) of positive real
numbers the functions
g1(z,v) = migo(x1,v1) 82(,v) = mygo (w2, v2)

are Green functions for the divisors {z1} x X& and X& x {22} on X*. Extend
these functions by 0 to XT. If we define (1, 1)-forms

Py (z,v) = 7] o(21,v1) Po(z,v) = m3Po(22,v2)
on X* and extend by 0 to XT then the star product defined by [5, §2.1]
g(z,v) = gi(z,v)*ga(z,v)

= gl(;v,v)/\dxoix{m}—i—gz(x,v)/\fI)l(x,v)
= g2(aj’v>/\6{z1}><X0i + g1(z,v) A Doz, v)
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is a (1,1)-current on X satisfying the Green equation
dd°g(x,v) + d; = D1 (z,v) A Doz, v).

Our fixed isomorphism By ®g R = M3(R) determines an isomorphism Go(R) =
GL2(R), and hence determines an action of Go(R) on Xy. The induced isomorphism
B ®g R = M3(R) x M2(R) then determines an isomorphism

G(R) = {(g1,92) € GL2(R) x GLa(R) | det(g1) = det(g2)}

and hence an action of G(R) on X. The inclusion G(R) — Go(R) x Go(R) is
denoted v — (y1,72). By Shimura’s theory there are orbifold presentations

(14) Mo(C) = [[o\Xo] M(C) = [M\X],

and the morphism My(C) — M(C) of §1 is induced by the diagonal inclusion
Xo — X. Following [9, §2.2] the fibers of the universal QM abelian surface on
[[o\Xo] can be described as follows. For each zy € Xy define an isomorphism of
real vector spaces

0,z * By ®q R — C? £0,20 (A) =A- |:ZIO:|

and set Ao, = po,20(OB,). Then Ag ., = C*/Ag , is a QM abelian surface, and
perfect alternating pairing o : Op, x Op, — Z defined in [9, §2.1] determines
a pairing g ,, on Ag . with the property that one of £ ., (depending on the
connected component of X containing z) is a Riemann form. Thus Ay, comes
equipped with a principal polarization Ao ., and (Ag .y, Ao,z ) is a QM abelian
surface which depends only on the I'y-orbit of zy. Similarly, for each z € X we
write (21, z2) for the corresponding point of Xy x Xy and define an isomorphism

p.: B®qR = (By®gR) x (By ®gR) = C? x C?

by p: = 0.z, X P0,25- Set A, = p,(Op). Extend ¢y Op-linearly to an Op-valued
pairing on Op = Op, @z OF and define ) = Trp/g o ¥. As above, 1 determines
a pairing ¥, on A, and one of +1, is a Riemann form for A,. The resulting
polarization A, of A, = (C? x C?)/A, determines a Dz'-polarized QM abelian
fourfold (A, A.) which depends only on the I-orbit of z.

Let Vy and V denote the trace zero elements of By and B, respectively, with
Go(Q) and G(Q) acting on Vy and V by conjugation. We identify

V®QR§(VQ®QR)X(V0®QR)

and write 7 — (71, 72) for the isomorphism. The F-vector space V is endowed
with the G(Q)-invariant F-valued quadratic form Q(7) = —72, and V} is endowed
with the Go(Q)-invariant Q-valued quadratic form @ defined by the same formula.
Each 79 € Vp ®g R with Qo (7) positive, viewed as an element of Go(R), acts on X,
with two fixed points

x5 (10) € X5,
and the (0, 0)-current on Xy defined by
€o(70) = 8o (2§ (70), Qo(70)) + 8o (25 (T0), Qo(70))

is a Green current for the O-cycle x7 (7o) +xy (0). If we are given 7 € V ®g R with
Q(7) totally positive then the fixed points of 7 acting on X are

2t (1) = (x5 (m1), 2 (12)) a™ (1) = (g (11), 7 (12)),
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and the (1, 1)-current on X defined by

¢(r) = g(="(7),Q()) + (2 (7). Q7))
is a Green current for the O-cycle 1 (7) + 27 (7). Set L = V N Opg. For a totally
positive v € F' ®g R the current

(15 e = 3 €)= 3 (gt (r)av) +gla (r), av)
TEL T€EL
Q(r)=a Q(r)=a
is T-invariant and so descends to a (1,1)-current on the orbifold M(C) which we
denote in the same way. Decompose L = L¥"& || L"¢ in which L¥"& (resp. L$1"8)
is the subset consisting of those 7 for which the vectors 71,72 € V) ®gR are linearly
dependent (resp. linearly independent). Note that

(16) e LM — z%(1) € Xo.
We now decompose L = L® LI L*® in which
L.. — FLSing L. — L ~ LQQ

and define (1, 1)-currents =°*(a, v) and Z**(«, v) on X exactly as in (15), but with L
replaced by L*® and L°*®, respectively. Both currents are invariant under the action
of T and so define currents on the orbifold M(C).

—_
—e

Proposition 2.2. The currents =(o,v), Z° (o, v), and E°*(a, v) are Green currents
for the 0-cycles Cq, Cf), and C3* on M, respectively.

Proof. Tt suffices to prove any two of the three claims. As in [9, §2.2] there is an
isomorphism of zero dimensional orbifolds

Y@©=[\ || & (n)2 (n}].
TEL
Q(r)=a

This shows that the pullback of the cycle Cg to X is equal to the formal sum
> (@) +a (7))

TEL
Q(n=a

which has Z(a,v) as a Green current. The pullback of C§* to X consists of that
portion of the above sum whose support is contained in the I'-orbit of Xy. This is

the formal sum
> @) +a (7))

TeL®®
Q(T)=a

which has Z°*(«, v) as a Green current. O
3. THE HODGE BUNDLE
In this section we abbreviate
O = wiwg — waw]

where {wy, s} is our fixed Z-basis of Op. Note that —6pd% = 6% = dp and that
0pOp = ®p. For an abelian scheme A — S with identity section e : S — A the
co-Lie algebra of A is the locally free Og-module

coLie(A4/S) = 6*9114/5 = Homp, (Lie(A/S), Os)
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of rank equal to the relative dimension of A. Define the Hodge bundle on Mg by
w® = A2coLie(AS™Y /M)

where the exterior product is taken in the category of Oxq,-modules and A is
the universal QM abelian surface over M. Define the Hodge bundle on M by

w9 = A2 A, coLie(A"™Y /M)

where the A% means exterior square in the category of O (-modules and /\%F means
exterior square in the category of O ®z Op-modules. If F' is a field extension of
Fand Lis any Ou ., ®g F-module which is locally free of rank two, the splitting
F' ®g F = F' x F' induces a decomposition £ = £ @ £2) in which F acts on
LW through the inclusion F — F’ and on £®) through the conjugate embedding.
There is then an isomorphism of line bundles

N NG, L— AL
on Mg determined by
(81 /\tl)/\(SQ /\tg) I—>Sl/\t1/\52/\t2

for local sections s1,t; of LD and So, 1y of L3, Taking F' = C and L to be the
co-Lie algebra of the universal QM abelian fourfold over M ,c we find that

(17) wl/q(cdg =~ A'coLie(A"™V /M) c.

Lemma 3.1. Recalling the closed immersion i : Mo — M of §1, there is an
isomorphism of invertible Opq,-modules

¥ oHde o w(I;Idg ® w(I)—Idg.
Proof. Using the canonical isomorphism
i*Lie(A"™Y /M) = Lie(A§™Y /M) @7 Or
of Op, ®z Op-modules we deduce that
i*coLie(A"™Y /M) = coLie(Ag™ /M) @z D5
If Lo is a O pq,-module which is locally free of rank two then there is an isomorphism
Ap, (Lo ®zD5') — (ALo) ®z OF
defined by
(sRI)A(sS @)~ (sAs')® (68 -dF)
and an isomorphism
N ((N*Lo) ®z, Op) — (A’Lo) @ (A*Lo) ® (N*OF)
defined by
(snt)y@z) A((SAt)@a") = (sAt)® (s At') @ (z Aa').
Using the Z-basis {w1, w2} of OF to identify A2Op = Z via
(awy + bwa) A (cwy + dwz) — ad — be
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and applying the above isomorphisms with £y = coLie(AS"" /M) we find isomor-
phisms

ifwhde = AZAZ(coLie(A§™ /M) @z D)
A2 ((/\ZCOLie(Agniv/Mo)) X7z OF)
( A? coLie(A§™ /My)) ® ( A® coLie(A§™ /My))

1%

1%

O

Let wg = wayy/z and w = wyqyz be the canonical bundles on My and M,
respectively. There is a canonical morphism of O ay,-modules Q}MO — wp which is
an isomorphism when restricted to the smooth locus of My — Spec(Z), and hence
we may identify wg,c = Q}Vlo/c' Similarly there is a canonical morphism of O -
modules Q?M — w which is an isomorphism over the smooth locus of M — Spec(Z),
and so we may identify w,c = Q%vl/c'

Proposition 3.2. There are isomorphisms

~ , Hd ~
wo X wy 8 w 2 e

of line bundles on My and M, respectively.

Proof. The first isomorphism is [16, Proposition 3.2] (compare also with [11, §1.0]).
We will give a slightly different construction, one which is better suited to the
calculations to be performed in the proof of Proposition 3.4. Suppose that U — M
is an étale morphism with U a scheme, and that U is smooth over Spec(Z). That
is to say, U is an étale open subset of the smooth locus of My. The morphism
U — My determines a principally polarized QM abelian surface (Ao, g, \g) over
U, and the order Op, acts naturally on the right on each of the Op-modules
coLie(A4o/U), Lie(Ay /U), and H(Ao/U). Given an Op, ®z Op-linear map

¢ : coLie(Ap/U) — Lie(Ay /U)

we will attach to ¢ a skew-symmetric Op-bilinear pairing Qg on coLie(A/U) in
such a way that the construction ¢ — @4 determines an isomorphism

(18)  Homop, g0, (coLie(Ao/U), Lie(Ay /U)) = Home,, (A*coLie(Ay/U), Op).

Indeed, from the proof of [16, Proposition 3.2] one deduces the existence of a unique
Oy-linear map

® : coLie(Ag/U) — Lie(Ao/U)
satisfying ®(z - b) = b* - ®(z) for all b € Op, and making the diagram

coLie(A4y/U)

Lie(4o/U) Lie(Ao/U) —— Lie(4y /U)

5
commute, and one shows that the pairing

Q¢(x,y) = <£E, (I)(y)>
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has the desired properties. Here s € Op, is the trace free element chosen in the
definition of the involution b* = s~'b*s on By, b — b* is the main involution, and
the pairing (-, -) is the tautological pairing between coLie(Ay/U) and Lie(Ay/U).

Denote by Ty/; = Homg, (Q%]/Z,C’)U) the tangent sheaf of U. For any local
section D of Tty /7 the Gauss-Manin connection determines an O pg,-linear morphism
of coherent Oy-modules

V(D) : Hyg(Ao/U) = Hig (Ao/U).
Combining this with the short exact sequence
0 — coLie(Ag/U) — Hpg(Ao/U) — Lie(Ay /U) — 0
of Hodge theory we find the Kodaira-Spencer isomorphism
(19) Ty )z — Homo, @,0, (coLie(Ao/U), Lie(Ay /U))
defined by sending D to the composition

coLie(Ag/U) — Hb(Ao/U) Y 2% HY . (Ag/U) — Lie(AY JU).

More details on this construction can be found in [10, §1]. Composing the Kodaira-
Spencer isomorphism with the isomorphism (18) and dualizing we obtain an iso-
morphism
A%coLie(Ay/U) — Q%NZ’

and thus over the smooth locus of My we have an isomorphism wé{ de o wq of line
bundles. Using the regularity of M and the fact that the nonsmooth locus of Mg
lies in codimension two, one shows that this isomorphism extends uniquely across
all of M.

Now suppose that U — M is an étale open subset of the smooth locus of M
and let (A,7,\) be the corresponding i);l—polarized QM abelian fourfold over U.
We claim that, as above, there is an isomorphism

Homp g, 0, (coLie(4/U), Lie(AY /U))
(20) = HOmoF®Z@U (/\%FCOLie(A/U), Or ®z OU)
which we will denote by ¢ — Q4. The construction of Q4 is essentially the same
as that considered earlier. There is a unique perfect Op-bilinear pairing

coLie(A/U) ®p,, Lie(A/U) — D' @7 Oy
such that the composition

coLie(4/U) ®o, Lie(A/U) — Dy @7 Oy Tre/e®id, Ovu

is the tautological pairing. This pairing defines the first arrow in the Op-bilinear
pairing
coLie(A/U) ®o, (Lie(A/U) @0, Dp') — D32 @7 Oy 2% 0p @, 0Oy
which we denote by (-,-). We view the polarization A as an isomorphism
A®o, Dpt 2 AY.
For each Op ®7 Oy-linear

¢ : coLie(A/U) — Lie(AY/U)



16 BENJAMIN HOWARD

there is a unique Oy-linear map
® : coLie(A/U) — Lie(A/U) ®o, D'
satisfying @ (xz - b) = b* - ®(x) for all b € Op and making the diagram
coLie(A/U)

T
ol
Lie(A/U) ®o, D' — Lie(A/U) ®o, Dp' +— Lie(A"/U)

commute, and the pairing
Qo(z,y) = (z,2(y))
has the desired properties. The Z-module homomorphism

57" -1 Trr/o
O — 95, ——Z

induces an isomorphism
HomoF®Z@U(/\%FcoLie(A/U), Or ®z Oy) — Homop,, (/\%FcoLie(A/U), Ov)
which when composed with (20) and the Kodaira-Spencer isomorphism
Ty )z — Homoge,0, (coLie(A/U), Lie(AY/U))
yields an isomorphism
A, coLie(A/U) = Qb/z-
Hdg ~

Thus over the smooth locus of M we have an isomorphism w 2 w which, again
using the regularity of M and the fact that the nonsmooth locus of M lies in
codimension two, extends uniquely across all of M. O

Remark 3.3. In the sequel we freely identify wg with wgl 9 and w with wtde using

the isomorphisms of Proposition 3.2.

Let oy and 79 denote the coordinate functions on C2. For each zg € X the
holomorphic 2-form dog A drg on C? defines a holomorphic 2-form on the QM
abelian surface Ay ., constructed in §2, hence an element of the stalk at zy of the

pullback of wé{ /(?Cg to Xg. As zg varies

€0 = dO’O A dTQ

defines a nonvanishing global section of the pullback of wy,c to Xo. Similarly if
01,T1,09, T are the coordinate functions on C? x C? then do; A dr; for i = 1,2
defines a section of the pullback of AZ, coLie(A™/M),c to X, and hence

€= 5;1 - (doy AdT1) A (dog A drs)

defines a section of the pullback of w%i € to X. Tracing through the above construc-

tions shows that the isomorphism of Lemma 3.1 satisfies
(21) i*e — dp - € ® €.

‘We now metrize wé{dg and w98, For a point zg € Mo(C) and a vector ug in the
fiber of wi® at zy we define

1

2 _ -
HUOHZO T 9413 0YEuler

/ Ug N\ Ug
ARy (©)
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where Yguler = 0.5772. .. is Euler’s constant. We denote by &y the line bundle wé{ dg
equipped with the above metric, and note that our &y is precisely the metrized
Hodge bundle constructed by Kudla-Rapoport-Yang in [16, Definition 3.4]. As in
[16, (3.15)] the explicit construction of A, given in §2, together with the easy
calculation
VOI(MQ(R)/OBO) = diSC(Bo)

(the volume is with respect to the Haar measure on M3(R) normalized so that
Vol(My(R)/My(Z)) = 1) shows that after pulling back w“® to X

1

mlm(zo)2di3c(30)_

(22) lleoll2, =

We metrize wf9® in a similar way. For a point z € M(C) and a vector u in the
fiber of w98 at z we use the isomorphism (17) to view u as a holomorphic 4-form
on the QM abelian fourfold A}™" and define

/ uNUu
Agniv ((C)

Pulling back w98 to X and using the volume calculation

Vol((Ma(R) x M>(R))/Op) = disc(By)? - d3.

1
2 _
I1ullz = 355 27

and the construction of A, of §2 we then compute
2
dF
24776627Eu1er

(23) le||? = Im(21)*Tm(z)?disc(Bg)?.

Comparing (21), (22), and (23) we find that the isomorphism of Lemma 3.1 pre-
serves the metrics defined above. That is to say, the isomorphism of Lemma 3.1
induces an isomorphism of metrized line bundles

(24) DX By ® Do.

The metrics on wgl & and wH9s induce metrics on the sheaves of top degree
holomorphic differential forms Q% and Q%. These metrics are determined by the
following

Proposition 3.4. Under the above metric on Q&O

||dzo||* = m(z)? - disc(By).

e YEuler

Under the above metric on Q%

d
2 %F
lldz1 N daa||” = 5

-Tm(z;)2Im(z)? - disc(By)?.

Proof. Return to the notation of §2, and in particular recall the family of principally
polarized QM abelian surfaces (Ao ., %0,205 A0,2,) Parametrized by zo = xo + iyo €
Xo. By Hodge theory we have an isomorphism of short exact sequences

00— COLie(AO,Zo /(C) — H]%)R(AO,ZO /(C) ——H' (AO,ZO’ OAO,ZQ) —0

| l |

0—— HLO(AO,ZU/(C) - H]%)R(AO,ZO/(C) — HOJ(AOJO/(C) - 0’
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and the cohomology of the exponential sequence

Cof
0 — 2miZ — Oy, L2 0%, =0

induces the first isomorphism in
Lie(Ay ., /C) = H' (Ao 2y, Oa,..,) = H" (Ao 2, /C).

O,Zo
Recall that we have fixed an isomorphism By ®g R = M3(R) and defined an iso-
morphism of R-vector spaces pg -, : Ma(R) — C? by

o) = 4- 7).

If we give M>(R) the complex structure under which multiplication by i is equal to
right multiplication by

1 Yo Xo -1 1 —X
To =00 1) \1
Yo Yo
then pg ., is an isomorphism of complex vector spaces. By definition of A , there

are isomorphisms of smooth manifolds

PO,z

(25) MQ(R)/OBO R (Cg/pO,Zo (OBO) = AO,ZO'

Let o¢ and 79 be the standard coordinate functions on C2, so that {do,d7o} is a
basis for H'?(Ag ,,/C) and {do,dTo} is a basis for H*! (A ,,/C). Under the iso-
morphisms (25) these differentials correspond to the smooth 1-forms on M3 (R)/Op,

(26) dog = zopdai1 + daio
drg = zpdas1 + daos
doy = Zodair + daig
dTg = Zodasi + dags

where a;; are the usual coordinates on Ms(R). The basis of Lie(Ag ,,/C) which is
dual to the basis {doy, dm} of coLie(Ay .,/C) is {e, f} where

0y 0

Recall from [9, §2.1] the alternating form g on By defined by

1 1
= Tr(zsy*) = ——Tr(ay's).
1;&0 (I, y) diSC(BQ) I‘(ll?S’y ) diSC(B()) I'(Iy S)
We extend 1y R-linearly to Op, ®g R = M>(R) and define a Hermitian form on
M>(R) (with respect to the complex structure determined by J,,)

H.,(z,y) = +(Yo(z ]2, y) + ito(x,y))

where the sign + is chosen so that H,, is positive definite. As zy varies the sign for
which this holds is constant on each connected component of X, and is different
on the two components; by replacing s by —s if necessary we may assume that the
sign is +1 on the component with Im(zg) > 0, and to simplify notation we assume
from now on that Im(zp) > 0. Using (25) to identify

Ms(R) = C? = Lie(Ap.., /C)
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we view H,, as a nondegenerate Riemann form on Lie(Ay .,/C). If we identify
H%1(Ap .,/C) with the space of conjugate linear functionals on Lie(4y .,/C) then
the C-linear isomorphism

OzO

Lie(Ao,., /C) ~22% Lie(Ay ., /C)

factors as
Lie(Ao,z,/C) — H™ (A ,/C) — Lie(Ay ., /C)
where the first arrow takes the vector v to the conjugate linear functional
w— 7H,, (v, w).

The factor of m = (274)/(2i) appears because of the “experimental error” of 2i at
the bottom of [19, p. 87] and the fact that our exponential sequence is shifted from
Mumford’s by a factor of 27i. Direct calculation now shows that

mH,, (se,e) = 0 = 77ry0_1 -dTo(e)
wH,,(se, f) = —7ry0_1 = —7ry0_1 d7o(f)
wH,, (sf,e) —wyal = —wygl -dog(e)
wH,, (sf, f) = 0 = —7ry0_1 -dag(e).

This implies that the composition
Lie(Ag,/C) = Lie(Ay ., /C) Qoo Lie(AJ ZO/(C)
used in the proof of Proposition 3.2 satisfies

e L . &7 F I dsy.
Yo Yo

We next compute the Gauss-Manin connection
V(d/dz) : Hpyp(Ao,2/C) — Hppr(Ao,z/C).
Differentiating the equations (26) with respect to zg shows that V(d/dzy) satisfies
1
20 — 20
1
20 — 20

(dog — dog)

dog +—

drg +— (dro — d7o).

The image
(bzo € HomBo®QC (COLie(AO,Zo /(C)’ Lie( 0,20 /(C))
of d/dzy under the Kodaira-Spencer isomorphism (19) is equal to the composition

V(d/dzo)
H'"(Ao,z,/C) — Hpp (Ao, /C) = Hpp(Ao,z/C) — H*' (Ao 5 /C)
and so has the explicit form
-1 -1
¢20(d00) = Tyo . dﬁo ¢20(d7-0) = % . d?o.
The map &, which makes the diagram
coLie(Ay ., /C)

@ZOi K

Lie(Ay ., /C) — Lie(Ag,2,/C) — Lie(A(\{ﬁz())

0,29
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commute is then

1 1
(PZO(dCTO) = Tmf ®20(d7_0) = %6

and the pairing Q. on coLie(Ay,.,/C) defined in the proof of Proposition 3.2 is
completely determined by the single value

1 1
Qy., (dog, dro) = (dog, 2, (dr0)) = (dog, e) = —.

2mi 211

We deduce that the isomorphism wy = w(})l de of Proposition 3.2, when pulled back
to an isomorphism of line bundles on X, satisfies

dzg +— 2mi - dog A d1g.

Applying (22) we find

||dzo||2 =472 . ||eo||2 = ~Im(zo)2disc(Bo)

7_‘_e,),Euler

as desired. Similar calculations show that the isomorphism w 2 w98 of Proposition
3.2, when pulled back to an isomorphism of line bundles on X, satisfies

277)2
dz N dze — ( ;m) (doy Adry) A (dos A dT2)
F
and hence (23) implies
1674 d .
ldz1 A dzs|)? = —— - ||e]|* = =t - Im(21)?Im(22) 2disc(By )2
dp w2e2Y

4. THE ADJUNCTION FORMULA

We return to the notation of §2. Fix a totally positive v € F' ®g R and write
(v1, v2) for the image of v in R x R. Similarly for any v € I we write (71, v2) for the
image of v in Gy(R) x Go(R). For an irreducible horizontal cycle D of codimension
two on M we define a Green current for D

ED.v)= > et glyzv).

PeD(C) ~ver
On the right z € X is any point lying above P € M(C) under the orbifold presen-
tation (14) of M(C). Denote by
~ 2
(27) D(v) € CH (M)

the arithmetic cycle class of the pair (D,=Z(D,v)). Given a metrized line bundle
F on My and an irreducible cycle j : D — My of codimension one the Arakelov
degree

(28) deg(D, j* F)
is defined in [17, Chapter 2], and the Arakelov height
hz: Z'(Mp) = R

is defined by linearly extending D +— d/eTg(D, J *F ) to all codimension one cycles with
rational coeficients. If instead F is a metrized line bundle on M and j: D — M
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is an irreducible cycle of codimension two then d/eTg(D, j*]? ) is defined in the same
way as (28), and

hz:Z*(M) =R
is the Q-linear extension of D — d/e\g(DJ*]?).

Lemma 4.1. Suppose w € X and v € I satisfy both w € Xy and yw € Xo. Then
v e Fo.

Proof. Pick any two points w,w’ € Xy and let Py = (Agw, ow) and P} =
(Ao,w, Aow) be the objects of M(C) constructed in §2. Thus there is a canonical
bijection

(29) {70 € To | vow = w'} = Iso s, (c) (Po, Fo)-

If we then let P and P’ be the images of Py and P in M(C) there is a canonical
bijection

(30) el |yw=uw'} = Isonq(c) (P, P').

According to [9, Lemma 2.1.1] the evident function from the right hand side of (29)
to the right hand side of (30) is a bijection, and hence so is the evident function

{relo|rw=uw}—{yel|[yw=uw'}

For any zg € Xo we define

Dulz0) = Z o120, 7220)-
~yEDL\T
Y¢L0

The preceeding lemma implies that v;z9 # Y220 in each term on the right, so that
each term in the infinite sum is defined. Using the methods of [7, §6.5-6] and the
rapid decay of g0 away from the diagonal [17, Remark 7.3.2] one can show that the
summation converges uniformly on compact subsets of X, and so defines a smooth
function on the orbifold [['p\Xy]. For a positive u € R we denote by @MU (u) the
structure sheaf on M endowed with the metric defined by

—log [[1[5 = Vu(P)

for every P € M(C). Here 1 denotes the constant function 1 on the orbifold M (C).
For any irreducible cycle Dy on Mg we have, from the definition of Arakelov height,
the relation

1 _
(31) 1 () (Do) = 5 3 eplou(P).
PEDQ(C)

We next metrize the line bundle

£ 0 (My)

on M. If we denote by s the constant function 1 on M viewed as a global section
of £ then there is a unique smooth metric || - || on £ which satisfies

(32) —log||s]|% = log(4u - dpdisc(By)) + Z g2 (121, Y29)
YETO\T
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for every P € M(C) ~ My(C) and = € X lying above P. To see that the metric
extends smoothly across Mo(C) one uses [17, (7.3.16)] to show that near a point
of Xy the right hand side has the form

g% (21, 22) + smooth = — log |1 — x2|? + smooth.

Let E(u) denote the line bundle £ on M endowed with the above metric. The
pullback ¢*L is the normal bundle of the closed immersion i : Mg — M and the
classical adjunction formula [18, Theorem 6.4.9] provides a canonical isomorphism

(33) wo Z i LR W

in which wy and w are the canonical bundles on My and M as in §3. The following
proposition is our first form of the arithmetic adjunction formula.

Proposition 4.2. There is an isomorphism of metrized line bundles on My
(34) Bo ® Oy (u) 2 i*L(u) @ 6.

Proof. Let Ly be the pullback of i* L to a line bundle on X, so that L is isomorphic
to the pullback of Ox(Xp) to Xo. The function f(z1,22) = (21 — 22)" ! on X
defines a global nonvanishing section of Ox (Xy), which in turn restricts to a global
nonvanishing section oy of Ly. Under the metric on Ly determined by the metric
(32) on ¢*L this section has norm (using [17, (7.3.16)] for the final equality)

—log|lool[Z, = — lim log|ls/ (a1 —@2)|lz
= log(4u - dpdisc(By)) 4+ Py (20) + lim (¢°(z1, x2) 4 log|z1 — 22|?)
T—20
: ™
(35) = log(drdisc(By)) + %u(20) — YEuler — lOg (Im(zo)2>

where zg € X and in each limit € X \ Xy. The isomorphism of line bundles (33)
can be viewed as an isomorphism

(36) wo ® O pm, > LOw
which pulls back to the isomorphism of line bundles
Qk, ® Ox, = Ly ®i* 0%

on Xy determined by dzp ® 1 < 0¢ ® (dz1 Adzz). Comparing (35) with Proposition
3.4 gives

T
—log |[dzo ® 1”30 =  YEuler T log (disc(Bo) .Im(zo)2> + Y (20)

2
z0?

= —loglloo ® (dz1 A dz2)||
and therefore the isomorphism (36) respects the metrics of (34). O
Corollary 4.3. There is an isomorphism of metrized line bundles on My
O, (1) =2 i*L(u) @ Dy.

In particular for any irreducible horizontal cycle D on My
1 -
P« 20y (D) + by (D) = 3 Z ep Du(o).
PeD(C)
Proof. The first claim is immediate from Proposition 4.2 and the isomorphism of
metrized line bundles (24). The second claim is then just a restatement of (31). O
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Lemma 4.4. For any irreducible horizontal cycle D on M of codimension two

1 .
degMO D(v) = hzwy (D) = 5 deg@(D) log(4v1dpdisc(By))
+* Z Z / 8o(12w2,v2) A Ro(7121,01)
PeD(C vEFo\F Xo
where x € X is any point above P under M(C) = [I'\X], and
(37) degg(D) = > ep".
PeD(C)
Proof. Kudla’s function ¢ on X satisfies the Green equation
ddcgg + 5X0 = Cg
for some smooth T'g-invariant (1,1)-form ¢! on X, and from the explicit calculation
of dd°g® in the proof of [17, Proposition 7.3.1] we see that
& = 0% mipo + &% - w0 + aw - dzy NdZa + By - dZy A dz
for smooth functions «a,, and 3, on X. Define a I'y-invariant function
G (x) = log(4u - dpdisc(By)) + Z 9o (7171, 7222)
YET\I'

on X \ I'Xy and view GY as a (0,0)-current on the orbifold M(C) = [['\X]. As
GY satisfies the Green equation

dd°GY +0m, = > 7',
vETO\I'
— /\1
we may consider the arithmetic cycle class Mo(u) € CH (M) determined by
(Mg, GY). Comparing with (32), we note that Mg(u) is the arithmetic Chern
class (in the sense of [1, §2.1.2]) of the metrized line bundle £(u).

Recall from [5, Lemma 3.4.3] that there is a canonical isomorphism of Q-vector
spaces

—1
CH (Spec(Z)) — R.
The lemma is really a special case of [1, Proposition 2.3.1] which relates both sides

of the stated equality to the value of 13(1)) ‘ /\//Yo(vl), where the product is the
arithmetic intersection

—2 —1 —1
(38) CH (M) x CH (M) — CH (Spec(Z)) — R.
Indeed, what we call the arithmetic degree d/e\g M oﬁ(fu) is equal to the intersection
v)| M) where the pairing
2 —1
CH (M) x Zy(M) — CH (Spec(Z)) — R

is defined by [1, (2.3.1)], while by [1, Proposition 2.3.1(vi)] the Arakelov height
h E(u)(D) is equal to the intersection (Mo (u)|D) where we now use the pairing

1

CH (M) x Z1(M) — CH (Spec(Z)) — R.
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Comparing [1, (2.3.1)] with [1, (2.3.3)] shows that

— ~ —~ 1
deg g, D(v) = D(v) - Mo(u) — 3 Z ep' /X GO A @y (x,v) A Py(z,0).

PeD(C)

Taking v = v; and using
/ log(4udisc(By)) A Py (z,v) A Pa(x,v)
X
= 10g(4udlsc(B0)) (/ ¢21 (1‘1, zl)duo(zl)> < ¢22 (SCQ, Zg)du0(22)>
Xo XO

= log(4udisc(By))

we then find that D(v) - Mo (v1) is equal to
— A 1
deg, D(v) + 5 degQ(’D) log(4v1disc(By))

1
+5 dSoept > /%1 (21, 7222) 00, (%1, 21) 05, (2, 22)dpo (21)dpio(22).

PeD(C) ~yEL\T

On the other hand, we may use the symmetry of the pairing (38) to reverse the
roles of Mg and D, and deduce that

hZ(Ul)(D) :M\O(Ul) 73( ) — Z / ~v* cv1 Ag(x,v).

PeD ’yGFo\F

The integral can be rewritten, using (’y_l)*g(:v7 v) = g(vyx,v), as
/ cgl A g(yz,v)
X
— / cgl A go(yz,v) + / A g1(yz,v) A Py(ya,v)
{mz1}xXo
= / o T30 A 82(7,v) / Po, 1o A g1 (7@, v) A D2 (y, v)
{mz1}xXo
= /¢21(71!E1a22)982@2@2,22)61#0(22)
Xo
[ g8, (a2, (21,2206, (. 22) e
X
= / g0 (Y22, v2) A Po(y121,v1)
Xo
Gy \R15 22 ) Poyy (21, V12 Py \V2X2, 22 ) A0 21 )AO 22
+ [ gh.( )9, ( ), ( )dpio(21)dpo(22)
X
= / g0 (Y22, v2) A Po(y121,v1)
Xo

+/ o, (1121, 7222) By, (21, T2) by, (2, 22)dpo (21 ) dpio(22).
X

For the second to last equality we have used the following observation: for each
fixed zo € X there is a T' € Go(R) whose action on Xy interchanges zo and 1.
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Hence

/ Gor (1121, 21)0r (21, 22)dpio(21) = / g (22, T2 22)bon (21, 22) o (22)
Xo Xo

= /X9v1(22,21)¢v1(TZ1,Zz)dﬂo(z1)

/9v1(32721)%1(21,71561)(1/10(21)-

Xo
Comparing the two formulas for D(v)- Mo (v1) = Mg(v1)-D(v) proves the claim. [

Remark 4.5. The reader may object that the proof of Lemma 4.4 makes extensive
use of the arithmetic intersection theory for schemes developed in [5] and in [1],
while we are working with the stacks M and M. This can be justified by using a
trick of Bruinier-Burgos-Kiihn to deduce an adequate intersection theory for M by
writing (for every N € Z%) the stack M 71 /n) as the quotient of a Z[1/N]-scheme
Mz1/n) by the action of a finite group and using compatibility of the Gillet-Soulé
intersection theory for Mz n) as N varies. See for example the construction of

deg ry, given in [9, §1.3],

Now suppose we start with an irreducible horizontal cycle D of codimension
one on My. Viewing D as a codimension two cycle on M we may then form the
arithmetic cycle class D(v) of (27). Our final form of the arithmetic adjunction
formula will compute the arithmetic degree of ﬁ(v) along Mg in terms of purely
archimedean data and the quantity hg,(D). The essential point is that while the
arithmetic degree of 73(11) along M depends on the positions of Mg and D inside of
the ambient threefold M, the Arakelov height hg, (D) depends only on the position
of D in My, and makes no reference to the threefold M. In the applications D will
be chosen in such a way that the quantity hg, (D) has already been calculated by
Kudla-Rapoport-Yang [16]. To state the formula we need the following notation.
As in [17, Lemma 7.5.4] define a function J : Rt — R by

J(t) = /OO w e (w4 1)2 — 1] dw

0
so that for any fixed xg € X

(39) / go(xo,v2) A Po(xg,v1) = log (1}1;-112) — J(4mvy + 4mvg).
Xo 2

Theorem 4.6 (Arithmetic adjunction). Suppose D is an irreducible horizontal
cycle of codimension one on Mgy. Viewing D as a cycle on M, let

~ 2
D(v) € CH (M)
be the arithmetic cycle class of (27). Then

—_— 1 V1 + V2
h~ (D d D = —=d D) -1
L/Jo( ) + egMo (U) 2 egQ( ) 08 <4’U1’U2 . dFdlSC(BQ)>

1
—= degQ(D) - J(4mvy + 4dmvg)

1
D) Z Z / 8o(71%0, v1) * Bo(V220, v2).

PeD(C) ’yGFO\F
Y€To
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In the integral xo € Xo is any point above P under Mo(C) = [['o\ Xo], and degg is
defined by (37).
Proof. The crux of the proof is a trivial observation: the height h Z(u)(D) depends

only on the pullback of the metrized line bundle E(u) to D, which can be computed
by first pulling back from M to My and then from M to D. In other words
where D is regarded as a cycle on Mg on the left, and as a cycle on M on the right.
Thus Lemma 4.4 shows that deg,,, D(v) is equal to

1 .
hi*E(vl)(D) - - degQ(D) log(4v1dpdisc(By))

+ Y / 8o(1220, v2) A Po(11Z0, v1).
PeD(C) T &

Using Corollary 4.3 and (39) this can be written as
1 U1 + V2
—hg, (D) + = degp(D)1
0( ) + 2 eg@( ) 8 <4’U1U2 . dFdiSC<B0)

1
+3 > ep ( o (o) + Y / 8o (7220, v2) A Po(y 11’07711))

PeD(C) WE;%\F
Y%Lo

1
> - = degQ(D)J(47rvl + 47mvg)

The final quantity in parentheses is

Z <981(71$07729C0)+/

YET\T Xo
Y¢€To

= Z / 0(7120,v1) A 8{rpu0} + 8o(72Z0, v2) A Po(7120, 111))
yero\r X0
v¢lo

Z / 8o(711Z0, v1) * o(V2%0,v2)
Xo

YELO\T
Y€l

completing the proof. O

g0(7220,v2) A Do (7120, U1))

5. UNRAMIFIED INTERSECTION THEORY

Fix a totally positive & € Op and abbreviate Y = Y(«) and Yy = Vo(a). Let p
be a prime which does not divide the discriminant of By and fix an isomorphisms of
stacks Mz, = [H\M] with M a Z,-scheme and H a finite group of automorphisms
of M. Set

Y:yXMM M():M()XMM Y():poMM

so that there is a cartesian diagram of Z,-schemes

Yy —L >y

NI

MQ?M
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The scheme Y has dimension at most one (see [9, Proposition 2.3.1]). The scheme
Yy has dimension zero if F((v/—a)/Q is not biquadratic (see the proof of [9, Lemma
4.1.2]) but otherwise Y may have components of dimension one. For every nonzero
T € Symy(Z)Y and nonzero t € Z set

Z(T) = Z(T) x aqy Mo Z(t) = Z(t) Xy Mo.

If det(T") # 0 then the scheme Z(T) is zero dimensional (by [17, Theorem 3.6.1]). If
det(T") = 0 then Z(T) has dimension at most one and every irreducible component
is horizontal (by [17, Proposition 3.4.5] and [17, Lemma 6.4.1]). The scheme Z(t)
has dimension at most one and every irreducible component is horizontal (again by
[17, Proposition 3.4.5]). The decomposition (6) induces a decomposition

(40) o= || 2.
Tex(a)

For any Noetherian scheme X let Ko(X) be the Grothendieck group of the cat-
egory of coherent Ox-modules. If J — X is a proper morphism then let K (X)
be the Grothendieck group of the category of coherent O x-modules which are sup-
ported on the image of J. If F is a coherent Ox-module we denote by [F] the
corresponding class in Ko(X). Let II(Y) denote the set of all irreducible compo-
nents of Y of dimension one, and endow each such component with its reduced
subscheme structure. If D € II(Y) has generic point n and F is a coherent Oy-
module then we define the multiplicity of F along D to be the length of the stalk

multp (F) = lcngthow7 (F)-

The multiplicity is finite (as Oy, is Artinian) and depends only on the class of F
in Ko(Y), not on the sheaf F itself. Define

[.7:}[) = multD(]:) . [OD] (S Ko(D)

As the inclusion D — Y is finite, push forward of sheaves is an exact functor
from coherent Op-modules to coherent Oy -modules and induces a homomorphism
Ko(D) — Ko(Y). Thus we may also view [Flp € Ko(Y). It follows from [9,
Lemma 1.2.2] that for any class [F] € Kq(Y') there is a canonical decomposition in
Ko(Y)

(41) [Fl=[FF+ > [Flp
DeIL(Y)

in which [F]*™2!! lies in the image of KJ(Y) — K(Y') for some closed subscheme
J — Y of dimension zero.

Definition 5.1. We say that an irreducible component D € II(Y) is improper if
it is contained in the closed subscheme Yy, and is proper otherwise. Thus the term
“proper” is shorthand for “meets M, properly.”

Let IIP™P(Y") C TI(Y') be the subset of proper components and write II(Y) as a
disjoint union
YY) =1*Y)UIr**(Y) uIre (v)
in which IIV** (V") is the subset of vertical components, II*(Y) is the subset of proper
horizontal components, and I1**(Y") is the subset of improper horizontal compo-
nents. As Yy has no vertical components of dimension one (by the decomposition
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(40) and the corresponding property of Z(T') noted above)
IP*P(Y) = I1*(Y) U ITV*" (Y).
Give
vy*= |J Dcy
DeI*(Y)

its reduced subscheme structure and define Y*®, YV, and YP™P similarly. For any
[F] € Ko(Y) we set

[Fl*= Y [Flp e Ko(¥*)
DeII*(Y)

and define [F]*®, [F]¥®*, and [F]P*P similarly. In Kq(Y) we have the relation
[]_-} — []_-]small 4 []:]. 4 [f]" + [f]ver7

and in Kq(YP™P) we have

(@2 (7P = (7] + A

For any coherent Oyprop-module F (which we also view as a coherent Oy -module
supported on YP™P) and any y € Yo(F2'8) (which we also view as an element of
Y (Fa'8), Mo(Fa'8), or M(F2'¢) as needed) define

(43) oy, (F.Oum) = > (~1)*-lengthy, Tor,™"(F, Ou,,)
>0

= Z(—l)z . lengthoYO,yTor?Y'” (Fys Ovy.y)-
£>0

The rule [F] = loy, ,(F,On,) determines a homomorphism Ko (YP™P) — Z.

Proposition 5.2. For every nonsingular T € X(a) and y € Z(T)(Fa'#)
IOYO,y ([OY}.7 OMO) + IOY(),y ([Oy]ver7 OMO) = lengthOZ(T),y(OZ(T),y)'

Proof. First note that for any y € Z(T')(F3'¢) the decomposition (40) implies that
Oyvyy = Oz1),y- As noted earlier, the hypothesis that T is nonsingular implies
that Z(T') has dimension zero, and hence Oy, , is Artinian. It follows that the
right hand side of (43) is defined for every coherent Oy-module F, not merely for
coherent Oy prop-modules, and that

F oy, ,(F,0um,)

extends to a homomorphism Ky(Y) — Z. Furthermore [9, Lemma 3.2.2] implies
that [F]*ma!! lies in the kernel of this homomorphism, and so (41) implies

(44) Toy, ,(F,Om) = Y oy, ,([Flp, Ouy).
DeI(Y)
If D € II(Y) is an improper component then D C Yp, and so
dimZ(T) =0 = D ¢ Z(T) = y & D(F*).

Hence if we view Op as a coherent Ops-module then the stalk Op, is trivial.
Taking F = Oy in (44) now gives

(45) loy, ,(Oy, 0w ) = loy, , ([OY]P™P, Ou, ).
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The local ring Oy, is Cohen-Macaulay of dimension one by [9, Lemma 2.3.4]
and [9, Corollary 2.3.9], and so by the argument leading to (9)
Tor?M’y (Oy,y, Orgy) =0
for ¢ > 0. Therefore
loy, , (Oy,0n,) = lengthoyo,y(OYo,y) = lengthOZ(T>’y((’)Z(T)7y)
which, when combined with (42) and (45), completes the proof. O
For the remainder of §5 we suppose that T € ¥(«) is singular and denote by

t1 and to the diagonal entries of T. As t1to is a square there are relatively prime
integers ny and ny which satisfy

(46) ty =ni-t ty=mn3-t
for some nonzero t € Z which is uniquely determined by T. Each of ny and ns is
uniquely determined up to sign, and (directly from the definition of 3(«)) these
signs may be chosen so that

a = (n1wy + naws)? - t.

This implies that the field extension F(v/—a)/Q is biquadratic, ¢ > 0, the field
K ¥ Q(v=t)

is one of the two quadratic imaginary subfields of F'(v/—«), and ¢ is the largest

integer with the property

OF[\/ —Oé] C OF[\/ —t].
Furthermore [17, Lemma 6.4.1] provides an isomorphism of stacks
(47) Z(t) = Z(T)

which takes the triple (Ag, Ao, S9) to the quadruple (Ag, Ao, 7150, n250). Let mg be
the ramification index of p in K/Q, abbreviate dx = disc(K/Q), and define n € Z*
by 4t = —n?dy so that n is the conductor of Z[y/—t]. Let

X = <d;(> e {-1,0,1}.

Conjecture 5.3. As above let T € X(av) be singular. Then for everyy € Z(T)(F2'#)

1 4aa®
(45)  Toy,, (041", 0u) + Tou, (04, Osg) = 3 - Ty(1) -ord, (2227

where
p—1 -1

The motivation for the conjecture is simply that (48) is what is needed for the
equality of Proposition 5.7 below, and hence also the main result Theorem 7.2, to
hold without unwanted hypotheses. In what follows we will prove Conjecture 5.3
in many cases; e.g. if p is split in F', or if p is odd and inert in F'. These proofs
make essential use of the calculations of the companion paper [8].

Keep T and y as in Conjecture 5.3. Writing X for any one of Y, Yy, M, or M
and viewing y as a geometric point of X, abbreviate Rx for the completed strictly
Henselian local ring of X at y. As in the proof of Proposition 5.2 the local ring
Oy, is Cohen-Macaulay of dimension one, and hence the same is true of Ry. In
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particular Ry /p has dimension one for every minimal prime p of Ry. Mimicking
Definition 5.1, let us say that a minimal prime p of Ry is improper if it lies in the
image of Spec(Ry, ) — Spec(Ry ). We say that p is proper otherwise and abbreviate
ITP™°P( Ry ) for the set of proper minimal primes of Ry. For a minimal prime p C Ry
we abbreviate
mult(p) = lengthp  (Ryy).

Routine commutative algebra shows that the left hand side of (48) can be computed
after passing from Oy, to Ry:

loy, ,([Oy]P"P, Ony)
= > mult(p)- Y (—1)lengthp, Tory™ (Ry /p, Ras,).
pEIIProP (Ry ) £20

The argument leading to (9) shows that only the ¢ = 0 term contributes to the
inner sum, and thus

(49) oy, ,([O¥]P"P,Onp) = > mult(p) - lengthp, (Ry /p @r,, Rasy)-
pEIProP(Ry)
Keeping the notation above, let W = W(]Fglg ) be the ring of Witt vectors of ]F;lg
and let Art be the category of local Artinian W-algebras with residue field leg.
Using (40) and (47) the point y € Z(T)(F4'¢) determines triples

(Ao, Ao, S0) € Z(t)(IF;lg) (A N\ t) € y(wglg)
related by A 2 Ay ® O and
to = S0 ® (N1 + nows) € End(Ag) ®z O =2 End(A).
Let Ay, and A, be the p-Barsotti-Tate groups of Ay and A. The action of
Op,.p = Ms(Zy)
(for any Z-module S we abbreviate S, = S ®z Z,,) allows us to decompose
Ao = g0 X go
with go a p-Barsotti-Tate group of dimension one and height two equipped with an
action of the quadratic Z,-order Z,[so] & Z,[z]/(x? + t). Similarly
A,Zgxg

where g = go ®z, OF, is equipped with an action of the quadratic Op ,-order
Orplta]l & Opplz]/(2* + ). By the Serre-Tate theory the formal W-scheme
Spf(Rys) classifies deformations of g with its Op ,-action to objects of Art (the
polarization A lifts uniquely to any deformation of A by [2, p. 51] or [24]). Similarly
Ry classifies deformations of g with its Op ,[t.]-action, Ry, classifies deformations
of go, and Ry, classifies deformations of gy with its Z,[s]-action.

Note that go is either isomorphic to Qp/Z, X pp~ (the ordinary case) or to
the unique connected p-Barsotti-Tate group of dimension one and height two (the
supersingular case). The endomorphism sg of go induces an embedding of K, =
Qp[s0] into End(go)®z, Q,, from which we see that x = 1 implies that go is ordinary,
while x # 1 implies that gg is supersingular.

Proposition 5.4. If T € X(«) is singular and x = 1 then (48) holds for every
y € Z(T)(Fa').



INTERSECTION THEORY ON SHIMURA SURFACES II 31

Proof. If we define rank one Z,-modules

PO = Hom(Qp/Zpa gO) P(}/ = Hom(g()a /u'p°°)

and Py = P ®z, Py then the theory of Serre-Tate coordinates as in [6, Theorem
7.2] provides a canonical isomorphism of functors on Art

~

Spf(RMO) = HOInZP (Po, Gm>

If S is an object of Art and ¢ : Py — @m (S) represents a deformation of gy to S
then the endomorphism sg of gg lifts to this deformation if and only if ¢ satisfies

¢((s0z) @ y) = ¢(z @ (s0y))

for every x € Py and y € Py. It follows that there is an isomorphism of functors
on Art

Spf(Ry,) = Homg, (Py/coPo, Gyn,)

where ¢y = nZ, is the conductor of the order Z,[so]. If we define rank one Op -
modules

P = Hom(Qy/Zyp, 9) PY = Hom(g, [p=)
and P = P ®p,,, PV then similarly there are isomorphisms
Spf(RM) = HOInZP (P, @m)

and
Spf(Ry) = Homy, (P/cP,G,,)
where ¢ C Op, is the conductor of Op,[t,]. Note that there are canonical isomor-
phisms
P>~ Py®z, Op,y PV~ P ®z,w

and P = Py ®z, w, where w = Homgz,(OF,,Z,). After fixing an isomorphism
Py =2 Z, the commutative diagram of functors on Art

(50) Spf(Ry,) — Spf(Ry)
Spf(R]ij) E— Spf(RM)
becomes identified with

(51) Homgz, (Z,/co, Gyn) — Homg, (w/cw, G,y,)

| l

Homy, (Zy, Gyn) Homy, (w, G).

Here the horizontal arrows are obtained by dualizing the Z,-module map Tr : w —
Zy, defined by Tr(f) = f(1).
Set ¢g = ord,(n) so that ¢g = p®Z, and define nonnegative integers c;,cy as
follows:
(a) if F, =2 Q, x Qp then (p«,p®) € Z, x Z, = Op, generates the conductor
of the order Op,ta],
(b) if F, is an unramified field extension of Q, then ¢; = ¢z = ¢,
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(c) if F, is a ramified field extension of Q, then let wp be a uniformizer of
F, and let @w$, generate the conductor of the order Opp[t,]. If c is even
then we define ¢ = ¢o = ¢/2; if ¢ is odd we define ¢; = (¢ — 1)/2 and
co = (c+1)/2.
Omne can check that in all cases ¢y = min{cy, s},
ord,(4aa®) — ord,(t) = 2¢1 + 2¢2 — 2cy,
and w admits a Z,-basis {ei, ea} such that Tr(e;) = 1 and {p“e;,p™es} is a Zy-
basis of cw. Using this basis of w one identifies the diagram (51) with

,uprO _— ,Lchl X /JpCQ

L

Gm —> G x Gy,
where the horizontal arrows are the diagonal maps and the vertical arrows are the
natural inclusions. The original diagram (50) is now identified with

SpE(W[xoll/(feo (%0))) —— SpE(W([z1, 22]]/(fe, (1), fer (22)))

l |

Spf(W{[xol]) Spf(W{[z1, z2]])

where
folz) = (x+1)P" —1
and the horizontal arrows are determined by x; — xg.

The calculation of the right hand side of (49) is now reduced to a pleasant
exercise. Let M be the fraction field of W and fix an embedding M — C,. For
each nonnegative integer k set () = @i (z + 1) where @, is the pF-cyclotomic
polynomial, let X} denote the roots of pi(x) in Cp, set My, = M(X}), and let Wy,
be the ring of integers of Mj. The minimal primes of

Ry = Wiy, 22]]/(fe, (21), fe, (22))
Wiz1]/(fer) @w Wlwa]/(fe,)
are indexed by the Aut(C,/M)-orbits of the set

(Hper X pipe2)(Cp) = |_| (Xky X Xiy)

0<ki1<c1
0<ka<c2

Il

by the rule which attaches to the orbit [my,m2] of the pair (mi,72) € X, X X,
the kernel p of the unique W-algebra homomorphism Ry — C, taking z; — ;.
Assuming for simplicity that k1 < ko, the localization of Ry at p is isomorphic to
the cyclotomic field My, , and so mult(p) = 1. Under the above indexing the proper
minimal primes of Ry correspond to those orbits of the form [m1, o] with w1 # ma.

If p € TIP™P(Ry ) is indexed by the orbit [y, m2] C Xk, X X, then we will say
that p has type (k1,k2). Let IT) 7 (Ry) C IIP"P(Ry) be the subset of components
having type (k1, k2). Suppose k1 < kg, fix some p € Hgi?i;(Ry), and let [m1, 7o) be
the corresponding orbit. There is an isomorphism Ry /p & Wy, defined by x; — m;
and isomorphisms

Ry/p QRry Bm,y = WkQ/(ﬂ—Q - 71—1) = Fglg'
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The second isomorphism is due to the fact that 7o — 71 is a uniformizing parameter
of Wi,. It is easy to see that the number of Aut(C,/M)-orbits in Xz, x Xy, is
| Xk, | = [My, : M], and applying the same reasoning in the case ko < k1 we find
that for any k1 # ko we have

Z mult(p)-lengthp, (Ry /p@w Ruy) = [T 7, (Ry)| = [Mumingk, ko) : M.
peIF % (Ry)

Next fix 0 < k < ¢g and one element m € X;. The minimal primes of Ry
contained in TP (Ry ) correspond to the orbits [r, 7] as 7’ ranges over X}, \ {r},
and we find

Z mult(p) - lengthy  (Ry/p @w Ra,)

pEMLP (Ry)

= Z lengthyy, (Wy/(m — 7))
' €Xy,
' £

= ord,(Diff(My/M))
where Diff (M}, /M) is the relative different. Combining (49) with the equalities
1 if k=0
(M, : M] = { pFtp—1) ifk>0

and (denoting by o, any uniformizer of M}, and using [17, Proposition 7.8.5])

0 itk=0

ordeg, (Diff (My/M)) = { P lkp—k—1) if k>0

an elementary calculation gives

loy, ,([Oy]""P,On,) = > mult(p) - lengthp, (Ry /p @w Rax,)

pETIProP (Ry )

= > Muingieksy M+ Y orde, (Diff(My/M))
0<k;<c; 0<k<co
o #Fa

= p* (a1 +c2—co)
1 din 4o’

= 5p dp().ordp( t )

as claimed. 0O

Proposition 5.5. If T € X(«) is singular and p splits in F' then (48) holds for
every y € Z(T)(Fa's).

Proof. After Proposition 5.4 we may assume that x # 1, so that K,/Q, is a qua-
dratic field extension and we are in the supersingular case. As End(go) is the maxi-
mal order in a nonsplit quaternion algebra over Q,, the embedding Z,[x]/(z?+t) —
End(go) determined by sp extends to an embedding Ok, — End(go), and the ac-
tion of Ok, on Lie(go) is through a Z,-algebra homomorphism Ok , — Fglg. If we
let Wy be the completion of the strict Henselization of Ok ), with respect to this
map, then Wy is naturally a W-algebra satisfying

W o W if xy=-1
0= OK,p®ZPW if x =0.
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The field K, is naturally a subfield of My = Frac(W;) and by local class field theory
Ok, is isomorphic to Gal(K ab /My) where K®P is the completion of the maximal

abelian extension of K. Let My C My, C K2 be the subextension characterized by
O o/ (Zy + P* Ok )™ = Gal(My, /M)

and let W}, be the integer ring of M. As in [8, §3.1] there is an isomorphism of
W-algebras Ry, = W/[[z]], while the Gross-Keating theory of quasi-canonical lifts
implies that

Ry, = W([z]]/(fe (2))
where ¢o = ord,(n) (so that p generates the conductor of the quadratic Z,-order
Zp[SO]) and

feola) = [T enl@)
k=0

with each ¢ (z) an Eisenstein polynomial satisfying W{[z]]/(¢k(z)) = Wi.

Fix an isomorphism Op, = Z, X Z, and let (p°,p®) € Op, generate the
conductor of the quadratic Op ,-order Op p[to]. As in the proof of Proposition 5.4
we have ¢g = min{cy, co} and

4 o
ord, ( ata ) = 2¢1 + 2¢2 — 2¢9 + ordy(dk).

The induced splitting g =2 go X go determines isomorphisms Ry; =2 RM0®WRMO
and
Ry = W([z1])/(fe, (1) @w W([z2]]/(for (x2)),

and so the commutative diagram
Spf(RyO) —_— Spf(Ry)
Spf(Rag,) — Spf(Rar)
of functors on Art can be identified with the commutative diagram

SpE(W[zoll/(feo (w0))) —— SpE(W([z1, 22]]/(fe, (1), fer (22)))

l |

Spf(W{[xol]) Spf(W{[z1, z2]])

in which the horizontal arrows are determined by x; — zy. Imitating the proof of
Proposition 5.5 we find

loy, ,([Oy]""P,0On,) = > mult(p) - lengthg, (Ry /p @w Rax,)
permron(Ry )
= > Muinfheksy M+ Y orde, (Diff(My/M))
0<k;<c; 0<k<co
ko #ks

where in the final sum oy is a uniformizer of M. The final sum can be computed
using the formulas of [17, Proposition 7.7.7] and [17, Proposition 7.8.5]. If x = —1
then for all £ > 0

[Mj, : M] =p*~'(p+1)
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and
p—1
If instead x = 0 then for all £ > 0 we have [M : M] = 2p* and

orde, (Diff(My/M)) = kp*~Y(p + 1)

k
—1
ord, (Diff (Mj,/M)) = 2kpk — 27;7 +p - ord,, (d).

-1
Tedious but elementary calculation then results in

Ioy, , ([Oy]P"P, Our,)

cotl 1 o —1 ord,(d
I P N T )
p—1 p—1 2

mo [ poott —1 po —1 4aa’
= . D ¢ -ord, .
2 p—1 p—1 t

We are left to verify (48) in the supersingular case with p nonsplit in F. This
is much harder than the cases treated in Propositions 5.4 and 5.5, and the bulk of
the proof is contained in the separate article [8].

]

Proposition 5.6. Suppose that T € X(«a) is singular, that p is odd, and that pOp
is relatively prime to ged(aOp, D). Then (48) holds for every y € Z(T)(Fglg).

Proof. After Propositions 5.4 and 5.5 we may assume that p is nonsplit in F' and
that x # 1 (so that we are in the supersingular case). Set ¢y = ord,(n).

First assume that p is inert in . Combining (49) with [8, Theorem D] (where
K, is denoted Ej) gives

co+1 _ 1 co _ 1
o010 =y (£ 72 21)

p—1 p—1
if Yy = —1, and
pCO+1 —1
IoYovy([OY]prop’ O]WU) = (260 + l)pT
if x = 0. If we set p = pOp then
ord, (@) = ordy(a”) = ord, 1

which, when combined with 4t = —n2dx and p # 2, implies that

4 o
ord,, ( O‘ta > =20+ (x + 1).

Thus (48) holds.

We are left with the case of p ramified in F. Write pOr = p? and note that
our hypotheses on p imply that p is relatively prime to aOp. It follows that ¢
is relatively prime to p, and hence from 4t = —n2dg that ¢o = 0 and that K is
unramified at p. In particular the right hand side of (48) is equal to 0. We may
now invoke [8, Proposition A.1], which asserts that Ry, & Ry = W. Therefore
I1P*°P(Ry) = () and the right hand side of (49) (and so also the left hand side of
(48)) is equal to 0. O
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Define a codimension two cycle on M by
(52) Cp= > multp(Oy)-¢(D)
DeTl*(Y)

where we view ¢(D) as a closed subscheme of M with its reduced subscheme struc-
ture. Define C3® and Cy°" in the same way, replacing II*(Y’) with II**(Y") or

v (Y'), respectively. Each of Cp, Cp®, or C3° is H-invariant and so (by [4,
Lemma 4.2]) determines a cycle on M sz, Which we denote by C5, Cp°, or C;°". The
sum Cp + C3® + Cy°" represents the cycle class C,, € CH%,/Z (Myz,) constructed in

[9, §2.3].

Proposition 5.7. Assume that at least one of the following hypotheses holds:
(a) F(v/—a)/Q is not biquadratic,
(b) p splits in F,
(¢c) p is odd and pOp is relatively prime to ged(aOp, D).
Then
I,(Cy, Mo) + I,(Cy*", M) = % Z degg(Z(t)) - ord, (tha>

TeX(a)
det(T)=0

£ Y Y oy, (O%n,).
TEL(a) yez(T)(FLE)
det(T)#0

On the right hand side t is defined by (46) and OSZh(T) y i the strictly Henselian local

ring of Z(T) aty. The rational number dego (D) is defined by (37) for an irreducible
cycle D of codimension two on M, and extended linearly to all codimension two
cycles.

Proof. If (a) holds than () contains no singular matrices by [9, Lemma 2.1.4(c)],
and so (40) and Proposition 5.2 imply

I,(C3, My) + L,(CY°", Mp)
= Y (loy,,([0v)*.0um) + Ioy, , ([Oy]"", Ou,))

YEYo (F3'®)

= Z Z lengthoz(’r),y (OZ(TMJ)‘

Tex(a) yez(T)(F3')
If (b) holds then combining (40) with Propositions 5.2 and 5.5 gives
1,(Cy, Mo) + I (Cp™", Mo)
= Z (Ioy, ., ([0y]*, Org,) + Toy, , ([O¥]"", Ouy))

YEY, (Fy'®)

= Z Z length@Z(T)vy (Oz(1).y)

TeX(a) yez(T)(F5'%)

det(T)#0

1 doa® a
£ Y g, () mE)
TeX ()

det(T)=0
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If (¢) holds then one obtains the same equalities by replacing Proposition 5.5 with
Proposition 5.6. In all cases the desired result follows by dividing the above equal-
ities by |H| and using the equality

|1Z()(Q8)| = Ty(T) - |Z(T)(F}*)]
of [17, Proposition 7.7.7(ii)] for each singular T' € ¥(«). O

6. RAMIFIED INTERSECTION THEORY

As in §5 we fix a totally positive a € Op. Fix a prime p which divides disc(By)
and recall from the introduction our hypothesis that all such primes are split in F'.
Let W = W (Fa'¢) be the ring of Witt vectors of F2'¢, let Ay be the ring of finite
adeles of Q, and let A’} be prime-to-p part of Ay. Define compact open subgroups
of Go(Ay) and G(Ay)

Up = 0y, U™ = {b e O} | Nm(b) € Z*}

(in which Z is the profinite completion of Z, and similarly for Op, and Op) and
choose a normal compact open subgroup U C U™** of the form U = U,U? with
Up C G(Q,) and UP? C G(A%}). We assume U, = U;***. For sufficiently small such
U there is an isomorphism of DM stacks Mz = [H\M] where H = U™** /U and
M is the Zj,-scheme representing the functor which assigns to a Z,-scheme S the
set of isomorphism classes of @}l—polarized QM abelian fourfolds over S equipped
with a U-level structure in the sense of [9, §2.1]. Having chosen such a presentation
of M,z let My, Yo, Y, Z(t) and Z(T) have the same meaning as in §5.

Recall that for a Noetherian scheme X we let Kq(X) be the Grothendieck group
of the category of coherent Ox-modules, and that the class of such a coherent F
in Ko(X) is denoted [F]. We denote by K§*(X) the Grothendieck group of the
category of locally Z,-torsion coherent Ox-modules. As X is quasi-compact every
locally Z,-torsion coherent Ox-module F satisfies p"F = 0 for some sufficiently
large n. As in §5 let TI*(Y") (respectively I1**(Y)) be the set of horizontal compo-
nents of Y which are not contained in Yy (respectively are contained in Yp), and
view each such component as a closed subscheme of Y with its reduced subscheme
structure. Let Y* C Y be the union of all D € II*(Y') with its reduced subscheme
structure and define Y'**® similarly. Using the notation of §5 define classes in Kq(Y™®)
and Ky(Y**) by

Oy]*= > [Ovlp Oy]*= > [Ovp.
DeTI*(Y) DeTI** (Y)

While the horizontal components of Y are all of dimension one, Y may have
vertical components of dimension two. Thus while we may define codimension two
cycles Cy and Cp® on Mz exactly as in (52), the construction of a codimension
two cycle ;" will proceed by the roundabout construction of an auxiliary class
[Oy]Y € K§(Y) to serve as a substitute for the naive class [Oy]"". To constuct
this class we recall some notation and constructions from [9, §3]. Fix a principally
polarized QM abelian surface (Aj, Aj) over Fa'&, set

(A*a A*) = (AS, )\3) ® OFa
and define totally definite quaternion algebras over Q and F', respectively,

Bo = End’(A}) B =End’(A¥)
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so that By ®g F = B. Let Gy C G be the algebraic groups over Q defined in the
same way as Go C G, but with By and B replaced by By and B. Let Ay and A be
the profinite completions of Op, and Op, respectively, and let

Ap = 0%, AP = OF
be their prime-to-p parts. As in [9, §3.1] we fix an isomorphism of Afc—modules
i+ AP — TaP(Af)

where on the right TaP is the prime-to-p adelic Tate module of the underlying
abelian variety Aj of Af§. This isomorphism is assumed to respect the left Op,
action on both sides, and to identify the Weil pairing on the right induced by Ag
with the pairing 1) on the left defined in [9, §2.1]. By tensoring with O, the choice
of vy induces an isomorphism

v* o AP — TaP(A%).
Each g € By ®g A’]’c acts as a By-linear endomorphism of Ta? (Af) ®z Q, and so also

acts (using 1) as a By-linear endomorphism of Kg ®z Q. As the action of By on
A} ®7 Q is by left multiplication, the endomorphism of A5 @z Q determined by g
is given by right multiplication by some to(g) € By ®g As. In this way the choice
of v determines a bijection

Lo éo(A?) — GO(A?)
which satisfies to(2y) = to(y)to(x). Similarly v* determines a bijection
v G(AL) — G(AY)

satisfying ¢(zy) = ¢(y)e(x). The induced bijection between subgroups of GO(A}})
and subgroups of GO(A?) is denoted H® < HP, and similarly with Gy replaced by
G.

Let &; denote the p-divisible group of Af equipped with its action of Op, ®z
Z,. We denote by b,, Drinfeld’s formal W-scheme representing the functor which
assigns to every W-scheme S on which p is locally nilpotent the set b,,(S) of
isomorphism classes of pairs (g, po) in which & is a special formal Op, ®z Z,-
module (in the sense of [3, §I1.2]) of dimension two and height four over S and

Po : @8 XFglg S/]Fglg — 60 Xg S/]Fglg

is a height 2m quasi-isogeny of p-divisible groups over S JFae respecting the action
of Op, ®z Z,. The group G¢(Q,) acts on the formal W-scheme
Xo=|] bm
mez
by
7+ (80, 00) = (o, po 07~ 1).

As p splits in F' we may fix an isomorphism F ®q Q, = Q, x Q,. This in turn
determines an isomorphism

G(Qp) = {(z,) € Go(Qp) x Go(Qp) | Nm(z) = Nm(y)}
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and hence an action of G(Q,) on
X = || (b xw bum)-
meEZ

For any W-scheme X we denote by X the formal completion of X along its special
fiber, a formal W-scheme.
There is a Cerednik-Drinfeld style isomorphism of formal W-schemes

(53) My = G(Q)\X x G(AD)/T"

and from [9, §3] we have a commutative diagram of formal W-schemes

(54) !
SN

mZ

in which the square is cartesian and all arrows in the square are closed immersions.
We quickly recall the definitions of 9t and 9t*. Let V' denote the F-vector space of
elements of B having reduced trace zero. We equip V with the F-valued quadratic
form Q(7) = —72 and let G(Q) act on V by conjugation. Similarly let V be the
trace zero elements of B equipped with the conjugation action of G(Q) and with
the quadratic form Qy(79) = —7¢. For each 7 € V ®g Q, we write (71, 72) for the
image of 7 under

(55) VeoQ,=(Vo®g Q) x (Vo®g Q).

For every W-scheme S on which p is locally nilpotent and every 7y € Vg ®g Qp,
viewed as a quasi-endomorphism of &§ Xpais S JFis s let
P P

bm (70)(S) C b ()
be the subset consisting of those pairs (&g, pg) for which the quasi-endomorphism
Po © Tp © pal e End(@o X s S/leg) Rz, @p
lies in the image of
End(ﬁo) — End(@o XS S/]leg).
The functor b,,(70) is represented by a closed formal subscheme of b,,, and we define
Xo(r0) = || bm(70).
meZ
For each 7 € V we define closed formal subschemes of ¥ by

xH(r) = || (hm(m) xw bm) (1) = || (b xw (7))

meZ meZ
and

X(1) = X(7) xx X%(7).
Define a right U”-invariant compact open subset Q(7) C G(AI}) by

O(7) = {g € G(A}) | A - 1(g~'rg) C AP}
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Thus v-Q(7) = Q(y7y~1) for each v € G(Q), and there is an isomorphism of formal
W-schemes
(56) Vw=G@\ || (20 %m0,
7TEV
Q(r)=a
The formal W-scheme 9t in (54) is defined by replacing X(7) by X in the right
hand side of (56), and 9* is defined by replacing X(7) by X*(7).
If Frob denotes the (arithmetic) Frobenius automorphism W — W then the

formal schemes 9t and 9 come equipped with isomorphisms of formal W-schemes
(described at the beginning of [9, §3.2])

mF‘rob ~ M mk,Frob ~ mk:
which are compatible with the morphisms in (54) and the evident isomorphisms
(?/W)Fmb = 1A//W (M )P = My

In other words, the entire diagram (54) is invariant under base change by Frob. By
Grothendieck’s theories of faithfully flat descent and formal GAGA any coherent
Of,/w—module which is invariant under Frob descends to a coherent Oy-module. In

particular if §' and 2 are coherent sheaves on Ogy1 and Ogyz respectively, each
invariant under Frob, then for every ¢ the coherent Ogy-module Tor?m (T4, 5?) is
invariant under Frob and is annihilated by the ideal sheaf of the closed formal
subscheme R

Yw =M xon M? — M.
Thus we may view Tor?”” (T4, 5?%) as a coherent Oy-module and form
(57) [§! 96, 871 = D_(=1)[Tory™ (31, 5%)] € Ko (V).

£>0

For k € {1,2} let B* be the largest ideal sheaf of Ogyx which is locally W-torsion
and define 2A* by the exactness of

0 — B - Ogpe — AF — 0.

We then have a decomposition in K¢ (Y)

(58) [Oml ®ém ODﬁQ] = [Dy]hor + [Dy]vcr
in which
Oy = [ ©5,, 2]
Oy = [ eb 8%+ [B'eb, A%+ (B b, B2

By its construction we may view the class [Oy]"" also as an element of K (V).
Proposition 6.1. There is a closed subscheme J — Y of dimension zero such that
[Ov]"" — [0y]* — [0y]** € Image (K (Y) — Ko(Y)).

Proof. Given classes [F] and [G] in K¢(Y') we write [F] ~ [G] to mean that
[7] - [6] € Image (K (Y) — Ko(Y))

for some closed subscheme J — Y of dimension zero. Let us say that a coherent
Oy-module A is essentially horizontal if every point n € Y in the support of A
is either the generic point of a horizontal component of Y or is a closed point of
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Y. That is, the support of an essentially horizontal Oy-module A contains no
vertical components of dimension greater than zero. Note that any subquotient of
an essentially horizontal Oy-module is again essentially horizontal. If A is essen-
tially horizontal then an induction argument using the exact sequence of coherent
Oy-modules

O—)Al—>A—>A®OyOD—>0

and the methods of [9, Lemma 1.2.1] show that, in the notation of §5,
(59) [A] ~ Z multp(A) - [Op]

Denhor(y)

where 11" (Y') is the set of irreducible horizontal components of Y, each endowed
with its reduced subscheme structure.
Let B be the subsheaf of locally Z,-torsion sections of Oy and define A by the
exactness of
0—-B—-0y —-A—0.

The sheaf A has no Z,-torsion local sections, and the stalks of A are Z,-torsion
free. To see that A is essentially horizontal, suppose that n € Y has residue
characteristic p and Zariski closure of dimension greater than zero. This implies
that no horizontal component of Y passes through 7, and hence that every prime
ideal of Oy, has residue characteristic p. We deduce that Oy,,[1/p] is the trivial
ring, and so Oy, is itself Z,-torsion. But then A, is both Z,-torsion and Z,-torsion
free, hence A, = 0 as desired. As the support of B is contained in the special fiber
of Y, multp(A) = multp(Oy) for every D € I1"*(Y), and we now deduce from
(59) that
[A] ~ [Oy]® + [Oy]*°.

Fix a closed point z € 9, let R be the completion of the local ring Ogy 5, let Nk
be the completed stalk at = of the Ogr-module Ogyx, and let P* be the maximal W-
torsion free quotient of Ny (which is isomorphic as an R-module to the completed
stalk of 2% at z). It follows from the proof of [9, Proposition 3.2.5] that

Tory (P, P*) =0
for all £ > 0. Thus Tor?”” (A1, 2A?) has trivial stalks, and so
[Dy]hor _ [Q[l ®Omr Q[Q]

The proof of [9, Proposition 3.2.5] also shows that P! @ P? is free of finite rank
over W; in other words the completed stalks at closed points of the Oy, -module
A ®o,, A* are free of finite rank over W. It follows that all stalks of the Oy, -
module A ®p,, A% are W-torsion free, from which one easily deduces from the
faithful flatness of Z, — W that the local sections of the coherent Oy-module
Al @, A? are Z,-torsion free. The kernel of the evident surjection of Oy-modules

Ot ®0m Oz — A @0, A

is generated by the ideal sheaves B! ®o,, Ogz and Ogp1 ®@o,, B2, and so is locally
Zy,-torsion. Using the isomorphism Oy = Ogn ®0,,, Ognz we therefore deduce that
Al @, A? is the maximal quotient sheaf of Oy whose local sections are Z,-torsion
free. In other words 2! ®o,, A? = A. Thus [Dy]"" = [A] and

[Oy]"" — [Oy]* — [Oy]** ~ [A] - [A] = 0.
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d

Given a coherent Oy-module F we regard Torf" (F,Oy,) as a coherent Oy,-
module and define

[F @6, Oyl =>_(=1)[Tory™ (F, Oy,)] € Ko(Y).
>0

This class depends only on the class [F], not on the sheaf F itself, and the con-
struction [F] — [F ®%_ Oy,] defines a homomorphism Ko (Y) — Ko(Yp) as well as
homomorphisms

Ko (V) - KT (%) Ko(¥*) — Ki()
From the decomposition (6) we deduce an isomorphism
K" (Yo) = €D Ky (Z(T)).
TeX(a)

Given a T' € ¥(a) and a coherent O z(y-module Fy which is annihilated by a power
of p we define

xr(Fo) = Y (—1)"lengthy R'p.Fo
£>0
where p @ Z(T) — Spec(Z,) is the structure morphism. If Fy is supported in
dimension zero then it is easy to see that

xr(Fo) = Z lengthy,  Fo.y.
yeZ(T)(F3'®)

As xr depends only on the class [Fo] € K§*(Z(T)) we may extend xr to a ho-
momorphism K{(Z(T)) — Z and define, for any class [F] in either K§(Y) or
Ko(Y*), the intersection multiplicity of F and Oy, at Z(T)

IOZ(T) (»Fv OMO) = XT(‘F ®éy OYO)
As in [9, §3.3], define formal W-schemes for k € {1, 2}

mOZMo/W xﬁ/w‘)ﬁ EIRIOCZM()/W XZ\/Z/W mk

so that
Yow = Mo xom Yy =2 MG X, M.

These formal schemes admit Cerednik-Drinfeld style uniformizations: if we set
Qo(1) =Q(1)N GO(A’}) then

(60) Mo = Go(@\ || (%o x Q)T /T")
77'6?
q(n)=a

?is taken inside of G(AY). Similarly

max

where the product Qo (1)U

(61) M= Go(@\ || (%olme) x o(r)T™7/T").

7TEV

Q(r)=a
Any coherent Oy-module F may be viewed as a Frob-invariant cohgrent Ogn-
module annihilated by the ideal sheaf of the closed formal subscheme Y,y — 91.
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For every ¢ > 0 we may then form Torf” (F, Om,), a Frob-invariant coherent Ogy, -
module annihilated by the ideal sheaf of the closed formal subscheme Yy ,yr — Ogn,.

As before, using formal GAGA and faithfully flat descent we view Torl?Sm (F, Osm,)
as a coherent Oy-module and define

[F @64, Omo] = 3 (1) [Tory™ (F, Om, )] € Ko(Yo)-
£>0
It is easy to check that [F ®ém£9m0] = [F®p, Oy o
For any T € Symy(Z)Y let Vo(T) be the set of pairs (s1,s2) € Vo x V for
which (5) holds, where [s;,s;] = —Tr(s;s;) is the bilinear form on V satisfying
s, 5] = 2Qq(s). Given a pair (s1,s2) € Vo(T) set
(62) T = 811 + SoTw9 € VQ (90 FxV

and let (71, 72) be the image of 7 under (55). Assuming that det(T") # 0, Kudla-
Rapoport [15] (and Kudla-Rapoport-Yang [16] when p = 2) compute the inter-
section multiplicity of the divisors b,,(71) and h,,(72) in the Drinfeld space b,,.
This intersection multiplicity depends only the isomorphism class of the rank two
quadratic space

LTy + Lo = Zps1 + Zpsa C Vo ®g Qyp,

which is determined by T. Let e,(T) be this intersection multiplicity, as in [15,
Theorem 6.1]. In the notation of [17, Chapter 7.6], v,(T') = 2¢,(T).

Proposition 6.2. Define a Z[1/pl-lattice Loy C Vo by
Ly ={veVq| AL i(v) C A5}
and a discrete subgroup Ty C Go(Q) by
To = {7 € Go(@) | Af - 10(9) © AF}.
Then for every nonsingular T € ¥(«)
10,2, ([0v]*,Om,) + L0, ([Dy]*", Onty) = [H] - €p(T) - [To\Lo(T)|

where Lo(T) = {(s1,82) € Vo(T) | s1,82 € Lo} and Ty acts on Lo(T) by conjuga-
tion.

Proof. As T is nonsingular the scheme Z(T') is supported in characteristic p by [17,
Theorem 3.6.1]. Thus

K™ (Z(T)) = Ko(Z(T)).
and Io, ., (F,Oum,) is defined for every class [F] € Ko(Y). By the decomposition
(40) each D € II**(Y) is contained in Z(1") for some 7" € ¥(«). In particular

Z(T’) has nonempty generic fiber, and hence T" # T. Thus DN Z(T) = () and the
coherent Oy,-module TorS" (Op, Oy, ) has trivial restriction to Z(T). Thus

(63) T, ([Ov]**,0n,) = > multp(Oy) - xr(Tory* (Op, Oy,)) = 0.
DeTl*e (V)

If [F] lies in the image of KJ(Y) — Ko(Y) for J — Y a closed subscheme of
dimension zero then o, ., ([F],On,) = 0 by [9, Lemma 3.2.2]; hence combining
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(63) with Proposition 6.1 and (58) yields
IOZ(T) ([OY].7 OMO) + IOZ(T) ([DY]Ver7 OMO)

= IOZ(T) ([Dy]horv Owm,) + IOZ(T) ([Ov ], Ony)

= I@Z(T)(Ogml ®(Lgm Oz, OMO)

= X1 (O ®,, Om2) @b, Om,)-
The equality

X1 (Ot ®6,, Om2) @8, Om,) = [H| - e,(T) - [To\Lo(T)|

is now proved exactly as in [9, §3.3]; see especially Lemma 3.3.2 and Proposition

3.3.4 of [loc. cit.]. O

Suppose T € ¥(«) is singular and denote by ¢; and ¢y the diagonal entries of T'.
Let n1, no, and t be as in (46) so that a = (n1wy +news)?-t and K = Q(y/—t) is a
quadratic imaginary subfield of F(y/—a). Abbreviate dx = disc(K/Q) and define
n € Z* by 4t = —n?dk. As in (47) there is an isomorphism of stacks Z(t) & Z(T')
which takes the triple (Ag, Ag, s0) to the quadruple (Ag, Ay, 7150, n280)-

Proposition 6.3. For every singular T € 3(«)
L] 1 a.
(64) L0401, ([0Y]*, Orgy) = 5 - |1Z(T)(Q}®)| - ord,y(dig ).

Proof. For each D € II*(Y') the scheme D xy Y; has dimension zero. It follows that
the coherent Oy,-module Torfy (Op, Oy,) is supported in dimension zero, and the
left hand side of (64) is equal to

(65) Z Z multp (Oy) - ZlengthoyvyTorfY‘” (Op,ys Oyy y)-
yeZ(T)(IFZIg) DeII*(Y) >0

Given a y € Z(T)(Fa'8) let Ry be the completion of the strictly Henselian local
ring of M at y, and define Ry, Ry, and Ry, similarly. Let II*(Ry) be the set of
minimal primes Ry of residue characteristic 0 which do not come from Ry, (more
precisely: do not contain the kernel of the surjection Ry — Ry,). As in (49) the
left hand side of (65) is equal to

(66) > > mult(p) lengthp, (Ry /p ®ry, Rus)-
y€EZ(T)(Fa'8) pEIl® (Ry)

From the uniformizations (53) and (56) and similar uniformizations (as in [9, §3])
of My,w and Yy, we deduce that there are m € Z, x € bm(IE‘glg), and 59 € Vg
with Q(sg) = t for which

Ry, = O, .

Ry = O, .0w0, .

RYU = Ohm,(so)vx

Ry = Oy, (r)a®WO0h, (r)a

where 7 = (n1w; + newa)se and, as always, (71, 72) is the image of 7 under (55).
Letting (n1,n2) be the image of (n1wi + nows) under Op ®z Z, = Z,, X Z, we see
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that 7; = n;s0, and from the fact that ged(ny,n2) = 1 we deduce that at least one
of n1,nz lies in Z;'. Hence there are natural surjections

Ob(r).z = Oby(s0) . Ot (m2).x = O, (50) .

at least one of which is an isomorphism. The completed local rings @hmw and
6'7771(30)737 are described in detail in [15] (at least for p # 2; for p = 2 the calcula-
tions are in [16]). In the notation of [15], the point x may be either ordinary or
superspecial. From Propositions 3.2 and 3.3 of [15] (and the appendix to [16, §11]
for p = 2) we see that there are three mutually exclusive possibilities:
(a) @hm(So),z is W-torsion;
(b) z is ordinary, p is inert in K, and the quotient of the W-algebra 5hm(80),x
by its ideal of W-torsion is isomorphic to W
(c) z is supersingular, p is ramified in K, and the quotient of the W-algebra
@hm(SO),z by its ideal of W-torsion is isomorphic to W, where W is the ring
of integers in K ®q Frac(W).
The same statements hold verbatim with sy replaced by 71 or by 7».

Suppose first that p is unramified in K and choose a y € Z(T)(F4'¢). From the
above we see that either Ry, and Ry are both W-torsion, or the quotients of Ry,
and Ry by their ideals of W-torsion are both isomorphic to W. In the latter case
each of Ry; and Ry has a unique prime ideal of characteristic 0. In either case every
prime ideal of Ry of residue characteristic 0 comes from Ry,, and so II*(Ry) = ().
We deduce that if p is unramified in K then II*(Ry) = 0 for every y € Z(T)(Fa'2),
and hence the left hand side of (66) is 0. From this we see that both sides of (64)
are zero, and we are done.

Now suppose that p is ramified in K and again choose a y € Z(T)(]Fglg). Then
either Ry, and Ry are both W-torsion, or the quotient of Ry, by its ideal of W-
torsion is isomorphic to YW and the quotient of Ry by its ideal of W-torsion is
isomorphic to W @ W. Assume we are in the latter case. Then Ry has exactly
two prime ideals of residue characteristic 0, call them p and q. The prime p is the
kernel of the surjection

Ry — W@y W 28b=ab yy)

while the prime g is the kernel of the surjection

Ry — W @ W 22020,y

in which b + b is the nontrivial WW-algebra automorphism of . Note that the
quotient Ry — Ry /p factors through the surjection Ry — Ry,, but that the
quotient Ry — Ry /q does not. In other words p comes from Ry, while g does not,
and hence II*(Ry ) = {q}. Furthermore

Ry /q®r,, Ry, = Ry /q ®(R1\/10®RMU) Ry, = W®(W®WW) w

where in the final tensor product W is regarded as a WW ®w W module in two
distinct ways: on the left through a ® b — ab and on the right through a ® b — ab.
From standard properties of the discriminant (for example [21, p. 64]) we deduce

lengthp, (Ry/q®r, Ru,) = lengthyy(W @weyww) W)
= o (discOW/W))
= ordy(dx)
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where vy is the normalized valuation on W. It is easy to see that the localization
of Ry at q is isomorphic to the fraction field of W, and hence mult(q) = 1. Thus
we find that, in the case of p ramified in K, for every y € Z(T) (Fglg) either Ry,
and Ry are both W-torsion or

Z mult(p) . 1engthRy (Ry/p QR RMO) = Ordp(d}().
p€EIl*(Ry)

Still assuming that p is ramified in K, we must count the number of y €
Z (T)(Fglg) for which Ry, contains a prime ideal of residue characteristic 0. By
the discussion above, when such a prime ideal exists it is unique and has residue
field a degree two extension of the fraction field of W. Thus each such y has two
distinct lifts to Yp(Q3'8), each of which must be contained in Z(T)(Qa) by the
decomposition (40). The number of y for which Ry, contains a prime ideal of
residue characteristic 0 is therefore %|Z (T)(Q3')|. 1t follows that (66) is equal to
31Z(T)(Q3)|ordy (dk ), and (64) follows. O

Given a coherent Ogyx-module J& for k € {1,2} the sheaf Torfm0 (T8, T2) is

annihilated by the ideal sheaf of the closed formal subscheme )A/O yw — Mo, and by
formal GAGA may be viewed as a coherent Oy, ,, -module. If the sheaves Fj and
T2 are each invariant under Frob then exactly as in (57) we may form

(67) (3 @5, 321 = Y (— 1) [Tor, ™ (35, 53)] € Ko(Y0).
>0

If either of F§ or 3 is locally W-torsion then (67) also defines a class in K§ (Yp).

Lemma 6.4. Let B} be the ideal sheaf of locally W -torsion sections of Omxg and
define AL by the exactness of

O—>%§—>O§m§ — A — 0.
Then for any T € ()
1o, ([Oy ], Ony)
= xr(B; ®ém0 B5) + x7(B ®ém0 A3) + x7 (A ®ém0 B7).
Proof. From the definitions we have
10,0, ([O¥]™, Orgy) = x7 (B! ©5,, B°) @6, Om,)
X1 (B @6, A%) @5, Oy ) + x7 (A 26, B?) @6, Oono).

The same argument used in the proof of [9, Lemma 3.3.2] shows that

TP, 0m) 2 { 0 120
and hence
X1 ((B' ©6,, B?) @6, Om,) = xr((B' ©6, Om,) ©b,,, (B @6, Om,))
= xr(B; ®émo B).
Similarly

AF ifi=0

Om (e k ~
Tor; (2[’@%){0 if i >0
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implies that
and
Xt (A @6y, B?) ©5,, Om,) = XUy @6, B)
proving the claim. O

The equality of the following proposition is derived from calculations of Kudla-
Rapoport-Yang [16, 17].

Proposition 6.5. If T € X(«) is singular then

1 ) hay (Z2Ver (L 1 daa”
710,y ([Ov ], Onry) + gog(p)()p) =3 degq(2(t)) - ord, (W) .

|H|
Proof. Using the uniformizations (60) and (61) and the isomorphism
}/}O/W = m(l) Xmg 937(2)

we find
Toyw 2Go(@\ || (%o(r) x (T /T)
77'67
Q(r)=a

where we let Xo(7) = Xo(71) Xx, Xo(72) be the locus in X where both of the
quasi-endomorphisms 71 and 7 are integral. Using the notation of (62) there is a
bijection
{reV|Q(r)=a} — |_| Vo(T)
Tex(a)

given by 7 — (s1,82). Using the decomposition (40) to view Z(T) as a closed
subscheme of Y for each T' € ¥(a), we identify Z(T'),y with the open and closed
formal subscheme of }70 W

20w =2Go@\ || (%o(r) x ()T /T
(Sl,sz)EVO(T)
Now fix a singular T € ¥(«). Using the isomorphism Z(T') = Z(t) we find
Go@\ [ (*o(r) x Q(n)T™"/T")

_So Vo
Qo(s0)=t

~

Z2(T)w

I

in which 7 = (nyw1 + naws)se. By noting that the factor nywy + nows € Op is
not divisible by any rational prime (as ged(ny,n2) = 1) we deduce that

Qo(r) = {g€Go(Ah) | AP (g 'rg) € A7}
= {g€Go(Ah) | (g™ g) € OF}
= {g€Go(A}) | (g " s09) € O }.

In particular Qo(7) = Qo(s0). We now argue as in [16, §11]. By the Noether-Skolem
theorem the action of Go(Q) on {sg € Vo | Qy(s0) = t} is transitive. Fixing one
so € Vo with Qy(so) = t we embed K — By via v/—t — so. This induces a
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homomorphism K* — G(Q) and, using the fact that K is the stabilizer of s¢ in
Go(Q), we deduce
(68) Z(T)jw = K*\(2o(7) x Qo(s0)T" " /T").

Assume that p is inert in K, set

K’ ={ze K*| ord,(Ng/q(z)) = 0},
and write
bm(T) = hm(Tl) Xbom hm(72)~

As in [16, (11.8)] we rewrite (68) as
(69) Z(T)w = (ho(r) Ui (7)) x (K"\Qo(s0)T""/T).
For k € {1,2} define the coherent Oy, -module Oy, to be the ideal sheaf of

locally W-torsion sections of the sheaf Oy (), and define O;‘ZY(W) by the exactness
of

0= OF iy = O,(r) = Op% ) — 0.

Tk)

Under the uniformization (69) we have isomorphisms of coherent O E(T)/W—modules

O ~ m VCr ver
TOI'Z o (%é,%g) =~  Tor b (O O (7_2))

hm Tl Hm
o~ l’) m h
TOI'E o =~ Tor (O;’,f: (1) O 01“(7—2))

(B, A5)
Tore o (A5, B3)
Letting p : b, — Spf(W) denote the structure map and
(3) = ZlengthWR s

k>0

I

Om hor ver
Tor, " (O r1): Opr(ma))-

hrn T1

the Euler characteristic of a coherent, properly supported, locally W-torsion Oy -
module §, Kudla-Rapoport-Yang have proved (see the proof of [17, Proposition
7.6.4])

Oy, ver r pordp(”) —1
ZX(TOfe " (Ohe ) O () = —(p+1) p—1
>0
Z X TOI'Z Ogif(‘ﬁ)’ OE:::(TQ))) = Ordp(4@() (7—1))
>0
ZX Tore Ohor(n),Ohm Tz))) = ord,(4Qy(12)).
>0

Combining this with Lemma 6.4 and using
ord, (4Qy (1)) + ord, (4Qy(72)) = ord,(16aa”)
we find that
Io, . ([Ov]7", Owmy)
pordp(n) -1
(70) =2 ((erl)p1

+0rdp(16ao/’)> |K\Qo(r) T /T"|.

It is easy to see that

H _
071 = e 1\ Q0 T
0 - Y0

mmx N

|K"\Qo ()T
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and the right hand side of this equality is computed in [16, Lemma 11.4]. Combining
that calculation with [16, Proposition 9.1] gives

2 |K\Qo (MU /U") = |H|-6(dg,disc(By)) - Ho(t; disc(By))
() SR NEL0),

where the functions 6 and H appearing are those of [16, §8]. Finally, [17, Lemma
7.9.1] tells us that

h@o (Zver(t)p) _ ) . n) — (p + 1)(p0rdp(n) _ 1)
ey =~ desa(2(1) <o d,(n) Y >

Combining (70), (71), and (72) with 4t = n?dx completes the proof in the case of
p inert in K.

If p is ramified or split in K the claim similarly follows from calculations of
Kudla-Rapoport-Yang. If p is ramified in K then, as in [16, (11.8)], we rewrite (68)
as

(72)

Z(T) jw = ho(7) x (K\Qo(r)T 7 JT")
and the proof proceeds in exactly the same way as the inert case, by combining
the proof of [17, Proposition 7.6.4] with [17, Lemma 7.9.1]. If p is split in K, let
K” denote the subgroup of elements of K* whose image in (K ®g Qp)* lies in
(Ok ®zZp,)* and fix an € € K* whose image in K ®g Q, = Q, x Q, has valuation
(1,—1). As in [16, (11.19)] we rewrite (68) as

Z(T) w = (€“\bo(7)) x (K”\Qo(r)T"" /T").

Once again, comparing the proof of [17, Proposition 7.6.4] with [17, Lemma 7.9.1]

we find that b (275 (2),)
1 A

—1 ver o\ \Yp)

‘H| OZ(T)([DY] 70Mo) + 1og(p)

while [17, Proposition 3.4.5] tells us that Z(t),q = 0. O

=0

We now construct some cycles on M. As in (52) define a horizontal cycle
Cp= > multp(Oy)-¢(D)
DeII*(Y)

of codimension two on M, and define C* in the same way. These cycles are H-
invariant and so arise as the pullbacks of horizontal cycles on Mz , which we
denote by Cp and C5®. Now consider the class [Oy]"" € Ki®(Y') defined after (58).
By [9, Proposition 3.2.3] this class lies in the kernel of

Ky(Y) — Ko(Y) — Ko(Spec(Oy,))

for every n € Y with dim{n} > 1. Using the notation of [9, §1.2], [9, Lemma 3.2.4]
shows that R, [Oy]Y € F2K} (M), while the Gillet-Soulé isomorphism [9, (9)]
and the homomorphism [9, (7)] provide us with maps

F?K} (M) — CHY (M) — CHZ . (M).

The Chow groups here, as throughout [9], are Chow groups with rational coef-
ficients. The image of R¢.[Oy]|"" under this composition, denoted Cy°, is H-
invariant and so arises from some

Cyr € CHZ,,(Mz,).
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Thus we have constructed a codimension two vertical cycle on Mz = with rational
coefficients which is determined up the the addition of rational multiples of principal
Weil divisors on M /g .

Proposition 6.6. We have

h@o ZVCr
B(Ch M) + LG M)+ Y Tl )

e log(p)
dct(T):O
_ 4aa’
= Z ep(T) - |To\Lo(T)| —|— = Z degg(Z(t)) - ord, ( . ) :
TeX(a) TeX(a)
det(T)#0 det(T)=0

Proof. Using the decomposition (6) we find
1,(Cp, Mo) + L, (G, Mo)

1 ° 1 ver
= > To,0 (0¥]%, Ou) + T 37 To,0 (O], Ong).
Tex(a) TeX(a)
The claim now follows from Propositions 6.2, 6.3, and 6.5. O

7. PULLBACKS OF ARITHMETIC CYCLES

Fix an o € O and a v € F ®g R, both totally positive. Let C'*, a codimension
two cycle on M, be the Zariski closure of the cycle Cg defined by (13), and similarly
let C* and C** be the Zariski closures of g and C3®. Recall that Proposition 2.2
provides us with Green currents Z°(a, v) and Z**(«,v) for C* and C*®, and hence
E(a,v) = Z*(a,v) + Z**(,v) is a Green current for C"°". Denote by

P (o, 0) € CH (M)

the arithmetic cycle class represented by (C"", Z(a, v)). We then have a decompo-
sition
YVior(a,v) = Y (a,v) + V** (o, v)

in which J* (ar,v) is the arithmetic cycle class represented by the pair (C®, Z°®(a, v))
and similarly for )A}“ (v, v). For every prime p we have constructed a vertical cycle
Cye" of codimension two on M. If p { disc(By) then C;* was defined at the end of §5,
and is nontrivial only if )y has an irreducible component supported in characteristic
p. If p | disc(Bp) then C;*" was constructed in §6. In this latter case C;*" has rational
coeflicients and is only defined up to the addition of rational multiples of principal
Weil divisors on M, . In either case we endow the cycle C;*" with the trivial
Green current to obtain a class

o~ . /\2
YV, (a) € CH (M).
The arithmetic cycle class

(73) V(o) =" (a,v)+ Y Ii(a)

p prime

agrees with that constructed in [9, §4.1].
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Proposition 7.1. If we abbreviate
av] + a® vy

b =1
(o, v) = log <4v1v2aa“dpdisc(Bo)
(the function J was defined in §4) then

> — J(4rav + 4ravg)

— o 1
deg g, V(a,v) = 3 b(a, v) - degg(C**) — hg, (C**)
1 1/2 1/2
+ Z — Eo(vy" 1) * &o(vy “12)
TED\ L sins 2 |Stab1'*0 (T)‘ Xo
Q(1)=a
+ Y log(p) (I,(C*, Mo) + L,(C", Mo)).
p prime

Here degq is defined by (37) for irreducible cycles of codimension two on M and
extended linearly to all cycles of codimension two, Wy is the metrized Hodge bundle
of §3, hg, is the Arakelov height of §4, Stabr,(7) is the stabilizer of T in T'g, and
L8 and &y are as defined in §2.

Proof. From the definition of Y(a,v) we have
(74)  degag,la,v) = degag, (V*(a,0) + 3 (@) + degut, I** (0 0)
P

From §1 we know that
deg g, (V*(0,0) + 3 V() = D log(p)(1,(C*, Mo) + L, (Cy*, Mo))
P P

(75) +IOO(E.(a7v)7MO)7
and as in [9, Proposition 2.2.1]
- 1 1/2 1/2
I (2% (a,v), Mp) = 7/ Eo(vy" 1) * Eo(vy “T2)
2 b 0] Jy, 0 :
Q(r)=a

We may use the adjunction formula of §4 to compute the second term. Indeed, If
we extend the construction D +— D(v) of (27) linearly to all horizontal cycles D of
codimension two on M then

V**(a,v) = C**(av).
Theorem 4.6 extends linearly to all such D (providing one counts points P € D(C)
with appropriate multiplicities) and yields

Qogp, I (00) = B, (C**) + 5b(a,v) degg(C™)

1
3 Z ep' Z /Xgo(%l“o,mm)*go(’YzIo,Oézvz)

PeC**(C) YEL\I' ¥ 0

where zg € Xy lies above P under the orbifold uniformization [I'o\Xo] = M (C).
As in the proof of Proposition 2.2 the cycle C**(C) on M (C) is identified with the

formal sum
C*(C) = Y (@t (r)+a (1)

Ter\L**
Q(r)=a



52 BENJAMIN HOWARD

Choosing each coset representative 7 € T'\L*® to lie in L¥"8, so that 2% (7) € X,
we see from Lemma 4.1 and (16) that

T € L8 = qaE (1) € Xy = v €T,
This observation gives the second equality of

Z 61;1 Z /Xgo(%ffo,oqm)*go(’yzxo,agvg)
0

Pece*(C) vET O\
v€Tlo

. > &o(v,* 1) * & (v, 12)

TEF\L" |Sta’bFO(T)‘ ’YEF()\F XO
Q(r)=a g2y

1
2 [Stabr, (7)] /x €o(vy"" 1) * €0 (vy/?2)

TEDO\(L®® ~L5"8)
Q(T)=a

and using L""8 = L® || (L** \ L*"8) we obtain

Io(Z*(a,v), Mg) + d/(%MOJA/"(a,v) = —hg,(C**) + %b(a,v) degg(C**)

! 1/2 1/2
S e fy, S 6l

rETo\LPsine
Q(r)=a

Combining this last equality with (74) and (75) completes the proof. O

For every symmetric positive definite matrix v € Ma(R) and every T' € Sym,(Z)
Kudla-Rapoport-Yang [17] have defined an arithmetic cycle class

~

(76) Z(T,v) € Clg(My)

in the R-arithmetic Chow group defined in [17, §2.4]. Our main result, an arithmetic
form of the decomposition (6), relates the arithmetic degree of (73) along My, in
the sense of (12), with the arithmetic degree of (76), in the sense of [17, (2.4.10)].
Recall that (v, v2) denotes the image of v under F®gR = R xR and that {1, ws}
is our fixed Z-basis of Q. Define

(77) v=R (”1 ) 'R R= <w1 wg) .
(%) w2 Wy
Theorem 7.2. If either
(a) F(v/—a)/Q is not biquadratic, or
(b) 2 splits in F and ged(aOp,Dp) = Op
then
deg g, V(a,v) = Z deg Z(T,v).
TeY (a)

Proof. By [17, Theorem 3.6.1] Z(T'),o = 0 for det(T) # 0. Hence passing to the
generic fiber in (6) yields an isomorphism of stacks

L] 2(1)0= W)
Tex(w)
det(T)=0
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and hence, applying (47) and taking Zariski closures, an equality of cycles

Z Zhor(t) — C**

TeX(a)
det(T)=0

of codimension one in My, where ¢ is the positive integer defined by (46). As in the
proof of [17, Lemma 7.9.1] (i.e. combining [17, (6.4.2)], [16, (9.12)], [16, Proposition
12.1], and [16, Proposition 9.1]) and using Tr(Tv) = av; + ave we have

deg Z(T,v) = —hg, (227 (t)) — ha, (Z2¥ (1))
+% degQ(Z(t)) . {log (

avy + a® vy

— | - J(4 dra’
tvlvgdpdisc(Bo)) (dmavy +dma vg)]

for every singular T' € ¥(«). Thus

ST deg Z(Tv) = —hg, (C**) — Y hg, (2 (1))

TeX (o) TeX (o)
det(T)=0 det(T)=0
1 .o daa?”
+§deg (c**)-b Z degg(Z log< ; >
TEZ(a)
det(T)=0

Recall from §2 that V is the F-vector space of trace zero elements of B, and
Vo is the Q-vector space of trace zero elements of By. Let Ly C V, be the Z-
submodule of trace zero elements of Op,, with I'g acting on Ly by conjugation. For
each T' € Sym,(Z) let Lo(T) C Lo x Lo be the subset of pairs (s1, s2) satistying (5),
where [s1, 2] = —Tr(s152). For each nonsingular 7' € (o) with Diff (T, By) = {oc}
(in the sense of [17, §3.6]) and (s, s2) € Lo(T) we define

T = S1W9 + S22y € Vg‘/E]@QF
and let (71, 72) be the image of 7 under
Ve&gR=Vy®R x Vy®gR.
We then have, by [17, §6.3],
— 1
deg Z(T',v) = Z e &o(vy/?m) * €o(vy/ "),
(s1,82)€T0\Lo(T) 81,82 J Xo
where we have abbreviated e, s, = |Stabr,(s1) N Stabr,(s2)|. Using the bijection
|| Lo(T) — {7 € L™ | Q(r) = a}

TeX(a)
det(T)#0

defined by (s1, 82) — $1@01 + saw2 and the fact that L(T) = () unless Diff (T, By) =
{o0} we obtain

1

S deg Z(T,v) = e €o(vr/ 1) * (v 2 my).
T nsin, 2 : |StabF0 (T)l XO

eX(a) T€lo\L g
det(T)#£0 Q(r)=a

Diff(T,Bg)=00
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Using Proposition 7.1 and the above formulas we are reduced to verifying

S ha @)+ Y [L(C Mo) + L€, Mo)] - log(p)

TeX(a) p prime
det(T)=0
— = 1 daa®
(718 => > deg 2TV +5 > degQ(Z(t))~log( ; )
p<oo TeX () TeY ()
det(T)#0 det(T)=0

Diff(Bo,T)={p}

For a prime p which does not divide disc(Bj) and a nonsingular T' € X(a) with
Diff(By,T) = {p} the arithmetic cycle class Z(T, v) is studied in [17, §6.1]. Com-
paring with Proposition 5.7 gives

[Ip(C;,, M) + IP(C;er, Mo)} -log(p)
- Y @Aty Y deng(2) od, (5 ) g

TeX(a) TeX(a)
det(T)#0 det(T)=0
Diff(T,Bo)={p}

For a prime p dividing disc(Bp) and a nonsingular 7' € ¥(a) with Diff(By, T) =
{p} the arithmetic cycle class Z(T,v) is studied in [17, §6.2]. Comparing with
Proposition 6.6 implies

[15(C5, Mo) + L,(Cy", Mo)] -log(p) + D hay (2¥(1),)
TeS
det(T()i)O
— = 1 4o’
= Z deg Z(T,v) + 3 Z degg(Z(t)) - ord, ( ; ) log(p).
TeS(a) TeS(a)
det(T)#0 det(T)=0

Diff(T,Bo)={p}
The above two formulas prove (78), and complete the proof of the theorem. O

Corollary 7.3. Suppose that o € Op and v € F ®qg R are both totally positive. If
either F(\/—a) is not biquadratic, or if 2 splits in F' and aOF is relatively prime

to the different of F/Q, then
d/eTgMoj(a,v) = c(a,v)
where c(a,v) is the Fourier coefficient appearing in (4).

Proof. By [9, Lemma 4.2.1]

c(a,v) Z deg Z(T,v)
TeX ()

and so the proof is immediate from Theorem 7.2. ([l
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