Benjamin Howard

Dept. of Mathematics, Harvard University, 1 Ozford St., Cambridge, MA. 02138.

Special cohomology classes for modular Galois
representations

Abstract

Building on ideas of Vatsal [23], Cornut [5] proved a conjecture of Mazur asserting
the generic nonvanishing of Heegner points on an elliptic curve F/q as one ascends
the anticyclotomic Z,-extension of a quadratic imaginary extension K/Q. In the
present article Cornut’s result is extended by replacing the elliptic curve E with the
Galois cohomology of Deligne’s 2-dimensional ¢-adic representation attached to a
modular form of weight 2k > 2, and replacing the family of Heegner points with an
analogous family of special cohomology classes.

0 Introduction
0.1 Statement of the main result

Let f € Sop(I'g(N),C) be a normalized newform of weight 2k > 2 and level
N > 4. Fix a rational prime ¢ and embeddings of algebraic closures Q* — Q,
Q* < C. Let ® C Q3 be a finite extension of Q; containing all Fourier coeffi-
cients of f and let Wy be the 2-dimensional ® vector space with Gal(Q*/Q)-
action constructed by Deligne [6], so that the geometric Frobenius of a prime
q (N acts on W; with characteristic polynomial X2 — a,(f)X + ¢**7!. Let
K be a quadratic imaginary field satisfying the Heegner hypothesis that all
prime divisors of IV are split in K, fix a prime pt N -disc(K), let H[p®] denote
the ring class field of K of conductor p®, set H[p>*| = UsH[p®], and define
G = Gal(H[p>*]/K). The torsion subgroup G C G satisfies G/Gy = Z,,.
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In §5.1 we define for every s > 0 a subspace
Heeg,(f) C H'(H[p"], Wy(k)).

This subspace is the higher weight analogue of the subspace generated by the
Kummer images of Heegner points in the case k = 1, in which case

Wf(l) = Tag(Af) X @g

for Ay the modular abelian variety attached to f by Eichler-Shimura theory.
Such higher weight Heegner objects have been studied earlier by Brylinski
3], Nekovér [15,16], and Zhang [25], and our construction of Heeg,(f) follows
Nekovai’s [16] construction very closely. The main result (Theorem 5.1.1) ex-
tends the results of Cornut [5] and Vatsal [23] from the case k = 1, and is as
follows:

Theorem A Fiz a character x : Gy — ®* and let

= Y x(0)o € D[Gy).

c€Go

Suppose L4 p- N -p(N)-disc(K)- (2k —2)! (¢ is Euler’s function). As s — oo
the ®-dimension of m Heeg (f) grows without bound.

Let X(N) /g be the usual (geometrically disconnected) moduli space of gener-
alized elliptic curves over Q with full level NV structure, and let V,o — X (V) 0
be the Kuga-Sato variety considered in [20,21]. Thus Vg is a desingularization
of the (2k — 2)-fold fiber product over X (V) g of the universal generalized el-
liptic curve. By work of Scholl [21], Deligne’s ¢-adic representation Wy occurs
as a summand of H?*~*(V,qu, Q). Combining this with the (-adic Abel-Jacobi
map of [17] yields a map [16, §0.3]

Uy 2 CHG(Vyr) = H*(Vir, Qu(k)) — H'(F, Wy (k)

for any number field F', where CHE denotes the Chow group of homologically
trivial cycles of codimension k, modulo rational equivalence. Nekovér [16,17]
shows that the image of ¥ is contained in the Bloch-Kato Selmer group

Sel(F, Wy(k)) € H'(F, W (k)).
Taking F' = H[p®], the subspace Heeg,(f) lies in the image of V.

As in [23] we may write H[p™] as the compositum of linearly disjoint (over
K) fields F' and K., where F'/K is tamely ramified at p with Galois group
Gy, and K /K is the anticylotomic Z,-extension. By Theorem A (and un-
der the hypotheses of that theorem), the dimension of the y-component of
Sel(Q*/H p®], W;(k)) grows without bound. This provides some evidence for



the standard conjecture predicting that for each character x of Gy

dimg m,Sel(H [p°], Wi(k)) = ords—g H L(f® K,x ",s) (1)
P

where the product is over all characters ¢ of Gal(K/K) of conductor < p?
and L(f®@ K, x ', s) is the twisted L-function defined as in [16, §0.5]. Indeed,
the Heegner hypothesis and the functional equation force L(f @ K, x ', k) =
0 for each such v, and so the right hand is > p®. One might hope to extend
Kolyvagin’s theory of Euler systems so as to prove that the left hand side is
p°+O(1). Work of Nekovér [15] and of Bertolini and Darmon [2] give evidence
that this is accessible.

It is conjectured that the kernel of ¥, is independent of the choice of prime ¢.
A proof would allow one to remove the undesirable hypothesis that ¢ # p in
Theorem A, leading to higher weight generalizations of the Iwasawa theoretic
results of [1,8,18]. It seems difficult to adapt the methods of the present article
to treat the (most interesting) case ¢ = p; instead that case is treated in the
forthcoming work [9] using a completely different construction of Heegner
cohomology classes in H'(H[p*], W;(k)). The constructions and results of [9]
hold only for £ = p and f ordinary at p, but allow modular forms of odd
weight (which seem inaccessible using the methods of the present article).

Zhang [25] has proved a higher weight form of the Gross-Zagier theorem relat-
ing the height pairings of certain Heegner cycles in CH’S(V/ mp) to the deriva-
tives L'(f @ K, x !4, k) for characters ¢ of trivial conductor. The images of
these Heegner cycles under Wy generate our Heegy(f), and thus Theorem A
would yield nonvanishing results for L'(f@ K, x 14, k) if Zhang’s formula were
extended to ramified characters, and (harder) if one knew the nondegeneracy
of the height pairing on the Chow group CHE(V).

0.2 Notation and conventions

Throughout this article we use k, N, and M to denote positive integers with
k> 1, N > 4, M squarefree, and (M, N) = 1. We will be ultimately be
concerned with the case M = 1, but must allow more general M for technical
reasons (M will eventually be a divisor of disc(K')). We frequently abbreviate
N = NM. The letters ¢ and p denote rational primes with (¢p, N) = 1. We
allow ¢ = p unless stated otherwise (more precisely, we allow ¢ = p except in
Sections 3 and 5).

The letter A always denotes a Z,-algebra. If S is a scheme on which N is invert-
ible we let Yo(N),s (resp. Y1(IV, M),s) be the coarse (resp. fine) moduli space
of elliptic curves with I'o(IN) level structure (resp. I't(N, M) =T';(N)NTy(M)



level structure). If M = 1 we omit it from the notation, and we sometimes omit
S if it is clear from the context. For a congruence subgroup I' C SLy(Z) we
will sometimes refer to a pair (£, x) consisting of an elliptic curve E together
with a I' level structure  on E simply as a I' structure. Set A = (Z/NZ)*
and let ¢ be Euler’s function.

1 Augmented elliptic curves

Throughout §1, A = Z/mZ for some fixed ¢-power m, and S = Spec(F') for F
a perfect field of characteristic prime to /N with algebraic closure .

1.1 Sheaves

If L/F is an algebraic extension, let 7"V : E™Y — Y;(N),;, be the universal
elliptic curve, and define a locally constant constructible sheaf on Y;(N),r,

EA — Sym%_z(lefnivA). (2>

The formation of this sheaf is compatible with base change in L, by the proper
base change theorem. There are isomorphisms of étale sheaves on Y7 (),

Rlﬂ-:nivﬂm o HOI’Il(EuniV [m]vﬁm) o~ Euniv [m]

where E"™"[m] is the étale sheaf on Y;(N),; associated to the group scheme
E"V[m] and Hom is sheaf Hom. Taking symmetric powers, there is a canonical
isomorphism

La(2k — 2) = Sym™ 2 (E"[m]). (3)

If we let Y/, be a connected component of the open modular curve param-
eterizing elliptic curves over L with I'y(N) N I'(m) level structure and fix a
geometric point Z — Y1(N),, then the forgetful covering map Y, — Y1(N),r
cuts out a quotient of the fundamental group m; = 7 (Y1(N) /1, 2). The group
of Y, -valued m-torsion points of the universal elliptic curve over Y, is canon-
ically isomorphic to A? (via the universal I'(m) level structure), and the action
of m; on this group identifies the aforementioned quotient with a subgroup of
GLy(A) containing SLy(A). We thus obtain an action of 7r; on A? and so also on
Sym?*7?A2. It is immediate from (3) that the locally constant sheaf associated
to this action is isomorphic to L4 (2k — 2). From the discussion following |7,
§2 Lemma 2| we see that there is a perfect symmetric pairing of étale sheaves

Lalk—1)® La(k—1) = A. (4)



For any étale sheaf F on Y (), define

H*(Yi(N), 1, F) = Image(H; (Yy(N) ., F) — H*(Yi(N) 2, F)).  (5)
1.2 Augmentations

Let L/F be an algebraic extension and let I' be any one of I'o(N), I'z(N),
[y(N), or I'y(N,M). If E is an elliptic curve over L, define a Gal(F?/L)-
module
Ar(E) = (Sym*™ E[m])(1 — k)

(where E[m] = E(F®)[m]) and set A3(E) = Ax(E)%F*/L) Note that Ay
and A3 are naturally covariant functors on the category of elliptic curves over
L. The construction of Ax(E) depends on the embedding L — F?2 but that
of A3 (FE) does not, in the sense that the A-modules defined by two different
choices are canonically isomorphic.

Definition 1.2.1 By a A-augmented I" structure over an algebraic extension
L/F we mean a triple (E,z,0) in which (E,x) is an elliptic curve with T
structure over L and © € A3 (F).

Two A-augmented I' structures over L, (FEy,xo, ©p) and (E4,x1,01), are iso-
morphic if there is an isomorphism (over L) of elliptic curves ¢ : Ey — Fj such
such that ¢ identifies xg with z1 and ¢(0g) = O;. If (E, z, ©) is a A-augmented
I structure over F* and o is an automorphism of F . there is an evident no-
tion of the conjugate A-augmented I' structure (E,x,0)7 = (E7,z°,07).

Definition 1.2.2 Given a A-augmented T structure (E,xz,0) over F¥ the
field of moduli, L, of (F,x,0©) is the extension of F characterized by the
property that o € Gal(F*/F) fizes L if and only if (E,z,0)° is isomorphic
(over F&) to (E, x,0).

Remark 1.2.3 We will often use (E, C,0) to denote a A-augmented I'o(IN)
structure, and write C C C for the T'y(N) structure obtained by forgetting the
Co(M) structure.

If z € Yi(N, M)y, is a closed point we let EM™ be the pullback of the universal
elliptic curve over Y;(N, M), to k(z). Define the module of A-augmented
cycles on Y1(N, M)y,

AIO\(le(N7 M)/L) = @A?\(E;niv)>

where the sum is over all closed points of Yi(N, M), (note that A3 (E™Y)
means the points of Ay (E™Y) defined over the field of definition of EU™Y,



k(z), not over L). For any set of closed points Z C Yi(N, M), define
ANZ; Yi(N, M) /1)
in the same way, but with the sum restricted to z € Z. We also define

AN, M) = @ Ax(E (6)

(E,x)

where the sum is over isomorphism classes of I';(N, M) structures over F?.
A A-augmented Ty(N)-structure (E,z,0) over F® defines an element of the
modular (6), denoted the same way, by taking the element © in the summand
attached to (E,x) and 0 in the other summands. The module A, (I'; (N, M))
has a natural action of Gal(F® /L), and

AS(Yi(N, M) 1) 2 Ap(Ty (N, M)/, (7)

Indeed, a closed point z € Y;(N, M), and a © € A3 (EM™Y) determine a A-
augmented 'y (N, M) structure (E™Y, 29, ©) over k(z), where (B, zuniv)
is the pullback to k(z) of the universal I'y(N, M) structure. Each embedding
of L-algebras k(z) — F® then determines a A-augmented T'y (N, M) structure
over F'¥_ and summing over all embeddings k(z) — F? determines an element
of the right hand side of (7). Extending linearly over all z and © gives the
desired map. The construction of the inverse is similar and easy.

1.8 A higher weight Kummer map

In this subsection M = 1. Let L C F? be an algebraic extension of F.
Fix a closed point z € Yi(N) s and and write ¢, for the closed immersion

Spec(k(z)) — Yi(N),r. Denote by j : Yi(N)/pa — Xi(N)/pa the usual
compactification.

Lemma 1.3.1 There are canonical isomorphisms

AVE™Y) = HO(z, 2L (k — 1)) = HZ(Yi(N) 1, La(K)).

PROOF. The first isomorphism is induced by the isomorphism (3), and the
second is a consequence of cohomological purity as in [13, Chapter VI §5]. O

Lemma 1.3.2 There is a canonical isomorphism

H*(X1(N)p,3.La(k)) = HY(F/L, gl(Yl(N)/Fala L(k)).



PROOF. One checks directly that Sym*~2A2 has no SLy(A)-invariants, and
hence, by the discussion of §1.1, H*(Y1(N) pa, L) = 0. Using Poincaré dual-
ity we see also that the group

H2(X,(N) o, L) = H2(Y2(N) s, £)

is trivial, and so '
H(X(N) s, 4oLr) = 0 0
for ¢ # 1. Thus the Hochschild-Serre spectral sequence and the identification

HY(X1(N) par, juLa) = H' (Yi(N) jpa, L) (9)
yield the desired isomorphism. O

Definition 1.3.3 Combining Lemmas 1.3.1 and 1.3.2 with the homomor-
phism
HZ(Yi(N)/z, £a(k)) — H(X1(N)/z, jLa(k))

we obtain a map
AZ(B™Y) — HY (F*/L, H' (YA(N) jpa, £4)(F) )

for each closed point z € Y1(N),r. This map extends linearly to define the
A-augmented Kummer map

AZ(Yi(N)y) = H' (F/ L H (Yi(N) s, £2) (R)).

We now give an alternate definition of the A-augmented Kummer map. The
proof of the equivalence of the two definitions requires only minor modification
of [11, Lemma 9.4] and is omitted. Given a closed point z € Yi(N)/r, let
U = U,pa1 be the open complement of 2 x I alin X;(N) /pa. Excision and the
relative cohomology sequence give the exact sequence

0— Hl(Xl(N>/Fal,j*£A) — Hl(U,j*ﬁA) — EXLFal(}/l(N)/FaI, EA) — 0
(10)
where the initial and terminating zeros are justified by cohomological purity
and (8), respectively. Using Lemma 1.3.1 we may identify A3 (E™") with the

Gal(F?/L)-invariants of

D ANETY) = HE, pa(Yi(N) e, L4)(R),

wezx  Fal

and the connecting homomorphism
ANEEY) — HY(FY /L, HY(X1(N) par, joLa) (K)) (11)

then agrees with Definition 1.3.3, using the identification of (9).



For L/F any algebraic extension, the group A acts on Y;(N, M), through
the diamond automorphisms. There is a similar action of A on A, (I (N, M))
commuting with the Gal(£®!/L)-action, and so A also acts on A3 (Y1(N, M), )
by (7), and on A§ (Z; Y1 (N, M),.) for any subset Z C Y1 (N, M), stable under
A. There is also a familiar action of A on the cohomology H*(Y1(N) /1, La(j))
for any ¢ and 7, on compactly supported cohomology, and on the cohomology
supported on Z for any closed set Z C Yi(NV),, stable under A. The action
of A is compatible with the A-augmented Kummer map of Definition 1.3.3.

1.4 Augmented T'o(N) structures

Now fix a A-augmented I'o(N) structure (£, C, ©) over F'2 and suppose L is a
finite extension of F' containing the field of moduli of (E, C,©). In particular
L contains the field of moduli (in the usual sense) of the pair (F,C), and
so determines a closed point y € Yy(IN),, with residue field L. Let Z C
Y1 (N, M), denote the set of closed points lying above y under the forgetful
degeneracy map
FN,M : Yl(N, M)/L - YO(N)/L-

Let Pi,..., P,y be the generators of C' (using the convention of Remark
1.2.3) and let x; be the I'y(N, M) structure on E determined by P; and the
[o(M) structure underlying C. Define, using (7),

@(N)
Fyu(E,C,0) = 3" (B, x;,0) € A (Z; Yi(N, M),)">. (12)

1=1

Taking M = 1 for the moment, we denote by
. A
QL(E,C,0) € H(F" /L, H'(Yi(N) ra, L4)(k)) (13)

the image of F}(E, C, ©) under the A-augmented Kummer map of Definition
1.3.3. Allowing L to vary over all finite extensions of F' containing the field
of moduli of (E,C,0), the formation of Qy(FE,C,©) is compatible with the

restriction maps on Galois cohomology.
1.5 Reduction and ramification

In this subsection we assume that M = 1 and [ is a finite extension of Q,
for some prime ¢ { /N. Let F2' and F denote the residue fields of £ and F,
respectively, so that

Wi < H (Yi(N) o, £4) = H'(Yi(N) g, £4) (14)



is an unramified Gal(F®/F)-module. Let (E,C,©) be a A-augmented T'g(N)
structure over F® and assume that £ has good reduction. The reduction of
(E,C), a I'y(N)-structure over the field F2, is denoted (red(E),red(C)), and
we identify E(F®)[m] with red(E)(F2")[m] as A-modules. This determines an
isomorphism red : Ay(E) = Ap(red(F)), and so we obtain a A-augmented
[Co(N) structure

red(E,C,0) = (red(F),red(C), red(0))

over . If L ¢ F® is a finite extension of F containing the field of moduli
of (E,C,0) then the residue field of L, L, contains the field of moduli of
red(E, C,0), and so we may form

Qu(red(E), red(C), red(0)) € H (F /1L, W (k)2

Proposition 1.5.1 Suppose ¢ 1 ¢(N). In the notation above, Qp(F,C,0) is
equal to the image of Qp(red(E),red(C),red(0)) under the inflation map

H'(F /L, Wa(k)) = H' (L™ /L, Wa(k)) — H'(F" /L, W (k)),

where L™ C F¥ is the mazimal unramified extension of L.

PROOF. It is clear from the definition that the construction
(E,C,0) — FN(E,C,0)

is compatible with reduction, so the proof of the proposition amounts to
verifying that the constructions of §1.3 extend across integral models. Let
Z C Yi(N), be as in §1.4 and suppose for the moment that every z € Z
has residue field L. Denoting the integer ring of L by Oy, each z € Y1(N),p,
extends to a smooth section z : Spec(Or) — Xi(IV),/0, of the canonical inte-
gral model of X;(N) over Op. Since E™" has potentially good reduction, this
section does not meet the cusps in the special fiber, and so factors through the
affine subscheme Y1 (V) /0, . The sequence (10) extends across integral models
over the integer ring of the maximal unramified extension of L, denoted R, to
give the middle row of the commutative diagram

OﬁHl(X/Fal,]*;CA) %Hl(U/]Fal,]*/CA) e ngal(}//]Fala ‘CA) %O

| | T

0——=HY(X/R, juln) ——=H"(U)g, jL£n) —HZ, g(Y/r, Lr) —0

| | |

0—>H1(X/Fal,j*£/\)—>H1(U/Fal,j*£/\>—>H§XFal(}//Falu£A>—>O

where we abbreviate X = X (N) and Y = Y;(N), and write U/g for the
complement of z X R in X ,g. Lemma 1.3.1 implies that the rightmost vertical



arrows are isomorphisms (the pullback of £, to z x R is constant, so its global
sections can be computed in either geometric fiber). The vertical arrows on
the left are isomorphisms, by (9) and the isomorphism of (14). By the five
lemma the arrows in the middle column are isomorphisms as well, and from
this it follows that the map (11) is compatible with reduction.

For the general case, choose a z € Z and an embedding k(z) — F?. Let L' be
the image of this embedding. It is easily seen that L’ does not depend on the
point z or the choice of embedding, that L’/L is a Galois extension of degree
dividing ¢(N), and that every point in Z xj L' < Y;(NN)/1, has residue field
L'. The proposition follows from the bijectivity of the restriction map

Hl(Fal/L, WA(k’)) ~ Hl (Fal/L/, WA(k’))Gal(L//L),

and of the analogous map on the level of residue fields, together with the
special case considered above. O

1.6  Degeneracy maps

Recall that M is squarefree. Given a divisor M’ | M we define a degeneracy
map

ol - Ax(Ty(N, M)) = Ay(T3 (N, M)
as follows. Given a A-augmented I'y(N, M) structure (E,x,©) over [ we
define
oM (E,z,0) = (E,z',0)
where z’ is the I'y (N, M") structure on F underlying z. Extend this A-linearly
to a map on A, (1 (N, M)). We also define a degeneracy map

B AN (N, M)) — Ar(T1(N, M'))

as follows. Given a A-augmented I'y (N, M) structure (E, z,0) over F® let P
and D be the I'y(N) and T'g(M) structures underlying z. Let Dy C D be the
subgroup of order M/M’, let E' = E/Dy, and let P’ and D’ be the images of
P and D under E — E'. Let © be the image of © under Ax(E) — Ax(E').
Write o’ for the I'y (N, M') structure (P’, D’) on E’. Now define

BAJ%’(EJ z, ®> = (E/v ,’,U/, 9/)

and again extend linearly. The maps a3, and (3, respect the Gal(F*/F)
action, and so induce maps

ol B+ AL (Vi(N, M) 1) — AL (Vi(N, M) 1)

for any algebraic extension L/F.
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2 Families of augmented CM points

Let A = Z/mZ for an {-power m. Fix a quadratic imaginary field K C Q#,
assume that all prime divisors of N are split in K, and fix an ideal 1 C Ok
such that O /M = Z/NZ. Fix an elliptic curve E; over Q* with complex
multiplication by the maximal order O (there are #Pic(Ok) such curves).
Let j : Ox — Endga(E;) be normalized so that pullback by j(«) acts as
multiplication by a on the cotangent space of F;(C) for every a € K. Set
Cy = E1 [N, a cyclic subgroup of order N.

Definition 2.0.1 An element ¢ € GLy(Q,) is cyclic if (¢7'Z2) contains Z7,
with cyclic quotient. The degree of a cyclic ¢ is

deg(c) = [0_12]23 : Z;] = pordp(det(c)),
2.1 A parametrized family of Heegner points

A choice of isomorphism of Z,-modules Ta,(E;) = Z2 (which we now fix)
determines a family of elliptic curves over Q* parametrized by

T = Q}GLa(Z,)\GLa(Q,)

as follows. For each cyclic subgroup X C F;[p™] = (Q,/Z,)? there is a cyclic
cx € GLy(Q,) such that X = (c5'Z2)/Z2. The assignment X — cx estab-
lishes a bijection between the set of such subgroups and the cyclic elements
of GL2(Q,), modulo left multiplication by GLs(Z,). We denote the inverse by
¢ — X,.. The projection map GLy(Z,)\GL2(Q,) — 7 establishes a bijection
between the left GLy(Z,)-orbits of cyclic elements and the set 7. To each
g € T we then define X, C E;[p™] to be X, for any cyclic ¢ € GLy(Q,) lifting
g, and define a cyclic p-power isogeny

fg . El — Eg = El/Xg

of degree deg(c). Define the degree of g by deg(g) = deg(c) = deg(f,). The
elliptic curve E, over Q* inherits a ['o(N) structure C, = f,(C1) = E,[NNO,],
where O, C Ok is the largest order which leaves the subgroup X, C E;[p™]
stable. The conductor of O, is a power of p.

For each g € T let H, be the ring class field of O,, thus H,/K is Galois
with Galois group canonically identified with Pic(O,). The Weil pairing on
E,[m] provides a canonical (up to 4-1) isomorphism between (Sym?E,; [m])(—1)
and the traceless A-module endomorphisms of Ej[m]. In particular there is
a canonical (up to sign) element ¥; € (Sym?E;[m])(—1) corresponding to
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VD € Endga(E)). Let ©; € Ax(E)) be the image of 93 under the natural
projection

Sym* ™! ((Sym” Ex[m])(—1)) — (Sym* 2 Ei[m] ) (1 — k),

and define ©, = f¢(01) € Ax(E,). The data K, Ey, M, and Ta,(E;) = Z2 thus
determine a family g — (E,, C,;, ©,) of A-augmented I'g(N) structures over
Q¥ parametrized by 7. This data is to remain fived throughout the remainder
of the article. Define a Gal(Q*/K)-module

Wy = H(Yi(N) jgu, L4)- (15)

Using the theory of complex multiplication it is easily seen that the field of
moduli of (E,,Cy,0,) is H,, and so the construction (13) yields a family of
cohomology classes parametrized by g € 7

g = QHQ(EQ7CQ7 99) S Hl(Qal/Hgv WA(k>>A- (16>

Let H[p®] denote the ring class field of conductor p* of K. For each s > 0
define 7; C T to be the subset consisting of all ¢ such that H, C H[p®]. For
g € T, we let

Qu(9) = Qi (By, Cy, ©,) € H'(Q/H[p"], Wa(k))* (17)

be the restriction of the cohomology class of (16) to Gal(Q/H [p*]).
2.2 Level M structure

Suppose that the integer M of §0.2 is a divisor of disc(K) and let 9t be the
unique Og-ideal of norm M. Although we assumed in §2.1 that all prime
divisors of N are split in K, the constructions of §2.1 work equally well with
N replaced by N = NM and 0N replaced by 991. This has the effect of
endowing each (E,, C,) with the extra I'g(IN) structure C, = E, MM N O,],
so that ¢ — (E,,C,,0,) is a parametrized family of A-augmented I'o(IN)
structures.

3 Reduction of the family

In this section we prove Theorem 3.4.3, which is our analogue of [5, Theorem
3.1]. Suppose ¢ # p and take M to be a divisor of disc(K) as in §2.2. Assume
(1 @(N) and ¢ > 2k —2. Let A be a finite quotient of Z,. Let Q be a finite set
of rational primes inert in K, all prime to ¢/pIN. For each g € 9, let q denote
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the prime of K above ¢ and fix an extension of q to a place of Q. We will
abusively use 9 to refer to the set of rational primes, the set of primes of K
above them, and also the set of chosen places of Q. Let Fﬁl and Iy denote the
residue fields of Q* and K at q € 9, respectively, so that F, has ¢* elements
and IF;“ is algebraically closed. For each q € Q let

ZO(N)CI - }/O(N)/Fq Zl(N7 M)CI - K(N, M)/Fq

denote the subsets of supersingular points. The points of Zy(N), all have
residue field Fy, but this need not be true of Z; (N, M),.

Definition 3.0.1 A subset S C Gal(Q*/K) is chaotic if for any distinct
o,7 €S, the restriction of oT~" to Gal(H[p™®]|/K) is not the Artin symbol of
any idele with trivial p-component.

3.1  Simultaneous reduction

As FE; has complex multiplication, any model of E; over a number field has
everywhere potentially good reduction. Fix a finite Galois extension F}/K
over which F; has a model with good reduction at every prime above every
rational prime ¢ € Q, and fix such a model. All endomorphisms of E; are
defined over Fj, and hence so is the subgroup C; = E;[MM]. For each g € T
let F;, be a finite extension of F}, Galois over K, over which the subgroup X,
is defined. We may then view £,, C,, and the isogeny f, all as being defined
over Fy. Fixing these choices, we may reduce everything at w, to obtain a
family of A-augmented I'g(N) structures over F!

redq(Ey, Cy, 0,) = (redq(E,), redq(Cy), redy(6,)).

We also denote by red,(f,) the reduction of the isogeny f,. Given an element
o € Gal(Q*/K) we may also form

redq(E], CF,05) = (redq(EY), redg(CY), red,(07)) (18)

and

red,(fg) : redq(EY) — redq(E7).
To emphasize, we regard these as A-augmented ['o(N) structures over IF;‘I,
regardless of the residue field of Fj, at q. The field of moduli of (18) is Fg; a
fact (Lemma 4.1.1) whose proof we postpone until the next section. Abbreviate

Zq(M) = AL (Zy(N, M)g; Yi(N, M) s, ). (19)

Let A[7] denote the free A-module on the set 7. For each o € Gal(Q*/K)
and each q € Q define the reduction map Red, 4 : A[7] — Z,(M) by taking
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L =TF,in (12) and linearly extending
Redyq(g) = Fiy ar(redq(E]), redq(CY), redy(05)).
For any subset S C Gal(Q*/K) define the simultaneous reduction map

Redsa:AlT] — @ Z,(M) (20)
(o,9)ESXQ

by linearly extending Reds n(g) = @©,4Redsq(g). The reader may wish to skip
directly to Theorem 3.4.3, the main result of §3.

3.2 Reduction at q

Fix a q¢ € Q. Define S = Endgu(redq(£1)) and B = 5 ® Q so that B is a
quaternion algebra ramified exactly at ¢ and oo, and S is a maximal order in
B. Let R C S be the subring of endomorphisms which leave redq(C;) stable,
so that R is a level N-Eichler order in B. The embedding j : Ox — Endp, (E})
determines an embedding which we again denote by j

j+ K = Endp (E1) ® Q — Endga(redq(£1)) © Q = B,

with j(Og) C R. For any rational prime r and any Z (resp. Q) algebra A,
set A, = A®y Z, (resp. A, = A®q Q,). Let B be the restricted topological
product [T, B, with respect to the local orders R, C B,, and define K, R, ...

similarly. The embedding 7 induces embeddings K — B and K, — B, at
every r. We denote all of these again by j.

Recall that we have fixed an isomorphism of Z,-modules Ta,(FE;) = Z2. As
the p-adic Tate modules of E; and redq(E;) are canonically identified as Z,-
modules (and R, C B, is a maximal order), this induces isomorphisms

R, = My(Z,) B, = M>(Q,). (21)

We henceforth identify R = GLy(Z,) and B = GLy(Q,) using these isomor-
phisms, and in particular identify 7" with Q R\ B,‘. This gives a right action
of B (and hence also of B*) on 7. The group R, acts on Tay(redq(£1))
on the left, almost by definition, and we denote by p, the action of R, on
Aj(redq(Er)) obtained by taking symmetric powers, with the understanding
that R, acts trivially on the twist A(1— k). Writing det for the reduced norm
on B*, B/, and so on, we also define Py = Pq ® det'™, and note that the
center Z, C B; acts trivially under pj. The group I'y = R[1/p]* acts on
Ax(redg(E1)) through pg or p; by the inclusion I'y — R/

Fixao € Gal(Q"/K) whose restriction to K (the maximal abelian extension
of K) is equal to the Artin symbol of a finite idele 6 € K*. Let b, 4 € B*
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be such that the r-component of j(6)b, 4 lies in R for all primes r # p, and
let agq € R and (3,4 € B) be the £ and p components, respectively, of

7(6)bgq € B*.

Proposition 3.2.1 Fizg,h € T. Thereis ay € I'g such that B, 4 = hy € T,
if and only if there is an isomorphism of I'o(N) structures over IF;‘I

¢ redq(Ey, C7) = redy(Ep, Cp).
If these equivalent conditions hold then ¢ may be chosen so that

Blredy(09)) = wh (@) - redg(fi) (pa(vay redy(©1)).

where weyc 15 the (-adic cyclotomic character and v € I'y has the property that
there are cyclic (in the sense of Definition 2.0.1) lifts c(g), c(h) € B of g and

h satisfying c(g)Bsq = c(h)y in RY\B.

PROOF. For any g € 7 there is an isomorphism of I'o(IN) structures over
Fal
q
redq(E;’ CZ) = redCI(Egﬁa,q’ Cgﬁayq ) (22)

This is exactly the calculation performed in [5, §3.3]. On the other hand, by
the parametrization of Zy(IN)4 given in [5, §2.3] there is an isomorphism

redq(Egﬁayq, Cgﬁa,q) = redq(Eh, Ch) (23)

if and only if g3, 4 and h lie in the same orbit under the right action of I,
on 7. This proves the first claim. The proof of the second claim follows from
an examination of the isomorphisms (22) and (23), and we give a sketch.
The isomorphisms (22) and (23), disregarding the I'o(IN) structure, arise from
isomorphisms (again, see [5, §3.3])

redq(E7) = Hompg(R - c(g)j (), redq(E1)) (24)

redq(Ey) = Hompg(R - ¢(h), redq(E)) (25)
of functors on F 2Qll—schemes, where Homp means homomorphisms of left R-

modules, and ¢(g) and ¢(h) are viewed as elements of B* with trivial com-
ponents away from p. The map z — xbg,w_l. induces an isomorphism of left
R-submodules of B

oAy boyg N A1
R-c(9)j(6) = R-¢(9)j(6)bo,qg = R+ c(9)Boq = R+ c(h)y = R-c(h)
and so identifies redy(Ey) = redq(E) and

Hompg, (Ry - j(6)¢, Tay(redq(Er)) = Hompg, (R, Tag(redq(E4)) (26)
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By the main theorem of complex multiplication, the isomorphism (24) may
be chosen so that the induced isomorphism

Ta(Er) 2 Tay(E,) S Ta,(E7) = Homp, (R, - j(8)r, Tag(redy(Er))

takes ¢t € Ta,(E;) = Tas(redq(E)) to the Ry-linear map determined by
j(6); — t. The isomorphism (26) takes j(6) — ¢ t0 ayqy ' — t. Under
(25) this latter map corresponds to redq(fn)(va,4t) € Tay(redy(Ey)) This
shows that the composition

Ta,(E1) b, Tay(E,) = Tay(E]) = Tay(redq(E])) = Tay(redq(Eh))

is given by ¢ — redq(fn)(ya, gt). The proposition now follows by taking sym-
metric powers and twisting by A(1 — k). O

Corollary 3.2.2 Let 0 and (3,4 be as in Proposition 3.2.1. For each h € T
there is a @y qn € Ax(redq(E1)) with the property that for any g € thﬁ;é cT
there exists an isomorphism of A-augmented T'o(N) structures over F?!

vedy(E7, CF, deg(g) " - 0) 2 (redy(Ey) redg(Cr), redg(£2) (95(1) Fnan))
(27)
where v € I'q is any element with gB,q = hy in T.

PROOF. Suppose we have an equality g = hvy ;cll in 7 with g,h € 7 and
v € I'y. Fix cyclic lifts c(g) and c(h) of g and h, respectively, to B¢, and choose
Yo € v+ Z[1/p]* so that c(g)Bsq = c(h)yo in RY\B,. Using Proposition 3.2.1
and the fact that pj(y0) = p3(7), one checks directly that (27) holds with

1—-k
- <deg(g)wcyc(a) det(%—l)det(ao,q)) P05 )red (O).

As deg(g) det(79)™' = deg(h)p~ordrdet(Bea) depends on h but not on g, the
same is true of @, q5. O

3.3 Vatsal’s lemma

Fix a subset S C Gal(Q/K). For each q € Q and each 0 € S let 3,4 € B
be as in Proposition 3.2.1. The quaternion algebra B depends on ¢, but using
the isomorphisms of (21) we identify B = GLy(Q,) and view both (54 and
I'y as living in GLo(Q,) under this identification.

Lemma 3.3.1 For each q € Q there is a finite index subgroup I'y C T'q con-

taining Z[1/p]* such that det(I';) = p” and the restriction of p} to '} is
trivial.
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PROQOF. Define a subgroup U =[] U, C BX by

Ker(p’; 'R} — Aut(AA(redq(El)))) if r=1¢
U, = By ifr=p
R else

and let I'; = B*NU C B*. Then I'; C I'y is exactly the kernel of pj restricted
to I'y. We must show that I'; contains an element of norm p. By (24, Theoreme
II1.4.1] there is a by € B* of norm p. Let x = (z,) € U be an element of
norm p € @X By strong approximation [24, Theoreme II1.4.3] the norm one
element by'z € B* may be written in the form byyu = by 'z for some norm
one elements by € B*, y € B}, and u € U. Then byb; has norm p and is
contained in I';. O

Proposition 3.3.2 For each q € Q let I'; be as in Lemma 3.3.1, and for each
(0,9) € S x Q set

)0 = Boal'30,q C GLa(Qy).
If S is chaotic then the quotient map T — [l(s.qesxaZ /Ty 4 is surjective.

PROOF. Let fj;q be the image of I'; , in PGL2(Q,) and let f;é the inter-

section of fj,q with PSLy(Q,). Then fjﬁl is discrete and cocompact by [24,
p.104], and these subgroups are pairwise non-commensurable as (o, q) varies
by [5, Proposition 3.7]. By Vatsal’s application of a theorem of Ratner (see 5,
Proposition 3.11] or [23, Lemma 5.10]), the natural map

PSLy(Q,) — ] PSL2(Z,)\PSLa(Q,)/I%k

(o,9)eESXxQ

is surjective, and the proposition follows as in [5, Proposition 3.4]. O

3.4 Surjectivity of the reduction map

Assume S C Gal(Q¥/K) is finite and chaotic.

Proposition 3.4.1 Fiz (0/,q') € S x Q, y0,m1 € I'g, and h € T. There exist
9o, g1 € T such that

deg(go)' *Reds,a(g0) — deg(g1)' "Redsa(g1) € B  Z4(M)
(o,9)ESXxQ
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has trivial components except at the summand (o,q) = (o’,q’), at which the
component 1s equal to

v (redq(B), redg(Ch), redq(£) (95 (90) Foqn — P5(1) Foan ) )

where @y qpn € Ap(redq(Er)) is the element of Corollary 3.2.2.

PROOF. For each i € {0, 1} Proposition 3.3.2 allows us to choose a g; € T
such that the reduction map 7 — 7 /T | takes

gi h’}/i/@;(}lrz,q = h”}/ZF;ﬁo_,é if (07 q) = (0/7 q,)

hBraloq =304 if (0,0) # (0,4
for every (0,q) € S x Q. By Corollary 3.2.2 we have

redg(E7, C7  deg(go)' 707 ) = redy(EY,, CJ , deg(g1)' 707

go’ 917 g1’

as a A-augmented I'o(N) structure over F2' whenever (o, q) # (o', q’), while

redg(EY, C3,, deg(g:)' "05,) 2 (redq(Ep), redq(Ch), redq( f2)(0(7)@0.qn) )

if (0,q) = (o', q’). The proposition is now immediate from the definition (20)
of Reds q. O

Lemma 3.4.2 Fiz q € Q and suppose A = Z/lZ. Then Ax(redq(E1)) has no
proper, nonzero A-submodules which are stable under py(T'y).

PROOF. Fix a Z-basis for the (-adic Tate module of redq(E}), so that R/
is identified with GLy(Z¢). Let I', and R;*! denote the norm one elements of

I'y and R}, respectively. Then Ay (red,(E;)) is identified with Sym®*~2A? and
the action of py restricted to F%l is through

Il — R;" — SLy(Z¢) — SLa(A).
Using strong approximation [24, Theoreme I11.4.3] one may show that the first
arrow has dense image, and so the composition is surjective. By the assumption

¢ > 2k — 2, Sym?*72A? has no proper, nonzero submodules stable under the
action of SLy(A). O

Theorem 3.4.3 Let S C Gal(Q*/K) be finite and chaotic, and suppose A =
ZJVZ. Then the simultaneous reduction map (20) is surjective.
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PROOF. Fix (¢/,q') € S x Q and a supersingular point z € Zy(N)y. Let
Z C Zy(N, M)y be the set of closed points lying above z. We will show that
the image of (20) contains the submodule

ANZYA(N, M) e)® € @D AVZL(N, M) Ya(N, M) ) (28)
(o,9)eSXQ

supported in the (¢/,q’) component. The parametrization [5, §2.3] shows that
the map 7 +— Zy(N)y defined by h +— redy(E}, Cp) establishes a bijection
T/Ty = Zy(N)y. Thus we may fix an h € 7 such that the supersingular
['g(N) structure redy(Ej, Cy) corresponds to the point z. For any g € 7,
redqr((ag/) # 0 (from the construction one sees that ©, # 0, and ¢ # p implies
that f, : Ax(E1) — Ax(Ey) is an isomorphism). It follows that wy 5 # 0.
By Lemma 3.4.2 we may choose a 7; € I'y such that

™ (1) B — T € An(redy ()

is nonzero. Again by Lemma 3.4.2, choose 7, ... 7™ ¢ I'y such that the
elements Py (v, 0 < i < n, generate Aj(redy (E1)). Set v = 4@~ and
let gO ,gl be as in Proposition 3.4.1, so that

deg(g5”)' "Reds a(gs’) — deg(g1)'*Reds a(g1)

has trivial components except at the summand (o,q) = (0’,q’), where the
component is equal to

Fioar (redg (1), redg (C), redg (f2) (03 (7)) (20)

As i varies the elements redy (f5)(p} (v?)7) generate Ax(redy(Ey)), and the
elements (29) generate the submodule (28). O

4 Augmented theorems of Deuring, Ihara, and Ribet

Let ¢ 1 N be a rational prime and let ' (= F when we refer to the notions
of §1) be a field of ¢*> elements with algebraic closure F®'. Unless specified
otherwise, all geometric objects (e.g. Y1(N), Y1(N, M),...) are defined over
Spec(F). Let A = Z/¢Z for some prime ¢ and assume that ¢ does not divide
Ngq. Let L, be the locally constant constructible sheaf on Y;(/N) defined by
(2). Denote by

Zi(N) C Ya(NV) Zy(N, M) C Yi(N, M)

the subsets of supersingular closed points.
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4.1 Fields of moduli

We need a slight generalization of the well-known theorem of Deuring that all
supersingular points on Yy(/N) have residue degree one.

Lemma 4.1.1 Let E be a supersingular elliptic curve over F&, let C C E[N]
be a cyclic subgroup of order N, and let © be any element of Ax(FE). The field
of moduli of the A-augmented I'y(N) structure (E,C,0) is F.

PROOF. As F is supersingular, its j-invariant lies in F. Let A be an elliptic
curve over ' with the same j-invariant as F, and let Fr € Endg(A) be the
degree ¢* (relative) Frobenius. If Fr € Z, then Fr commutes with all elements
of Endga(A), and so

Endp(A) = Endpa(A). (30)

If Fr ¢ Z then Fr generates a quadratic imaginary subfield L of the definite
quaternion algebra (ramified exactly at ¢ and co) Endpa(A) ® Q, and ¢ is
nonsplit in L. As Fr has degree ¢*> we must have Fr = (!¢ for some root of
unity ¢ € L, and in fact ¢ belongs to L N Endr(A) (this follows from the fact
[12, Corollary 12.3.5] that Fr and [¢] have the same scheme-theoretic kernel,
and so there is a factorization [¢] = ¢ o Fr for some automorphism ¢ of A).
Replacing A by its twisted form corresponding to the cocycle sending the
relative Frobenius o € Gal(F?!/F) to ¢ € Autg(E), a simple calculation shows
that (30) holds. Then Fr is a central element of Endga(A), and so Fr = [£¢].

With this choice of A, Gal(F®/F) acts trivially on Ax(A) and the triple
(A, C4,0,) is defined over F for any cyclic order N subgroup Cy C A(F)
and any ©4 € Axr(A). Over F2! we may fix an isomorphism f : £ = A and set
Ca= f(C)and ©4 = f(©). Then (E,C,0) and (A, C4,04) are isomorphic
(over ') and so have the same field of moduli F. O

4.2 Ihara’s theorem

We now recall a theorem of Thara [10] and derive some consequences; our
exposition of Thara’s theorem is influenced by the discussion of [4, Chaptire
7]. For each integer m prime to ¢ set

1, = Spec(FIX]/®, (X)) p = Spec(F[X]/(X™ - 1)),
where ®@,,(X) is the m'™ cyclotomic polynomial. Let Y (m) be the affine mod-

ular curve classifying “naive” level m structures in the sense of [12] on elliptic
curves over F-schemes. Thus Y (m) is a fine moduli space if m > 2, and for
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all m (prime to g) the Weil pairing provides a canonical map Y (m) — p* of
[F-schemes. Fix a topological generator

(= lim ¢pe lim p (FY).

%
(m,q)=1 (m,q)=1

For each m there is a map Spec(F[(]) — p* determined by the map X — ¢,
on F-algebras. Define

Yi(m) = Y (m) x,: Spec(F(Ga))

a smooth curve over F (geometrically disconnected unless m | ¢* — 1).
The subgroup G¢(m) C G(m) = GLo(Z/mZ)/{£1} defined by
Ge(m) = {A € G(m) | det(A) € ¢** C (Z/mZ)*}

acts on both Y;(m) and Spec(IF[¢,,]), and the actions are compatible with the
structure map Yz(m) — Spec(F[(y]). Set G'(m) = PSL(Z/mZ), let

Ty(m) — { <* *) } CG(m)  Ty(m)= {(1 *) } C Ty(m)
0 = 0 *

be the habitual congruence subgroups, and let I'y,(m) C G(m) be the center.
For x € {0, 1,Ih} let Y,.(m) be the quotient of Y:(m) by the action of

Li(m) N Ge(m).

The function field of the curve Yi,(m) is the field denoted K, in [10], and
there is a canonical isomorphism of curves over F2!.

Yiu (1) X pec(e) Spec(F) 2 Y (m) Xspeeeicu Spec(E™).

Denote by K,(m) the function field of Y,(m) for x € {0, 1, (, Ih} or for x equal
to the empty character, and view these as subfields of some fixed separable

closure K (1)*P. Define a A-vector space Ly = Sym*?A? and endow L, with
an action of Gal(K (1)*P/K (1)) via

Gal(K(1)*P/K(1)) — Gal(K¢(£)/K(1)) = G(f) € GLy(A)/{=£1}.

Remark 4.2.1 If the action of GLa(A) on Ly is twisted by det, then the
Galois action is twisted by the cyclotomic character. In particular T'y,(¢) acts
trivially on Ly @det' ™", and so the Galois action on Ly(1—k) factors through

Gal(K(1)*P/K (1)) — Gal(Kw(£)/K(1)).

Under the bijection between locally constant étale sheaves on Yi(N) and mod-
ules for the absolute Galois group of K1(N) which are unramified outside of
the cusps, Lx(2k — 2) corresponds to Ly.
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Definition 4.2.2 If M/K (1) is a separable extension, a cusp of M is a place
lying above the place J = oo of K(1). A supersingular prime of M is a place
lying above a place J = j of K(1) with j € F a supersingular j-invariant.

Theorem 4.2.3 (Ihara) For any m > 1 with (m,q) = 1, Ky,(m) has no non-
trivial everywhere unramified extensions in which all supersingular primes are
split completely. Furthermore, Ki,(00) = U g)=1Km(r) is the mazimal Galois
extension of Km(m) satisfying

(a) it is tamely ramified, and unramified outside the cusps of Km(m),
(b) the supersingular primes of Ky,(m) are split completely in Ky, (00).

PROOF. This is the main result of [10]. O

Corollary 4.2.4 Let My, (N) D Kn(oo) be the mazimal separable extension
of Kiw(N) unramified away from the cusps. The restriction map on Galois
cohomology

HY (My(N)/Ew(N), Ly(1 — k) — (31)
<@ H' (K (N)u, La(1 — k’))) ) (@ HY (Km(N)y™, La(1 - k’)))

15 1njective. Here the sum over v is over all supersingular primes, the sum
over w is over all cusps, and the superscript unr denotes mazximal unramified
extension.

PROOF. First consider the restriction map (note Remark 4.2.1)

HI(MIh(N>/KIh(N€>, LA(l — /{Z)) — @HOIH(HU, LA(l - k)) (32)

where the sum is over all supersingular primes and all cusps, and H, C
Gal(Mmy(N)/Km(N)) is either the decomposition group or inertia group of
a fixed place of M, (V) above v, according as v is supersingular or a cusp.
Any homomorphism from Gal(My,(N)/Km(NY?)) to Ly(1 — k) which vanishes
on all H,, factors through Gal(®/K,(N¢)) where ® is the maximal Galois
extension of K, (N/¢) which is everywhere unramified and in which all super-
singular primes split completely. By Theorem 4.2.3 & = Ky,(N/¢), and so the
map (32) is injective. Thus any class in the kernel of (31) also lies in the kernel
of restriction

H' (Mu(N)/Kun(N), La(1 = k)) — H' (M (N)/Kn(N¢), La (1 = k),
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and so is in the image of the inflation map
H'(Kw(N€)/Kn(N), La(1 = k)) — H' (M (N)/Kun(N), La(1 = k) (33)

and is unramified at the cusps. The inertia subgroup in Gal( Ky, (N?)/Kn(N))
of the cusp oo is an ¢-Sylow subgroup (this follows from [10, p. 167]), and so

any element in the image of (33) which is unramified at the cusps is trivial by
22, Theorem IX.2.4]. O

Proposition 4.2.5 Let j : Yi(N) — X;(N) be the usual compactification
and assume €1 o(N). The natural map

HE, (30)(Yi(N), La(k))> — H*(X1(N), juLa(k))> (34)

18 surjective.

PROOF. Let i : C1(N) — X;(N) denote the subscheme of cusps, i.e. the
complement of Y7 (N) in X;(NV). From the exact sequence of sheaves on X;(N)

0— j!,CA — j*,CA — Z*Z*]*,CA —0
and [13, Proposition 11.2.3] we obtain the exact sequence
HY(C1(N), 7" j.La(k)) — HZ(Yi(N), La(k)) — H* (X1 (N), j.La(k)) — 0

in which the terminating zero is justified by the observation that closed points
on X;(NNV), having finite residue field, have cohomological dimension 1. It there-
fore suffices to prove the surjectivity of

H, ) (Yi(N), La(k))> @ HY(C1(N), "L (k) — HZ(Yi(N), La(k))2.
(35)
We take A-duals and translate the problem into the language of Galois coho-
mology.

Let M;(N) denote the maximal extension of Kj(N) unramified outside the
cusps. By [14, Corollary 11.4.13(c)] there is an isomorphism

HZ(YA(N), La(k)) = H' (M (N)/E:(N), La(1 = k)"

in which the superscript V denotes A-dual. If we let U denote the open com-
plement of Z;(N) in Y; (V) then the pairing of [14, Corollary 11.3.3] identifies
the exact sequence [14, Proposition 11.2.3(d)]

HZ(U, ﬁA(l{Z — 1)) — HZ(K(N),ﬁA(]{Z - 1)) — @ HT(Z,iZ£A(]€ - 1))

z2€Z1 (N)

23



with the dual of the relative cohomology sequence
H*™(U, La(k)) — H7(Yi(N), La(k)) — Hy ( (Yi(N), Lo (k).
This gives the first isomorphism of

Hz, o (Yi(N), La(K))Y = D H (2, La(k — 1))

z€Z1(N)

P H(D,/I,, La(1 - k)),

Il

in which the second sum is over all supersingular primes and I, C D, are the
inertia and decomposition subgroups in Gal(M;(N)/K(N)) of some choice
of place above v. Finally local duality gives the second isomorphism of

HY(Cy(N),i*j La(k)) =2 H (D /Ly, La(2 — k)™)Y

=D H' (L, La(1 — k))Pw/ T

where both sums are over all cusps. Thus the cokernel of (35) is isomorphic
to the kernel of
H'(Mi(N)/E1(N), La (1 = £))* — (36)
(@ H (KL (V)or L (1~ k))) o (@ H (L (V) L1~ k)))

where again the v’s range over supersingular primes and the w range over
Cusps.

As we assume that ¢ is prime to ¢(N), the inflation-restriction sequence iden-
tifies the kernel of (36) with the kernel of
HY(Mi(N)/Ko(N), La(1 = k)) — (37)
(@ (o) 401 - 1)) @ (@ (KoM, 11 - 1))

The fields K;(N) and K,(N) have a common extension which is unramified
outside the cusps (namely K.(N)) and so My (N) = M, (N). We may therefore
consider the restriction map

HY(My(N)/Ko(N), Ly(1 = k)) = H' (M (N)/Ew(N), Lr (1 = k),
which is injective as K, (V) and K, (¢) are linearly disjoint over K (1), so that
L (1—k) has no Gal(K (1)*P/Ky,(N)) invariants. The kernel of (37) therefore
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injects into the kernel of (31), which is trivial by Corollary 4.2.4. Thus (36) is
injective and the proposition is proved. O

The following is our analogue of [5, Proposition 4.4].
Corollary 4.2.6 Assume (1 @o(N). The A-augmented Kummer map
. A
AZZU(N); Yi(N)A — H (FF, 7' (Yi(N) g, £2) (k)

of Definition 1.5.3 is surjective.

PROOF. Lemma 1.3.1 gives isomorphisms

AVZUN)YA(N)) = D HZ(YA(N), La(k) = Hy, (v (Y1(N), La(k))

z€Z1 (N)

which restrict to isomorphisms of A-invariants. The claim is now immediate
from Lemma 1.3.2 and Proposition 4.2.5. O

4.8  Degeneracy maps on supersingular points

Suppose M = rM’ for a prime r. The following theorem and its proof are
based on work of Ribet [19, Theorem 3.15].

Proposition 4.3.1 Assume (1 p(N) and ¢ > 2k — 2, and abbreviate
Z(M) = AZ(Zy(N, M); Yi(N, M))*
and similarly for M'. The sum of the degeneracy maps of §1.6
any @ Bt Z2(M) — Z(M') @ Z(M')

18 surjective.

PROOF. Let Na be the norm element in the group algebra A[A]. Suppose
we are given a A-augmented I'y (N, M’) structure over F!

(E,z,0) € Ay(T'1(N, M"))

with F supersingular, and a degree 2" endomorphism f : E — E preserving
the ['o (VM) structure underlying . Factor the endomorphism f : £ — E as

h h h2771 hn
E=E0—1>E1—2>"';>E2n—1L>E2n=E
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with each h; of degree r. Set f; = h;o---ohy : E — FE; and let z; = f;(z)
be the induced I'; (N, M') structure on E;. For i < 2n let y; be the I'y(N, M)
structure on F; obtained by adding the I'y(r) structure ker(h;41) to z;, and for
i > 0let y;” be the I'y (N, M) structure obtained by adding the I'y(r) structure
ker(h;). Define

0, = r'=H £,(0) € A\(E).

A simple calculation of the degeneracy maps of §1.6 shows that the element

T = TE%ﬁ@ c AA(Fl(N, M))

defined by

T:NA[(EO,?J(J, o) — (E2,ys,02) + (Fa,y2,02) — (E4,uy,04) +
oot (Fan_2, Yon—2,O2n_2) — (Ean, Yo, @2n)}

satisfies 37, (T) = 0 and
ayf(T) =Na - (E, 2,0 — 070 £(0)).

It follows from Lemma 4.1.1 (with N replaced by N = NM) that T is fixed
by the action of Gal(F2!/F), and so defines an element of Z(M).

We pause for a

Lemma 4.3.2 With (E,x) as above, let D denote the I'o(NM') structure un-
derlying the T'y(N, M') structure x. The A-module Ax(E) has a set of genera-
tors Ap . such that each a € Ag, has the form a = ©,—deg(f,) ' £.(0,) for
some ©, € Ax(F) and some endomorphism f, : E — E such that f,(D) = D
and deg(f,) is an even power of r.

PROOF. Set R = Endga(F, D), a level N Eichler order in a quaternion
algebra ramified exactly at ¢ and oo, and let I' = R[1/r]*. Let p denote the
natural action of R on Ax(E), extend p to an action of I' (recall ¢ ¥ M so
that r # (), and let p* = p ® det'™ be the twist such that Z[1/r]* c T
acts trivially. All of this notation is exactly as in §3.2 with p replaced by r.
As in the proof of Lemma 3.4.2, A, (F) has no submodules stable under the
restriction of p* to the subgroup of norm one elements I'' C T'. As the set

Ape ={0—p"(1)0] O € Ay(E),y €I}
is stable under the action of p*(I'"), it must generate A, (E). For each

O — p*(V)@ € AEJC’
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let f = r™y for n large enough that 7"y € R. Then f has degree r?" and

© —deg(f)' " f(©) =0 — p*(/)© =6 — p*(7)6,

so that Ap, has the desired properties. O

If we let E vary over all supersingular elliptic curves over F# z vary over all
I'y (N, M) structures on E, and ©’ vary over the set Ag, of Lemma 4.3.2, the
elements
NA . (E, xZ, @/) c AA(Fl(N, M’))

generate the submodule Z(M'). Hence, by the construction of T, re above,
there is a family {T;} C Z(M) such that B3%,(T;) = 0 for all i and such
that {a,(T;)} generates Z(M'). A construction similar to that of T produces
a family with the same properties but with the roles of a and 3 reversed,
completing the proof of Proposition 4.3.1. O

5 Nonvanishing of Heegner classes

Keep K, Ei, M, and Ta,(E;) = ZI% as in §2.1, so that K is an imaginary
quadratic field in which the prime divisors of N are split, O /M = Z/NZ,
and E; is an elliptic curve over Q* with complex multiplication by Og. Let
D = disc(K) and let H[p®], G, and G be asin §0.1. Let f € Sor(I'o(N),C), @,
X, and 7, also be as in §0.1. Let T be the Z-algebra generated by the Hecke
operators {7}, | (m, N) = 1} and the group of diamond operators A acting
on So,(I'1(N),C), so that f determines an idempotent 7 in the semi-simple
d-algebra T @y P.

5.1 Heegner cohomology classes

For each finite quotient A of Z, we have the Gal(Q¥/K)-module W, of
(15) and, for each s > 0, the family of cohomology classes 4(g) of (17)
parametrized by g € 7, C 7. If we set Wy, = liLnWZ/geZ, then the classes
Q(g) are compatible as A = Z/(°Z varies, and define classes

Q(g) € HN(Q"/H[p’], We, (K))*,

and also classes (denoted the same way) in the cohomology of W = W7, ® A
for any Z,-algebra A. Other constructions made with A = Z/¢°Z extend to
any Zg-algebra A in the same way. We denote by

Heeg, C H' (Qal/H[ps]a ch(k?))A
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the ®-submodule generated by the classes Q24(g) as g ranges over 7;. By a well
known theorem of Deligne, the Hecke algebra T ®z ® acts on W, and the
Galois representation Wy = 7;Wg is a two dimensional ®-vector space. Set

Heeg, (f) = m/Heeg,.

Theorem 5.1.1 Fiz a character x : Gy — ®* and let m, be as in §0.1.
Suppose ¢ does not divide p, N, o(N), disc(K), or (2k — 2)! As s grows the
®-dimension of m Heeg,(f) grows without bound.

PROOF. Let ri,7ry,... be the prime divisors of D and let t; denote the
unique prime of K above r;. Let G; C G be the subgroup generated by the
Frobenius classes of the t;, so that G; has exponent 2, and in particular G; C
Gy. Reordering the r; if needed, choose n such that the Frobenius classes of
ty,...,t, form a basis for the Z/2Z-vector space G1. Set M = ry - - -1y, so that
divisors of M are naturally in bijection with the elements of G;. We denote
this bijection by d — o4. Set 9t =ty -...-t;. For each 0 € GG fix once and for
all an extension of o to Gal(Q*/K), and let S; denote the set of extensions so
chosen. Let Sy C Gal(Q/K) be chosen so that restriction to H[p™] takes Sp
injectively into Go with image equal to a set of representatives for the cosets

Go/Gl. Let S = {O’T | o c 81,7' € 80}

As in §3, let Q be a finite set of rational primes, all inert in K and all prime to
¢pN, and fix extensions of these places to Q*. We will continue our practice
of writing q € Q to indicate that q is the prime of K above the rational prime
q € Q. For each q € Q define, using the notation (19), Ay : Z,(M) — Z4(1)
by A\g = d*7% - (B¢ o o) where o} and 3¢ are the degeneracy maps of §1.6.
Consider the composition

Z/D)T) - @ ZM I B Pz - D Z0)

(0,9)ESoxQ (0,9)ESo xQd|M (0,9)ESXxQ
(38)

in which the first arrow is the map Redg, o of (20), and the final arrow rear-
ranges the sum, taking the summand (o, q,d) to the summand (o40, q).

Lemma 5.1.2 The composition (38) is surjective, and is equal to the simul-
taneous reduction map (20) defined with M = 1.

PROOF. By [5, Lemma 4.5] the set Sy is chaotic in the sense of Definition
3.0.1, and so Theorem 3.4.3 gives the surjectivity of Reds, o. The surjectivity
of @gjarAq is an easy induction using Proposition 4.3.1.

Fix ¢ € 7 and let A be an elliptic curve over Q* with complex multiplication
by O, C K.If d|M, let 0 be the unique O4-ideal of norm d and set A" = A/A[0].
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The main theorem of complex multiplication provides an isomorphism A’ =
A% such that the composition A — A" = A% agrees with P — P7 for all
torsion points P € A(Q™) of order prime to d. Thus

\(ES,C5,09) = (EJ,C7,07)

for any o € Gal(Q¥/K), and the lemma follows. O

For each (0,q) € & x Q and each g € 7, the cohomology class Q4(g) is
unramified at q, and, since the residue field of H[p*] at q is Fy, the localization
of Q4(g) at q defines a class

loceq(g) € H' (F3 /T, Wy, (k)2

Summing over all (0, q) € S x Q and extending linearly to the free Z,~-module
on 7, defines

IOCS,Q : ZZ[Z] - @ Hl(F?/qu WZZ(]{»A'
(o,9)ESXQ

This map is compatible with the natural inclusions as s varies. Proposition
1.5.1 gives the commutative diagram

Z4[T)) 2SS @ HY(FYFo Wa (R)™ (39)

ROdS'DL l

D ALz (Z1(N)g; Yi(N) jry)* —— @ H'(F5 /Fo, Wayen (k))>

where all sums are over S x £, Redg g is the restriction of the simultaneous
reduction map (20), with M = 1, to Z,[7;], and the bottom horizontal arrow
is the Z/¢Z-augmented Kummer map of Definition 1.3.3. By Corollary 4.2.6
the bottom horizontal arrow is surjective, and by Lemma 5.1.2 the restriction
of Reds q to Z,[T;] is surjective for s > 0. The same argument as [15, Lemma
2.2] gives the exactness of

0 — Wy, (k) 5 Wy, (k) — Waem(k) — 0,

and taking IF;‘I /F4 cohomology shows that the right vertical arrow is surjective
with kernel equal to the image of multiplication by ¢. Applying Nakayama’s
lemma, we have proved

Lemma 5.1.3 For s> 0 the restriction of locs q to Z[Ty] is surjective.

Let R be the integer ring of ®, so that Wy is an R lattice in Wg and Wk is
an R lattice in Wy = myWs. Let

Heegp , C H'(QY/H[p"], Wg(k))*
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be the R submodule generated by the classes Q4(g) for g € 75, and abbreviate
T = WfWR(]C) - Wf(k?)

Lemma 5.1.4 For s > 0, the image of the composition

Heegp, L HY(Q/H[p"),T) 25 @ H'(QV/K,, T)

qeN

is @qeq H'(F2/F,,T), the submodule of unramified cohomology classes.

PROOF. Using Proposition 1.5.1 we see that the image of the composition
lies in the unramified cohomology, and is equal to the image of

RIT}) 2% @ @ H'(F [Fo, Wa(k))

S qeqQ
% @ H'(FY /By, Wr(k))> =5 @ H' (F2/F,, T)
qeN qgen

where arrow labeled x takes the element (z,),es to > ,cs X(0)z,. The first
arrow is surjective for s > 0 by Lemma 5.1.3, the second is obviously surjec-
tive, and the third is surjective by the fact that Gal(F2'/Fy) has cohomological
dimension one. O

Let m denote the maximal ideal of R and set T = T ®g R/m. If ¢  ({ND
is a rational prime whose absolute Frobenius acts as complex conjugation on
K (T), the extension of Q cut out by the Galois action on T = T'®x R/m, then
clearly ¢ is inert in K and the Frobenius of the unique prime q of K above
q acts trivially on T. By the Chebetarov theorem we may choose 9 as large
as we want and containing only primes of this form. For s > 0, Lemma 5.1.4
gives a surjection from 7,7 Heegp, , to

P HI(IFjl/IFq, T)® R/m = Hl(Fgl/Fq,T) ~ (P T/(Frob, — )T =~ PT.
qeN q€Q qeQ

Thus the R/m dimension of (7, 7;Heegy ;) ®r R/m is at least #2 for s > 0.
Enlarging 9, the R/m dimension of (m,7sHeegp,) ®r R/m grows without
bound as s increases.

Lemma 5.1.5 The R-torsion submodule of H*(Q™/H|[p®],T) is finite and of
bounded order as s — oo.
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PROOF. The R-torsion submodule of H'(Q?/H p®], T) is isomorphic to the
quotient of

HY(Q"/Hp"), T @z, (Qu/Zs)) (40)

by its maximal divisible subgroup. Let £ t pN be a rational prime which is inert
in K, and let A be the prime of K above £. Then \ splits completely in H [p™]
and, by Deligne’s proof of the Ramanujan conjecture, Froby = Frob; acts on
W; (k) with eigenvalues of (complex) absolute value ¢2*=!. Hence Froby — 1 is
invertible on Wy(k) = T ®z, Q. A snake lemma argument then shows that
the order of (40) is bounded by the order of T'/(Frob, — 1)T. O

The R-torsion submodule of 7, 7sHeegp, ; is contained in the torsion submod-
ule of HY(Q¥/H|[p*],T), and so is finite and bounded as s — oo by Lemma
5.1.5. We have seen that the R/m dimension of (m,7sHeegg ) ®r R/m in-
creases without bound, and it now follows that the R-rank of m,7Heegp
also increases without bound. This complete the proof of Theorem 5.1.1. O
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