DEFORMING ENDOMORPHISMS OF SUPERSINGULAR
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ABSTRACT. The formal deformation space of a supersingular p-Barsotti-Tate group over
F;lg of dimension two equipped with an action of Z,2 is known to be isomorphic to the

formal spectrum of a power series ring in two variables over the Witt ring of leg. If
one chooses an extra Z 2-linear endomorphism of the p-divisible group then the locus
in the formal deformation space formed by those deformations for which the extra en-
domorphism lifts is a closed formal subscheme of codimension two. We give a complete
description of the irreducible components of this formal subscheme, compute the multi-
plicities of these components, and compute the intersection numbers of the components
with a distinguished closed formal subscheme of codimension one. These calculations,
which extend the Gross-Keating theory of quasi- canonical lifts, are used in the com-
panion article Intersection theory on Shimura surfaces II to compute global intersection
numbers of special cycles on the integral model of a Shimura surface.

0. INTRODUCTION

Let go be a connected p-Barsotti-Tate group over F = IFglg of height two and dimension
one, i.e. go is the p-power torsion of a supersingular elliptic curve over F. Fix a quadratic
field extension Ey/Q,. As the endomorphism ring of g is the maximal order in a quaternion
division algebra over Q,, we may fix an action of O, on go. Let 9 be the formal scheme
over the Witt ring

Z, = W(F)
which represents the functor of deformations of go to complete local Noetherian Zg-algebras
with residue field F. Suppose now that we fix some vy € Of, not contained in Z, and ask
for the locus in My of deformations for which the endomorphism vy € End(go) lifts. This
locus, a closed formal subscheme of 9y denoted 9)g, depends only on the integer ¢y defined
by
Zplol = Zp +p* O,

and not on 7 itself. One knows that 9y = Spf(Z;[[z]]), and the Gross-Keating theory
of quasi-canonical lifts recalled in §3.1 gives a complete understanding of the closed formal
subscheme %)g. For example, one knows that )y has ¢y 4+ 1 irreducible components which
we label as €(0),...,&(¢p). The component €(s) is isomorphic to Spf(W,) where Wy is the
ring of integers in a finite abelian extension of the fraction field of

W — Zy if Ey/Q, is unramified
0= Og, ®z, Z, if Ey/Q, is ramified
with Galois group isomorphic to O, /(Z, + p*Og,)*. The restriction of the universal

deformation of gg to the component €(s), a deformation of gg to Wy, is the quasi-canonical
lift of level s, and has endomorphism ring Z, + p*Og,.
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This general type of problem, in which one begins with the formal deformation space of a
p-Barsotti-Tate group and studies the locus in the deformation space obtained by imposing
additional endomorphisms, is central to Kudla’s program [13, 14, 16] to relate intersec-
tion multiplicities of so-called special cycles on Shimura varieties to Fourier coefficients of
modular forms. In such generality it is very difficult to determine the structure of this
locus (e.g. determine its irreducible components and their multiplicities). In this article we
extend the one dimensional theory of Gross and Keating to the case of two dimensional p-
Barsotti-Tate groups. More specifically, we will study those deformation spaces which arise
by formally completing a Hilbert-Blumenthal surface (or Shimura surface) at a closed point
in characteristic p. The determination of these deformation spaces is used in the companion
article [10] to relate the intersection multiplicities of special cycles on a Shimura surface to
Fourier coefficients of a Hilbert modular form.

Let Z,> be the integer ring in the unramified quadratic extension of @, and define

g="90o ® sza
a p-Barsotti-Tate group of height four and dimension two which is equipped with an action
of
O = OEO ®Zp sz.

Let 9 be the formal Zp-scheme classifying deformations of g, with its Z,:-action, to com-
plete local Noetherian Z-algebras with residue field F. Let 2 — 90 be the closed formal
subscheme classifying those deformations for which the endomorphism v = vy ® 1 € Op
lifts (equivalently, for which the action of Zy2[y] = Z,» + p®°Og lifts). One knows that
IN = Spf(Zp[[x1, 72]]), and the problem is to determine the structure of ). To get started,
one may note that there is cartesian diagram

Do —>9

|

m04>9ﬁ

in which all arrows are closed immersions and the horizontal arrows represent the functor
which takes a deformation &g of go to the deformation &¢ ® Z,> of g. Using the closed
immersion o — 2 above, we view €(s) also as a closed formal subscheme of ). There
is a natural action of Autzp2 (g) on the deformation space 9, and this action restricts to

an action of Oy on M and on ). In particular O} acts on the set of all closed formal
subschemes of ), and for each £ € O}, we set

(s, &) =€ = &(s).

Our first theorem describes the irreducible components of ) when Ey/Q), is unramified.
The horizontal components arise by taking Oj-orbits of components of 9. The main
difference between the dimension two case under consideration and the dimension one case
considered by Gross and Keating is the presence of two vertical components. Define a
subgroup of O

H, = OEO . (sz -‘rpSOE)X.

Theorem A. Assume that Ey/Q, is unramified.

(a) Each closed formal subscheme €(s,&) constructed above is an irreducible component
of Y, and every horizontal irreducible component of ) has this form for a unique
0<s<c¢y and a unique £ € O /H;.
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(b) If co > 0 then Q) has two vertical irreducible components; if co = 0 there are no such
components.

Proof. The first claim is Proposition 3.2.5, the second is Proposition 2.2.1. ]

If Ey/Q, is ramified then the situation is similar, but slightly more complicated. Let
E = Ey ®q, Qp2, the fraction field of Op. As E/Q, is biquadratic there is a unique
quadratic subfield Ejj C E which is neither Ey nor Q,2, and we may fix an action of Op,
on go. As Op = Og; ®z, Zy2 canonically this choice determines a new action of O on
9 = go ® Zy> which is conjugate by some w € Autzp2 (g) to the action used in the definition
of the deformation space ). Let 2 be the locus in My of deformations for which the new
action of Z, + p®Opgy lifts, so that the irreducible components of 2 are indexed, again
by the theory of quasi-canonical lifts, as €'(0),...,@ (¢p). Viewing each €'(s) as a closed
formal subscheme of 91, we then set

T(s,8) = (§ow) xT(s)
for every £ € O and 0 < s < ¢g. One can show that @'(s, &) is contained in ) (although

¢'(s) itself is not). Define
H; = OE(/) . (Zp2 +pSOE)X.

Theorem B. Assume that Ey/Q, is ramified.

(a) Each closed formal subscheme €(s,&) and & (s,&) constructed above is an irreducible
component of Y. FEvery horizontal irreducible component of ) is either equal to
€(s,8) for a unique 0 < s < ¢o and a unique § € OF/Hy, or is equal to €' (s,&) for
a unique 0 < s < ¢y and a unique § € O, /H..

(b) If ey > 0 then Q) has two vertical irreducible components; if co = 0 there are no such
components.

Proof. The first claim is Proposition 3.3.6, the second is Proposition 2.2.1. ]

Having determined all irreducible components of ), we next turn to the problem of deter-
mining the multiplicity multy (€) (in the sense of Definition 1.1.1) of each such component €.
For the horizontal components this will be done using global techniques, i.e. by identifying
) with the formal completion at a point of a Hilbert-Blumenthal surface. For the vertical
components the argument uses global techniques (the determination of the Hasse- Witt locus
of M in the sense of §1.2) and a heavy dose of explicit calculations using Zink’s theory of
windows for p-divisible groups.

Theorem C. FEvery horizontal irreducible component of ) appears with multiplicity one.
If co > 0 and p is odd then each of the two vertical irreducible components (called €Y and
&3 ) of Y appears with multiplicity

multgy (€}") = 2p© " +4p®~2 4+ 6p© % + 8p ! 4+ -+ 4 (2¢0)p".

Proof. If Ey/Q, is unramified this is Proposition 2.3.4, if Ey/Q, is ramified this is Propo-
sition 2.4.1. ]

The final problem is to determine the relative position of 9y and ) inside of M, or, more
precisely, the intersection number of 9ty with each irreducible component of ). Let us say
that an irreducible component € of 9) is proper if it is not contained in M, (and hence
meets My properly). We wish to compute the intersection multiplicity Ion (€, M) of € and
My in the sense of Definition 1.1.1. Our notion of intersection does not take multiplicities
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into account, so really it is the value multy (&) - Ion (€, M) in which we are interested. We
have done this for every proper component of ), under the hypothesis p > 2. Summing the
results over all proper components yields the following results on the total proper intersection
of 2 and M.

Theorem D. Assume that p is odd. If Ey/Q, is unramified then

co+1 _ 1 co _ 1
Y multg (€) - I (€, M) = co - (p +2 ) .
. p—1 p—1

¢ proper

If Ey/Q, is ramified then

pco+1 -1
)——.

D multy(€) - Ion(€, M) = (2co + 1 P

¢ proper

In both cases the sum is over all proper irreducible components of ).

Proof. If Ey/Q, is unramified the contribution of all proper horizontal irreducible compo-
nents is computed in Corollary 1.2.6 (for the multiplicities) and Corollary 3.2.7 (for the
intersection numbers), while the contribution of the vertical components is computed in
Proposition 2.2.1 (for the intersection numbers) and Proposition 2.3.4 (for the multiplici-
ties).

If Ey/Q, is ramified the contribution of all proper horizontal irreducible components is
computed in Corollary 1.2.6 (for the multiplicities) and Corollary 3.3.9 (for the intersection
numbers), while the contribution of the vertical components is computed in Proposition
2.2.1 (for the intersection numbers) and Proposition 2.4.1 (for the multiplicities). O

It is in fact the calculation of the total proper intersection found in Theorem D which
motivated this project. This calculation of local intersection multiplicities is one part of a
larger global calculation which relates the intersection multiplicities of special cycles on the
integral model of a Shimura surface to the Fourier coefficients of a Hilbert modular form
of weight 3/2. This global application of the local calculations carried out herein is the
content of [10], which contains a higher-dimensional version of the Kudla-Rapoport-Yang
[16] intersection theory on integral models of Shimura curves.

0.1. Acknowledgements. This research was supported in part by NSF grant DMS-0556174,
and by a Sloan Foundation Research Fellowship. Portions of this work were carried out dur-

ing a visit to the Mathematisches Institut der Universitdt Bonn, and the author thanks

the Institut and its members for their hospitality. The author especially thanks Michael

Rapoport for helpful conversations during that visit.

0.2. Notation. The following notation will be used throughout the article. Let F = leg
be an algebraic closure of the field of p elements and let Z; = W(F) denote the ring of
Witt vectors of F. Equivalently, Z; is the completion of the strict Henselization of Z, with
respect to the unique Z,-algebra homomorphism Z, — F. Let Qp be the fraction field of Z,
and let Q2 be the unique quadratic extension of Q, contained in Q. Denote by Z,> the
ring of integers of @2, and let o be the nontrivial Galois automorphism of Q,2/Q,.

When R is a local ring we denote by mp the maximal ideal of R. Denote by ProArt the
category of complete (i.e. complete and separated) local Noetherian Zy-algebras R equipped
with an isomorphism R/mpr — F. Morphisms in ProArt are local Z,-algebra homomor-
phisms. Let Art be the full subcategory of ProArt whose objects are Artinian local Z;-
algebras. Any set-valued functor F on Art extends naturally to a functor on ProArt
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by
def ;. k
F(R) ™ tim F(R/mb).
We say that F is pro-representable if there is an isomorphism of functors
]:(_) = HomProArt(R}'> _)

for some object Rz of ProArt. When this is the case we often confuse F with the formal
Zp-scheme Spf(Rr).

1. PRELIMINARIES

In §1.1 we define formal schemes over Spf(Z;) which represent certain deformation func-
tors on Art. In §1.2 we relate these form schemes to the completed local rings of Hilbert-
Blumenthal surfaces and derive some consequences.

1.1. Deformation functors. Let Ej be a quadratic field extension of Q, with ring of
integers OF, and fix a Zy-algebra homomorphism

(1) ¥ : O, — F.

Let go be a connected p-Barsotti-Tate group of dimension one and height two over F. Up to
isomorphism there is a unique such gg [3, p. 93], and gg is isomorphic to the p-Barsotti-Tate
group of any supersingular elliptic curve over F. The Z,-algebra End(gy) is the maximal
order in the unique (up to isomorphism) quaternion division algebra over Q,. We may
choose an embedding
Jo : O, — End(go)

in such a way that the action of O, on Lie(gg) is through the homomorphism . Such an
embedding is unique up to Aut(gg)-conjugacy by Corollary 1.1.3 below. Pick any vy € Op,
not contained in Z,, define cq by

Ly [0l = Ly +p°Og,,

and view g as an endomorphism of gg. For an object R of ProArt, a deformation of gg to
R is a pair (&g, pp) in which &g is a p-Barsotti-Tate group over R and

po : 8o — Go/r

is an isomorphism. We denote by 2 the functor on Art which assigns to an object R the
set My (R) of isomorphism classes of deformations of gy to R. Let 9o be the subfunctor of
Mo which assigns to R the set Yo(R) of isomorphism classes of deformations (&g, pg) of go
to R for which the endomorphism ~y € End(gg) lifts to an endomorphism of &, (uniquely,
by the rigidity theorem [25, Theorem 2.1]).

Given a p-Barsotti-Tate group ®¢ over an object R of ProArt we define g ® Z,: to be
the p-Barsotti-Tate group representing the functor on Art defined by

S &g(9) ®z, sz.
The representability of this functor is seen by choosing a Z,-basis of Z,2, defining
G0 ® Zpz = G x G,

and letting Z,2 act on the right hand side through the ring homomorphism Z,> — Ms(Z,)
induced by our choice of basis. The rule &y — &g ® Zy> defines a functor from the category
of p- Barsotti-Tate groups over R to the category of p-Barsotti-Tate groups over R with
Zp2-action. In particular we define a p-Barsotti-Tate group

9290®Zp2



6 BENJAMIN HOWARD

of height four and dimension two over F. Set
E=E, ®Qp sz,
let
O = OEO ®z, sz

be the maximal order in E, and set v = vy ® 1 € Og. The action of Of, on g¢ fixed above
determines an action

j: Op — End(g),

and in particular we may view - as an endomorphism of g. If R is an object of ProArt, a
deformation of g to R is a pair (&, p) in which & is a p-Barsotti-Tate group over R equipped
with an action Z,> — End(&) and p: g — & p is a Z,-linear isomorphism. Let 9 be the
functor on Art which assigns to each object R the set of isomorphism classes of deformations
of g to R, and let Q) be the subfunctor of deformations of g for which the endomorphism ~
lifts. There is a cartesian diagram of functors

®Zyy2

(2) Do —9

|

My ——
O®Zp2 m

in which the horizontal arrows are defined by

def
(®07P0) = (QSOapO) ®ZP2 = (60 ®Zp27p0 & ZPQ)a

where pg ® Z,> is the isomorphism

9=00Q® Ly po®id, So/r @ Lpz = G .

All functors in (2) are pro-representable by objects of ProArt and all arrows correspond
to surjections between the pro-representing objects (this follows from [21, Proposition 2.9]).
Expressed differently, the diagram (2) can be identified with a cartesian diagram of formal
schemes over Z

®Ly2
Spf(Ry,) — Spf(Ry)

| |

Spf(Ron,) —7— Spf(Ron)

in which all arrows are closed immersions.
For any £ € O, viewed as an element of Aut(g), and any (&, p) € 9(R) we define a new

deformation

£ (8,p) © (8,p067) € V(R).

This defines an action of O on the functor ). Using the isomorphism

Y(—) = Homproart(Ry, —)

we find an action of OF on Homproart(Ry,—) of the form & x f = fo ¢! for some
homomorphism

Og g AutpmArt (R@ ) .



DEFORMING ENDOMORPHISMS OF SUPERSINGULAR BARSOTTI-TATE GROUPS 7

The action of OEO preserves the subfunctor )y and similarly determines a homomorphism
(3) OEO - AutpmArt(ngo).

Definition 1.1.1. A component of ) is a closed formal subscheme € — Q) of the form
¢ = Spf(RQ)/p) — Spf(R@)

for some minimal prime ideal p C Rg. The component € is horizontal if p € p, and is
vertical if p € p. The multiplicity of a component € is the length of the local ring at p

multy (€) = lengthg, (Ryp)
and the intersection number is defined as the (possibly infinite) length

IE)J?(€7 mo) = lengthRmz (R@/p ® Ron Rfmo)'

The component € is improper if the closed immersion € — 9) factors as € — 9y — ) and is
proper otherwise. Intuitively, the phrase “€ is proper” should be interpreted as shorthand
for “C meets My properly in IM.”

Given any ring homomorphism ¢ : O, — R we denote by ¢ : Og, — R the homomor-
phism obtained by precomposing ¢ with the nontrivial Galois automorphism of Ey/Q,,.

Lemma 1.1.2. Let Ag be the mazimal order in a ramified quaternion algebra over Q, with
uniformizing parameter II. Two embeddings 1,12 : O, — A are AJ -conjugate if and only
if they reduce to the same Zy-algebra homomorphism Og, — Ag/IIAg = .

Proof. Easy exercise. O

Corollary 1.1.3. Let & and &' be p-Barsotti-Tate groups of dimension one and height two
over F, each equipped with an action of Og,. Then & and & are Og,-linearly isomorphic
if and only if their Lie algebras are isomorphic as Og,-modules.

Proof. By [3, p. 93] ® and &' are isomorphic as p-Barsotti-Tate groups, and so we may
assume that & = &. The two actions of O, on & are determined by homomorphisms
¢1,02 + Og, — Ag where Ay = End(®) is the maximal order in a ramified quaternion
algebra over Q,. The action of Ay on Lie(®) is through some embedding Ag/IIAg — F,
and the claim reduces to Lemma 1.1.2. (|

1.2. Hilbert-Blumenthal surfaces. It will be useful to identify Rgpy with a completed
local ring of a Hilbert-Blumenthal surface. Choose number fields &, F, and £ such that
the following properties hold:

(a) F is real quadratic, & is imaginary quadratic, and £ = & ®q F,

(b) there are isomorphisms (which we now fix)

Or ®y Zpész O¢, @7 Zp = Og,
Set Og, 7 = Og, ®z OF and let R C Og, r be the Ox-order defined by
L2 7] itl=p
Oy 7 @2Zy if L#Dp
for every rational prime ¢. Choose an elliptic curve ag over F and an action Og, — End(ap)
in such a way that the p-Barsotti-Tate group of ag is O, - linearly isomorphic to go (this
is possible by Corollary 1.1.3). The abelian surface a = a9 ® Of then carries an action of
Og,,7 and the p-Barsotti-Tate group of a is Og-linearly isomorphic to g.
Fix a Zariski open neighborhood U — Spec(Z) of p.

R@ZZZZ{
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Definition 1.2.1. An abelian surface with real multiplication (RM) over a U-scheme S is
an abelian scheme A — S with an action O — End(A) satisfying the Rapoport condition:
every s € S has an open affine neighborhood over which the coherent sheaf Lie(A) is a free
O ®7 Og-module of rank one.

Definition 1.2.2. Let Dx be the different of F/Q. Suppose S is a U-scheme and A — S
is an RM abelian surface. A Deligne-Pappas polarization of A is an Oz-linear polarization
A: A — AY whose kernel is A[Dx].

Definition 1.2.3. A polarized RM abelian surface over a U-scheme S is a pair (4, \) in
which A is an RM abelian surface over S, and A : A — AV is a Deligne-Pappas polarization.

Remark 1.2.4. See [23] for an extensive discussion of Deligne-Pappas polarizations and the
Rapoport condition. What we have called a Deligne-Pappas polarization is equivalent to
what Vollaard calls a D}l—polarization.

Let M be the Deligne-Mumford stack over U classifying polarized RM abelian surfaces
over U-schemes. Let ) be the Deligne-Mumford stack classifying triples (A, \,¢) where
(A, ) is a polarized RM abelian surface over a U-scheme and i : R — End(A) is an action
of R which extends the action of O on A. The stack M is smooth of relative dimension
two over U. See [2, 20, 23]. After shrinking U and adding rigidifying étale level structure at
primes not in U to these moduli problems the resulting stacks are schemes. From now on
we assume that such étale level structure has been imposed, but make no explicit mention
of it.

Suppose Ay is any elliptic curve over a scheme S and set A = Ay ® Ox. Fix a basis
{z,y} of OF as a Z-module and let {z",y"} be the dual basis (relative to the trace form) of
the inverse different D}l. These bases determine two homomorphisms #,7" : O — M3(Z)
which are interchanged by transposition in Ms(Z). Thus if we identify A =2 Ay x A in
such a way that the action of O on the right hand side is through ¢, the induced action
of OF on AV = AY x Ay is through V. In other words there is an Oz-linear isomorphism
AV = AY @ D', Moreover, if A\g : Ay — Ay is the unique principal polarization of A, then
as in [11, §2.1] the isogeny

A Ay O0F 2225 AY @ Dyl = AV

is a polarization with kernel A[Dx|, and does not depend on the choice of basis {x,y}.
Here we have used ¢ to denote the inclusion O — D;_-l. The above construction equips
every abelian surface of the form Ay ® O with a canonical Deligne-Pappas polarization. In
particular the abelian surface a = ag ® Ox defined above has a Deligne-Pappas polarization
A:a— aY, and, as Lie(a) & Lie(ag) ®z O, the abelian surface a satisfies the Rapoport
condition. Thus the pair (a, A) determines an F-valued point of M. Our chosen action of
Og, on ag determines an action i : Og, # — Endo, (a), and the triple (a, A, i) defines a point
of Y(F).

For an object R of Art let 9t*(R) denote the set of isomorphism classes of deformations
(4, p) of a, with its Ox-action, to R. Thus A is an abelian surface over R equipped with
an action of Or, and p : a — A/r is an Og-linear isomorphism. The deformation A
automatically satisfies the Rapoport condition, and by the corollary to [23, Theorem 3] the
Deligne-Pappas polarization of a lifts uniquely to A. Similarly let 9*(R) denote the set
of isomorphism classes of deformations (A, p) of a for which the action R — End(A) lifts
(necessarily uniquely, by [19, Corollary 6.2]) to an action of R on A. For any abelian scheme
A over a base scheme S let A, be the p-Barsotti-Tate group of A. If we let x € M(F)
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be the geometric point corresponding to the polarized RM abelian surface (a,\) then it
follows from the discussion above and the Serre-Tate theorem that there are isomorphisms
of functors on Art

HOmPI‘OAI‘t(Oj\/l,zy 7) = ma(*) = 93“((7)

in which Of , is the completion of the strictly Henselian local ring of M at x, and the
second arrow is defined by passage to p-Barsotti-Tate groups (4, p) — (Ap=,p). Similarly,
if we let y € Y(F) be the point corresponding to (a, A) with its above Og, r-action then
there are isomorphisms

HomProArt(Ogggﬂ _) = @u(_) = @(_)
In particular there is a commutative diagram in ProArt

0y, —— Ry

.

o
O,z — Ron

in which the horizontal arrows are isomorphisms.
By definition of 2, for an object R of ProArt an element of

M(R) = lim M(R/m¥,)

is a compatible family (&®*), p(¥)) of deformations of g to R/m%. One would like to know
that such a family comes from a single deformation (&, p) of g to R. This is true in great
generality (see [1, Lemma 2.4.4]), but in this particular case one can use the bijection

Homproart (O .» R) = M(R)

to see that the p-divisible group of the pullback of the universal Hilbert-Blumenthal moduli
via

Spec(R) — Spec(O% ) — M

gives the desired deformation of g to R. Similarly any element of Q(R), 9M*(R), or D°*(R),
a priori defined as a compatible family of deformations to Artinian quotients of R, in fact
determines a deformation to R (necessarily unique by [5, Corollary 8.4.6]).

We will exploit the isomorphism ng,y = Ry to deduce properties about the deformation
space ) which seem difficult to obtain by working purely in the context of p-Barsotti-Tate
groups. The following lemma is a good example of this.

Lemma 1.2.5. The Qj-algebra Ry[1/p] is a finite product of field extensions of finite degree.

Proof. Exactly as in [11, Lemma 2.1.3] one can choose a prime ¢ € U for which R ®y Z; =
Z}, and use the Serre-Tate deformation theory of ordinary abelian varieties to prove that
Y xu Spec(W (F3')) is isomorphic to a disjoint union of copies of Spec(W (F'¢)). Tt follows
that J,q is a disjoint union of spectra of number fields.

Let Spec(R) — y/zg be an open affine neighborhood of the point y € Vyzg (F) corre-
sponding to the triple (a, \,7). By the previous paragraph R ®@zg Qp is a finite product of
field extensions of Q of finite degree. Let R, be the local ring of R at y and let ]-AEy be the
completion of R, with respect to the topology induced by its maximal ideal. We let I C R
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be the ideal of Z;-torsion elements and set S = R/I. The local ring S is then free of finite
rank as a Z;-module, and so admits a decomposition

S=]] S

as a product of complete and separated local rings, where m runs over the finitely many
maximal ideals of S. There are two possibilities to consider: either the Zj-algebra map
R — F determined by y factors through S, or it does not. If R — F does not factor
through S then the local ring R, contains an invertible Zj-torsion element, and hence ﬁy
is Zy-torsion. If R — I does factor through S then there is a unique factor Sy, in the above
decomposition for which the composition R — Sy, extends to a (necessarily surjective)
homomorphism of local rings R, — Sy with Z)-torsion kernel I ®r R,. As Sy is complete,
this map extends uniquely to a homomorphism }A%y — S, still with Z7-torsion kernel. We
deduce that

Ry, ®z; Q) = S @25 Q;
is a direct factor of the product of fields
R®zs Q) = S ®z5 Q).

In either case we see that ﬁy ®zg (@;

degree. Using ﬁy = 0y, = Ry completes the proof. ]

is a finite product of field extensions of Q, of finite

Corollary 1.2.6. Let p be a prime ideal of Ry with p & p. Then the local ring Ry, is a
field extension of Q, of finite degree. In particular, every horizontal component of ) has
multiplicity one.

Proof. This is immediate from Lemma 1.2.5. |

For each £ € OF let I C Og, 7 be the proper fractional R-ideal defined by

(¢ (RezZ,) ifl=p
Iﬁ@zz@‘{ RopZe  if€+p

for all primes £. Let (A, p) € D*(R) be a deformation of a to some object R of Art for
which the action of R lifts. Denoting by A — A~ the reduction from R to F, there are
canonical isomorphisms

(4) (A®r Ig)w Yarl:=a

in which the first isomorphism is

(A R Ig)N =AY Qr Ig ﬂ) a®r I‘E
and the second is given on points by
a(S) @r Ie — a(S) PRa—a-P

for any F-scheme S (the latter makes sense because the action of R on a extends to an
action of Og, ). Expressed differently, we are making use of the canonical isomorphism

a®r Ie = a®o,, » (Ie @r Og, F) = a®og, » Og,.7r =0

arising from Iz Og, r = Og, 7. Denote by p Qg I¢ the inverse of the composition (4) and
note that while A ® Iz depends only on the class of I¢ in Pic(R) the isomorphism p ®x I¢
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depends on the fractional ideal I¢ itself. We obtain a new deformation of a, with its R-action,
to R

def
(A, p) Or I = (AQRr Ie, p @R Ic) € D(R)
and the operation ®rI¢ defines an automorphism of the functor 2.

Lemma 1.2.7. For any § € O the diagram
9" —9

®’RI£\L \L&*

Pt ——=2
commutes (the action on the right is that defined in §1.1).
Proof. Fix an object R of Art and a deformation (A, p) € 9*(R). The p-Barsotti-Tate
group of A ®g I¢ represents the functor on R-schemes
S Apee (S) @z, 5 1) §Zp2 0],
and so there is an isomorphism of p-Barsotti-Tate groups
(5) Ape = (A®R Ig)p=

which on S-points is given by P — P ® . Reducing this isomorphism modulo mp one finds
the commutative diagram

A;oo — (A®r IE)pNoo

PT TP@RQ

ap‘x’ _— apoo .

3
In other words (5) defines an isomorphism of deformations

(Ap,po 571) = (AR Ig)p=, p @r )
of apee = g. O
Suppose R is the ring of integers in a finite extension of Qp and fix some (&,p) €
PD(R). Let Ta,(®) be the p-adic Tate module of &. Note that the action of Z,2 and the

endomorphism v € Op make Ta, (&) into a Z,:[y]-module, and that Ta, (&) ®z, Q, is free
of rank one over E.

Definition 1.2.8. Define the geometric CM-order of (&, p) by

O®)={z € E|z-Tap(®) C Tay(®)}
and define the reflex type of (&, p) to be the isomorphism class of Lie(®) as a module over
L2 [7] Rz, R.
Remark 1.2.9. The action of Z2 ®z, R = R x R on Lie(®) induces a decomposition

Lie(®) 2 A1 @ Ay

in such a way that each A; a free R-module of rank one, and so that Z,» acts through
the embedding Z,> — Z, — R on A; and through the conjugate embedding on A;. The
action of Z,[yo] preserves this decomposition and determines a pair of embeddings (¢1, ¢2)

of Zy[yo] into Endg(A;) = R. This pair of embeddings completely determines the reflex
type of the deformation (8, p) € D(R).
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The following proposition will be crucial in the determination of the horizontal compo-
nents of ) carried out in §3.

Proposition 1.2.10. Let R be the integer ring of a finite extension of Qp. Two deforma-
tions

(®,0),(&",0) € D(R)
lie in the same O -orbit if and only if they have the same geometric CM-order and the same
reflex type.

Proof. One implication is obvious: if there is a £ € O, for which

(&,p) = (8,po¢™)
then in particular there is a Zp2[y]-linear isomorphism &’ = &, which implies that the
geometric CM-orders and reflex types agree. For the other implication we use Lemma 1.2.7.
Fix an embedding Frac(R) — C. It suffices to prove that if we are given two deformations

(4,0), (A",p') € D*(R)

of a for which O(Ap=) = O(A)~) and
Lie(A) = Lie(4’)

as Zy2[y] ®z, R-modules, then there is a £ € O such that

(A, p") = (A, p) @r I
as deformations of a. The pro-representability of 2 implies that the map 9°*(R) — D*(R’)
is injective whenever R’ is the ring of integers of a finite extension of the fraction field of R,
thus it suffices to prove the existence of such a £ after enlarging R. Therefore we are free to
assume that

Endg (A) = Endg (4 rrac(r)) = Endr (4 ,c).
The theory of complex multiplication implies that Endg(A4) is an Og-order in £ which
satisfies
EndR(A) Rz Ly = EndR@%Z( (Ta[(A))
for every prime ¢. Using
Tay(A) = Tay(ag) ®z OF = (Og, @z Z¢) @z, (OF @7 Ly)

for ¢ # p we find that
O(Ap=) ifl=p
Ogo, 7 ®z Ly if £ # p.

Applying the same reasoning to A’ shows that A,c and A’/(C have the same endomorphism

EndR(A) XKz Zg = {

ring. As the CM abelian surfaces A /¢ and Al/c have the same reflex types (in the classical

sense) and endomorphism rings, the theory of complex multiplication implies that there is
some I € Pic(Endg(A)) such that

Al 2 Ajc @pnarg (a) 1.

Replacing I by any one of its preimages under Pic(R) — Pic(Endg(A)) we find an I €
Pic(R) such that

A’/(C = Ac@r 1,
and after possibly further enlarging R we may assume that

©) Al pvac(r) = A/Frac(r) Or 1.
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Applying the theory of Néron models over the discrete valuation ring R we find that (6)
extends uniquely to an isomorphism

A2Apr I

of abelian schemes over R. As the reductions of A’ and A to F are isomorphic to a, we
deduce that there exists an isomorphism a = a ®x I of abelian varieties over F. Hence we
obtain isomorphisms of Og, r-modules

HomOSO’T(a,a) = HomOSO,F(a,aQ@RI)

Il

Homogof(a, Cl) Qr 1.
Using
Homogoj(a, a) & Endog[J (a9) ® O = Og,.7
we find
Ocy 7 = Ogy 7 ORI
as Og, s-modules. In other words I lies in the kernel of Pic(R) — Pic(Og, #). Every such
I has the form I¢ for some £ € Oy, and we have now found an isomorphism A’ — A ®g I¢
of abelian schemes over R. Reducing this isomorphism modulo mp yields a commutative
diagram
(A —— (A®gr I¢)™

p’T T/@RI@

a——>a
in which the bottom horizontal arrow is some Og, r-linear automorphism of a. Every such
automorphism is given by the action of some ¢ € (’)?07 #, and if we replace £ by ™' then
the bottom horizontal arrow is the identity automorphism of a. This shows that there is an
isomorphism of deformations

(Alv p/) = (Aa p) Or IE:
completing the proof. O

Lemma 1.2.11. All but finitely many triples (A, X\, i) € Y(F) are supersingular.

Proof. The only possible slope sequences for the p-Barsotti-Tate group of an abelian surface
over F are {0, %, 1}, {0,0,1,1}, or {%, %} A p-Barsotti-Tate group with slopes {0, %,1}
cannot admit an action of Z,2, thus every point of Y(IF) is either ordinary or supersingular.
If Y°r4(F) C Y(F) is the subset of ordinary points then taking Serre-Tate canonical lifts
gives an injection Y°'4(F) — V(Z;). The proof of Lemma 1.2.5 implies that }(Z;) is finite,

completing the proof. O

Suppose R is an object of ProArt with pR = 0 and that & is a p-Barsotti-Tate group
of dimension k over R. The Hasse- Witt invariant of & is the homomorphism of free rank
one R-modules

AFVer : AFLie(&®)) — AFLie(®)
where Ver : ) — & is the usual Verschiebung morphism. Consider in particular the
universal deformation (g""V, p""iV) € M (Rgy) and its reduction (&, p) to R = Ry ®zg F.
By choosing an isomorphism R = A2Lie(®) we may identify the kernel of the Hasse-Witt
invariant with an ideal I C R. The kernel of

Ry — R— R/I
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is denoted Igw, and the closed formal subscheme
Muw Y Spf(Ron/Trw) — M
is the Hasse- Witt locus of 9.

Proposition 1.2.12. Suppose € is a vertical component of ) in the sense of Definition
1.1.1. The closed immersion € — M factors as

¢—>me—>9)?.

Proof. Fix a vertical component € = Ryg)/p and let (&, p) be the pullback to Ry /p of the
universal deformation of g. We must show that the Hasse-Witt invariant of & is 0. Let
y € Y(F) be the point corresponding to the polarized RM abelian surface (a, \) with the
action of Og, 7 induced by our fixed action of Og, on ag. Let V' — YV/r be an open affine
neighborhood of y and let A be the restriction to V of the universal RM abelian surface
over )Vp. After shrinking V' we may assume that Lie(A) is free of rank two over I'(V), and
(by Lemma 1.2.11) that the fiber of A at every point of V(F) is supersingular.

After choosing generators for the exterior squares of the Lie algebras of A and A®) the
Verschiebung

A2Ver : A’Lie(AP)) — A%Lie(A)

is given by multiplication by some 8 € T'(V). At any point z € V(F) the supersingularity
of the fiber A, implies that

Ver : Lie(AP)) — Lie(A.)

is not invertible, and thus /3 vanishes at every z € V(FF) (in general, an abelian variety over F
is ordinary if and only if the Verschiebung map induces an isomorphism of Lie algebras). As
(V) is of finite type over F its Jacobson radical is equal to its nilradical by [17, Theorem
5.5], and we deduce that ™ = 0 for some positive integer n. If we let Oy, denote the
completion of the local ring of V' at y then O, = Ry ®zg F, the p-Barsotti- Tate group &
is the base change of the p-Barsotti-Tate group Ape via

I(V) = Oy, — Ry/p,

and the Hasse-Witt invariant of & is (for appropriate choice of generators of the exterior
squares of the Lie algebras of & and &()) multiplication by the image of 3 in Ry/p. As
the image of 3 is 0, we are done. O

2. VERTICAL COMPONENTS

In this section we will determine all vertical components of ). The final answer is simple:
if ¢g = 0 then there are no vertical components, while if ¢y > 0 there are exactly two, each
meeting MMy transversely (i.e. the intersection number of Definition 1.1.1 is equal to 1).
More difficult is the problem of determining the multiplicities of these components. We will
accomplish this (at least for p > 2, a hypothesis which seems essential to the method) by
making heavy use of Zink’s theory of windows [27], an alternative to the theory of displays
[18, 28] which is more amenable to explicit calculation. The calculations are inspired by a
method used by Kudla-Rapoport for studying special cycles on unitary Shimura varieties
[15].
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2.1. Dieudonné theory. Let W, denote the completion of the strict henselization of Og,
with respect to the homomorphism ¢ : O, — F fixed in (1). More concretely,

W o Z, if Ey/Q, is unramified
07\ Og, ®z, Z if Ey/Q, is ramified.

In either case Wy is integrally closed in its fraction field M, and we are given an embedding
U : Op, — Wy which lifts ¢). For any ring homomorphism ¢ : O, — R we denote by ¢ the
map obtained by precomposing ¢ with the nontrivial Galois automorphism of Ey/Q,. If R
is an object of ProArt we let W(R) be the ring of Witt vectors of R and let Ir C W(R)
be the kernel of the natural surjection W(R) — R. For any r € R denote by [r] € W(R)
the Teichmuller lift. The ring W (R) is equipped with a ring endomorphism r — Fr and an
endomorphism of the underlying additive group r — Vr.

We will use Zink’s theory of displays as in [28]; a quick summary of the basics can be found
in [6]. A display over an object R of ProArt consists of a quadruple D = (P,Q,F,V~1)
in which P is finitely generated free W(R)-module, @ C P is a W(R)-submodule, and
F:P — Pand V7! : Q — P are -linear operators. There are addition properties
which the quadruple (P, Q, F,V 1) is to satisfy; see [28, Definitions 1 and 2]. If (D, F,V)
is a Dieudonné module over F with the property that V is topologically nilpotent then the
quadruple (D, VD, F,V~1) is a display, and this construction establishes an equivalence of
categories between displays over I and Dieudonné modules over IF on which V' is topologically
nilpotent. By [28, Theorem 9] for any object R of Art there is a (covariant) equivalence of
categories between displays over R and p-Barsotti-Tate groups over R with connected special
fiber. By the comments after [28, Theorem 4] the Lie algebra of a connected p-Barsotti-Tate
group is isomorphic to the Lie algebra of its display D = (P, Q, F, V1), defined as the free
R-module

. def
Lie(D) = P/Q.
The height of D is rankyy gy (P) and the dimension of D is rankr(P/Q). The Lie algebra
of a Dieudonné module (D, F, V) is defined to be the Lie algebra of its associated display
Lie(D) = D/VD.

Consider the standard supersingular Dieudonné module (Dgy, F,V') over F whose under-
lying Z,-module is free on two generators {eo, fo} with the operators F' and V defined
by

Feq = fo Ffo = peo
and

Veo = fo V fo = peo.
If Ey/Q, is unramified then ¥ takes values in Wy = Zy, and the normalized action of OF,
on Dy is defined by

r*ey = U(r)eg r* fo=V(r)fo
for all r € Og,. The anti-normalized action of Og, on Dy is defined by
rxeg = U(r)e 7 fo = W(r) fo.

The action of O, on Lie(Dg) induced by the normalized action is through v, and the action
of O, induced by the anti-normalized action is through . If instead Eg /Q, is ramified
let wg, € O, be a root of an Eisenstein polynomial in Z,[z], so that O, = Z, & Z,wg,.
Using the surjectivity of the trace Z,> — Z, and norm Z;z — Z,; this Eisenstein polynomial
has the form

22 — (a + a°)z + (aa” — bb7p)
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for some a € pZ,> and b € ZZQ. Having fixed such a and b we now let wg, act on Dy by
wg, * o = aeg + b7 fo @, * fo = pbeg + a’ fo.

This determines an action of Op, on Dy which we call the normalized action of Op,.
The anti- normalized action is obtained by precomposing the normalized action with the
nontrivial Galois automorphism of Og,. Under either action O, acts on Lie(Dy) through
Y =1 (the unique Z,-algebra homomorphism O, — F.)

Lemma 2.1.1. The covariant Dieudonné module of the p-Barsotti-Tate group go fixed in
§1.1 is Op,-linearly isomorphic to the standard supersingular Dieudonné module Dy with
its normalized Og, -action.

Proof. As the action of Og, on the Lie algebra of Dy is through %, this is a consequence of
Corollary 1.1.3. O

Lemma 2.1.2. Suppose &(, and &( are p-Barsotti- Tate groups of height two and dimension
one over IF, each equipped with an Og,-action. Suppose further that there is an Og,-linear
isogeny f : &) — Bl of degree p*. Let ¢ : O, — F be the homomorphism giving the action
of O, on Lie(®().

(a) If k is even then Og, acts on Lie(®) through ¢.

(b) If k is odd then Og, acts on Lie(®}) through ¢.

Proof. If Ey/Q, is ramified then there is a unique Zp-algebra homomorphism Og, — F,
and so there is nothing to prove. Thus we assume that E;/Q, is unramified and let D
and D{ be the covariant Dieudonné modules of &{ and &;. For simplicity we assume
¢ = 1 and fix, using Corollary 1.1.3, an Og,-linear isomorphism from D{ to the standard
supersingular Dieudonné module Dy with its normalized action of Op,. The isogeny f then
identifies Dj with an Og,-stable sub-Dieudonné module D{j C Dy with Dy/Dj of length k
as a Zp-module. Every such submodule has the form

Dy = p*Zyeg +p* Ly fo
with a > 0, e € {0,1}, and k = 2a + €. If k is even then ¢ = 0 and Lie(&() = D/V D] is
generated by the image of p®eq. Hence O, acts on Lie(®(,) through ¢. If k is odd then
e = 1 and Lie(8)) = D{/V D} is generated by the image of p®*!f;. Hence O, acts on
Lie(®}) through . O

Let dg = (Py, Qo, F, V1) be the display associated associated to (Do, F, V'), the standard
supersingular display. Thus Py is the free Zp-module on {eg, fo}, Qo C P is free on
the generators {peg, fo}, and the operators F' and V! are completely determined by the
relations

Feqg = fo V= fo = eo.

As in [28, (9)] we encode this information in the displaying matriz 1 1) of dg. Define

a display d§™ = (P, Qo, F, V') over R = Zg[[x0]] as follows. Let Py be the free W(R)
module on two generators {ef™", fi™"}, let Qo C Py be the W (R)-submodue

QO _ IRe(l)lniv + V[/(]%)félniv7

[zo] 1

1
paring with the displaying matrix of the standard supersingular display we see that the
reduction of d§™ to F is isomorphic to dj.

and take the displaying matrix of d"™V with respect to this basis to be ( . Com-
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For any display Dy = (Py, Qo, F, V1) over an object R of ProArt define a new display
Dy ® Z,2 = (P,Q, F, V~1) over R in the obvious way; thus

P =Py Qz, Ly Q = Qo ®z, Ly

and F and V! are the Zp2-linear extensions of the corresponding operators of Dg. In
particular we define

d=do®Zy.
Using the homomorphism Zj — W(Z,) of [9, §17.6] we obtain a canonical Z,-algebra
homomorphism

Z, — W(R)

for any Z,-algebra (and in particular any object of ProArt) R, and hence a canonical
homomorphism Z,> — W(R). Let €; and € be the usual idempotents in

W(R) ®z, Zy> = W(R) x W(R)
indexed so that
(I®a)g =(a®1)e (I®a)e = (a” ®1)ey

for all @ € Z2. Recalling that the underlying Zp-module of dg has basis {e, fo}, define a
basis {e1, ez, f1, f2} of the underlying Z;-module of d by

e; = €€ fi=¢€ifo.
With respect to this basis d has displaying matrix
1
™) X
1

The normalized action of O, on dg determines an action of Og on d. If (D, F, V') denotes
the Dieudonné module associated to d then D is the free Zj-module on the generators
{e1, ea, f1, f2}, the operators F' and V both satisfy

e1 — fa ez — fi f1— pes f2 = pex,
and the action of Z,> on D is given by
(8) axe; = aep axeg =a’ey ax fi=afy ax* fo =afs.

Now abbreviate R = Zg[[x1, 22]] and define a display d"™v = (P, Q, F, V') over R as fol-

univ univ funiv

lows. The underlying W (R)-module P of d""" is free on four generators {e}"lV, eyniv  faniv gunivi
The W (R)- submodule @ C P is defined by

Q — IRetllniv + IRe;niv + W(R) ilniv + W(R)f;niv,
and the displaying matrix of d"™™V with respect to this basis is

(1] 1

(9) [332] ) 1

1

We endow d"™ with an action of Z,2 using the formulas (8), replacing e; with /™" and f;
with 2%V, One can check that setting x5 = z; = g in (9) recovers the displaying matrix
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of di™V ® Z,2, and hence A @ L2 is Zp2-linearly isomorphic to the base change of duniv
through the isomorphism

Zpllwy, wa])/ (21 — w2) === Zp[[wo]]-

Comparing (7) with (9), the base change of d"™V to the residue field of Z,[[x1, z2]] is Z,2-
linearly isomorphic to d = do ® Z,2, and hence (by Lemma 2.1.1) is Z,2-linearly isomorphic
to the display of the p-Barsotti-Tate group g = go ® Z,2. Thus we have a commutative
diagram of functors on Art

S ) p—

l l%

Spf (Zy[[x1, x2]]) —— M

in which the top horizontal arrow sends a morphism Zg[[z9]] — R in ProArt to the p-

divisible group associated to the base change of di™" to R, the bottom horizontal arrow
sends a morphism Zp[[x1, z2]] — R to the p- divisible group associated to the base change
of d™V to R, and the vertical arrow on the left is ; — .

Proposition 2.1.3. The horizontal arrows in the above diagram are isomorphisms.

Proof. Consider the top horizontal arrow. By [4, Theorem 1.5.3(3)] it suffices to prove that
the induced map on tangent spaces

Hompyoart (Zy[[zo]], Fle]) — Mo (Fle])
is a bijection, and this is proved by Zink [28, §2.2] using his deformation theory of displays.

The proof for the bottom horizontal arrow is similar; details can be found in [6, §6.11] and
[7]. |

To paraphrase the proposition: we may identify Ron = Zp[[z1, x2]] in such a way that the
closed immersion 9ty — 91 is identified with the closed immersion

Spf(Zp[[xol]) — Spf(Zp[[x1, 22]])
defined by T; — Xg.
2.2. The Hasse-Witt locus. Using Proposition 2.1.3 we identify
Ron = Zp|[[z1, 22]],

so that the ideal defining the closed formal subscheme My is generated by z; — x2. The
display of the universal deformation of g is given by the displaying matrix (9), and the
Lie algebra of the universal deformation is the free Zp[[x1, z2]]-module on the generators
{eyiv, ey}, Using [28, Example 23], after base change from Zs[[x1, x2]] to F[[z1, x2]] the
Verschiebung morphism on Lie algebras can be read off from the matrix (9), and is given by

elllnlv — z26121n1v egmv — Ilelilnlv.

Thus the Hasse-Witt locus Myw — 9N (in the sense of §1.2) is seen to be the closed formal
subscheme defined by the ideal Inw = (p,x122). We find that Myw has two irreducible
components which we denote by

&* = Spf(Ram/(p,x2)) = Spf(F[[21]])

¢ = Spf(Ram/(p, 1)) = Spf(F[[22]]).
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Each of €7°" meets M transversely in the sense that
(10) c;/er Xom Moy = Spf(F)

According to Proposition 1.2.12 any vertical component of ) is contained in the Hasse-Witt
locus, and so must be one of €.

We will examine the component €Y. Let (&Y', py°") € M(F[[x1]]) be the restriction to
€Y°" of the universal deformation of g over 9. We wish to determine which endomorphisms
of g lift to endomorphisms of &Y. Let

D?l,er = (P]Yer7 Q?{er? F7 Vﬁl)

be the display over F[[x1]] corresponding to &Y'. According to §2.1 the W (F[[z1]])-module
Pyer is free on the generators {eq,eq, f1, f2}, the submodule QY is

Ir(z,ye1 + Ipjziyye2 + W(F[[z1]]) f1 + W (F[[z1]]) fo,

and the operators F and V! are determined by the displaying matrix over W (F[[x]]) with
respect to the basis {ey, ea, f1, f2}

[21] 1
0 1
1
1

Let Fr : Zp[[x1]] — Zp[[z1]] be the unique ring homomorphism which is the Frobenius on
Zs and satisfies x1 — 7. The window [27] associated to DY* with respect to the frame
Zy[[x1]] — F[[z4]] is the triple (M7y°", Ny**, ®) where My*" is the free Z;[[z1]]-module on
the generators {e1,es, f1, fo}, the submodule N7 is generated by {pei,pes, f1, f2}, and

D @ MY" — MY°" is the Fr-linear map satisfying
e1— fa ez — xie1 + fi J1+— pes f2 — pei.

The action of Z,2 on (MY, Ny, ®) is by the rule (8). The window of g with respect to the
frame Z; — F is obtained as the base change (M, N, ®) of the triple (M7, Ny, ®) via the
map Zp[[x1]] — Z;, defined by z; +— 0, and every I' € Endg, , (g) is determined by its matrix
with respect to the ordered basis {e1, f1, €2, fa} of M. The condition that I' commutes with
the Z,»-action is equivalent to this matrix having the block diagonal form

= (" 2),

while the condition that I' commutes with ® and preserves the submodule N is equivalent
to Y and Z having the form

_(a pb _(d” pc”
SO S ()
with a,b,¢,d € Zy2. The subring End(go) C Endy, , (g) consists of those I' for which d = a”

and ¢ = b°.
For each k£ > 0 set

AR = Z[n])/a) R =Fln])/@})
and let (M[k], N[k],®) be the base change of (M, Ny, ®) via Zp[[z1]] — Alk], so that

(M[k], N[k],®) is the window associated to 1Rk With respect to the frame Alk] —
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R[k]. We will lift the endomorphism I'[0] = T of (M[0], N[0],®) = (M, N, ®) to a quasi-
endomorphism T'V* of (M7°", NY°', ®) by successively lifting from A[k] to A[k+1]. With re-
spect to the ordered basis e1, f1, €2, f2 any Z,2-linear quasi-endomorphism I'[k] of (M [k], N[k], @)

must have the form
=" ).

where Y'[k] and Z[k] are 2 x 2 matrices with entries in A[k] ®z¢ Qp which satisfy

a v ()= () mem oz (y 7)< (, 7))

(these conditions are equivalent to I'[k] commuting with ®), and such a I'[k] is an endomor-
phism if and only if Y'[k] and Z[k] have entries in A[k] and each of the upper right entries is
in pA[k] (so that the submodule N[k] C M[k] is preserved). The crucial observation is the
following: the ring homomorphism Fr : A[k 4+ 1] — A[k + 1] factors through the quotient
map A[k + 1] — A[k], so that there is a commutative diagram

Alk 4+ 1] /> Alk + 1]

| A

A[K].

Replacing k& by k& + 1 in (11) and then solving for Y[k + 1] and Z[k + 1] we find that to
successively lift I'[0] to a quasi-endomorphism of each (M [k], N[k], @) is equivalent to solving

the recursion relations
1 P\ . . p
(3 7)-mem-(, 7))

Zk+1] = ;(1 p)-Fr(Y[k]).<1 P)

in Afk] ®zg Qp. By trial and error one can explicitly solve the recursion (12). If we define
matrices Y1 and Zy" in Zj[[z1]] ®z¢ Qp by

v = (0 ) s (5 U2 et (3 )

ver d°® pc‘7 —c? 0 0 0
Zle = (ba ao) + f(.%'ﬁ)) ((dpa){7 Ca) - g(le)) (c; 0

f(g;):xp0+xp2+zp4+xp6+xp8+~~

(12) Yk + 1]

RSN

where

and
(0] (0] 2 (0] 2 4 (0] 2 4
g(x) =aP (P ) + 2P (22 + 2P ) + 2P (227 + 227 +2P)
— (23:”(J + 227" 4 227" J:pﬁ) + 2P (23:’”0 + 227 4 227" + 227 + xps) +-
then Y[k] and Z[k] are the images of Y1"*" and Z}*" under the quotient map Zj [[z1]]®z; Q) —

Alk] ®zg Q. From this it is clear that I'[0] = I' lifts from an endomorphism of g to a quasi-
endomorphism of &7°" given by

ver __ Ylver
(13) 1_‘1 - ( Zi/er)
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and that this quasi-endomorphism is integral if and only if a — d € pZy,2 and c € pZ,..
Proposition 2.2.1. Recall from §1.1 that co is defined by Z,[vo] = Z, + p*° Og, -

(a) If co = 0 then ) has no vertical components.
(b) If co > 0 then Y has exactly two vertical components, €Y and €3, each satisfying
Ion (€Y, M) = 1.

Proof. Consider first the closed formal subscheme €}*" = Spf(F[[z1]]) of 9 defined by the
ideal (p,z3) C Rgn. Let (&7, p7) be the restriction of the universal deformation of g to
;. As above, the action of the endomorphism j(v) € Endg , (g) is determined by its action
on the window (M, N, ®) associated to g, and is given by a matrix of the form
a pb
b a”
I'= a pb
b7 a”
with a,b € Zy>. By what was said above, €{°" is contained in ) if and only if the unique
lift of j(vy) to a quasi-endomorphism of &Y*" is an endomorphism, which is equivalent to p
dividing both a — a® and b. Using the fact that Z,[yo] is isomorphic to the Z,-subalgebra

of M3(Z,2) generated by <bcf, gf) it is easy to see that
pl(a—a)and p|b <= Zy[y] C Zp +pOg, < ¢y > 0.

The same argument with €Y°" replaced by €3°" shows that each of the two components of the
Hasse-Witt locus of 901 is contained in %) if and only if ¢y > 0. The final claim concerning
the intersection multiplicity is just a restatement of (10). ]

2.3. Vertical multiplicities: E; unramified. Assume that Ey/Q), is unramified and fix
some 1 € Ey such that Og, = Z,[n]. Thus

Zplvo) = Zpp“n] Zip2[y) = Zp2[p“n)

and

U< w(n) —U(n) € (23)".

Identify the window of g equipped with its action induced by j : O — Endyz , (g) with the

window (M, N, ®) of §2.2 equipped with the normalized action in the sense of §2.1. The
action of n on (M, N, V) with respect to the ordered basis {e1, f1, €2, fo} is given by the

matrix
Y
(" 2)

"o <\If(n) ‘If(n)> 7= <\I/(77) ‘I/(n))

and W, U : Op, — Z are as in §2.1. As in §2.2 we let (&}, py*") € M(F[[x1]]) be the
restriction of the universal p-Barsotti-Tate group over 9t to the closed formal subscheme

€7 = Spf (F[[z1]])

and let (M7, NY°', ®) be the associated window over F[[x;]] with respect to the frame
Zp[[x1]] — Fl[z1]]. We saw in §2.2 (especially (13)) that the endomorphism 7 of g lifts to

where
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the quasi-endomorphism of B7*" whose action on (M7, Ny, ®@) is given by the matrix

Y. ver
ver __ 1
Fl - ( Zinar)

where
yver — (W(n) Uf($1)> gver _ (U\I/(n) 70 )
! 0 U(n) ! Sf)) T(n)
and f(z1) = xfo + m’l’z + x’f4 + ---. Note in particular that pn lifts to an endomorphism of
ey

We next attempt to lift the quasi-endomorphism I'Y*" to a natural family of deformations
of BY°". For every k > 0 set
k

(14) RIK] = Zp[[wy, x2]]/ (*" 25 ) AlK) = Z5 ][, 2])/ (o).

If we equip A[k] with the unique continuous ring homomorphism Fr : A[k] — A[k] which
satisfies x; — 2} and whose restriction to Z7 is the usual Frobenius then A[k] — R[k] is a
frame in Zink’s sense. Denote by &[k| the base change to R[k] of the universal p-Barsotti-
Tate group over Roy = Zj[[z1,72]], and note that &[0] is simply the p-Barsotti-Tate group
&Y over F[[x1]]. There is a canonical isomorphism & [k + 1],k = [k] and so each &[] is
naturally a deformation of &7¢*. Starting from the display (9) of the universal deformation
of g to Roy, base-changing from Rgy to R[k], and applying Zink’s equivalence of categories
between displays over R[k] and windows over R[k], we find that the window associated
to &[k] is the triple (M[k], N[k],®) in which M[k] is the free A[k]-module on generators
{e1, €2, f1, fo}, the submodule N[k] C M]|k| is generated by {p?*Tle;, p* ey, f1, fo}, and
® : M[k] — M]Ik] is the Fr-linear map determined by

el — Taex + fo eg — x1e1 + fi f1+— pea f2 = pex.

As always, the action of Z,> is by (8). By the previous paragraph the quasi-endomorphism
of B[0] = &Y induced by lifting n from g to BY" corresponds to the quasi-endomorphism
of the window (M [0], N[0], ®) whose matrix with respect to the ordered basis {ey, f1, €2, f2}

Y0
=" 1)
where Y'[0], Z[0] € M2(A[0]) ®zg Q; are defined by

(0 Y) e (5 )

By the argument used in §2.2, the quasi-endomorphism T'[0] of (M]0], N[0], @) lifts to the
quasi- endomorphism of (M[k], N[k], ®) given by the matrix

L[] = (Y[k] Z[k])

where Y[k], Z[k] € Ma(A[k]) ®z Qj, satisfy the recursion relations

<?p>ynmmf<1—ij
(wlz P) -Fr(Y'[k]) - (1 —2;2) '

(16) Yk +1]

V==

Z[k + 1]
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The matrices Y'[0] and Z[0] admit obvious lifts to Ma(Zj)[[x1, z2]]) ®zg Qj, defined again
by the equations (15). We then lift each Y'[k] and Z[k] to a matrix in Ma(Z[[21, z2]]) ®z5 Q)
in the unique way for which the relations (16) continue to hold. For k > 1 set

(17) Yo =p"(Y[k] = Y[k 1) Zn = p"(Z[K] - Z[k - 1))
so that (by directly computing Y [1] and Z[1])

Y1 = 0
7, = U.(ﬂizf(xf) —pﬂiz—iﬂzf )

)
)

For notational consistency we also define Yy = Y[0] and Z, = Z[0], so that for £ > 0

and

3

x
Zk+1 — < 12 ) FI‘(Yk < 1;2

YK = pYo+p" Vi + M e 4+ Vil + VR
P2k = P Zy+p T 2+ P2+ D2 + 2
It is clear from the recursion relations and initial conditions that YY), and Z, have entries in

Zg[[w1,22]] for k > 1, that Y3 = 0 for k odd, and that Z;, = 0 for k even. Let y, and z; be
the upper right entries of Yy, and Zj, respectively and define (for ¢ > 0)

H acgpi e_(0) = H 2P

0<i<t 0<i<t
i even i odd

From the fact that Z; is divisible by x2 one deduces that Z, is divisible by acgg_l for ¢ odd

L—1
and positive, and that Y7 is divisible by 5 for ¢ even and positive. Furthermore one can
easily compute the images of y; and 2z, in F[[x1, z2]] by solving the above recursion relations
modulo p. One finds that

(18) Yo = upe—(0)
z1 = wier(1) +pragy
Y2 = Ug€_ (2)"‘]953292
zg = wuger(3)+ pxz g3
Yo = uge_(4)+ p:v’2’394
z5 = uses(D) +px2 Js

for some g € Zg[[z1, z2]] and some uy, € Z;[[x1]] with nonzero image in F[[z]]. As already
noted

(19) todd = y,=0 Leven = z,=0.
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Let ag, B € Z9[[x1,22]] be the upper right entries of p*Y'[k] and p*Z[k], respectively, so
that

(20) ar = Pyo+p Ty 0 2y o+ Yo + ok
B = P+ e +pF P b pzeg + oz

Suppose k > 1. By what has been said above the endomorphism p*n of &[0] lifts to a
quasi-endomorphism of ®[k] which we denote in the same way. Our interest in the constants
g, B € Zp[[r1, 2] comes from the following fundamental fact.

Proposition 2.3.1. Suppose k > 1 and let R[k] — S be the mazimal quotient of R[k] for
which the quasi-endomorphism p*n of 6[k] s is an endomorphism. Then

S = RIk]/(ak, Brk)-

Proof. As base change for displays is easier to work with than base change for windows,
we first use Zink’s equivalence [27] between windows and displays to construct the display
associated to (M[k], N[k],®). As in the introduction to [27] there is a continuous ring
homomorphism A[k] — W (R[k]) lifting the map A[k] — R[k]. This map takes x; € A[k] to
the Teichmuller lift [z;] € W (R[k]). The display (P, Q, F,V ~!) associated to (M k], N[k], ®)
consists of the free W(R[k])-module

P = M[k] @ ap) W(R[K])
the submodule
Q = Igper + W(R[K]) f1 + Irpe2 + W(R[K]) f2 C P,

and two operators F : P — P and V™! : Q — P whose definition does not concern us. If
we let J = (p?**1) denote the kernel of A[k] — R[k] then there is a canonical isomorphisms
of R[k]-modules
P/Ipyy P = MI[k]/JM|[K]

which identifies the submodule Q /g P on the left with the submodule N [k]/.JM[k] on the
right. The quasi-endomorphism p*n of (M[k], N[k], ®) is represented by the matrix p*T'[k]
described above, which has entries in A[k]. In particular p*T'[k] is an endomorphism of the
Alk]-module M[k] and induces an endomorphism of the W (R[k])-module P. The induced
R[k]-module map Q/IP — P/Q (which, speaking intuitively, measures the extent to which
the quasi- endomorphism p*n of &[] fails to be an endomorphism) is determined by

f1— arer fa = Brea.

First suppose that R[k] — S is any quotient over which the quasi-endomorphism p*n of
&[k] /s is an endomorphism. The base change of (P,Q, F,V ") has Ps = P @ (gp)) W(S)
as its underlying W (S)-module, with submodule Qs C Ps equal to the image of @ under
P — Ps. By hypothesis the endomorphism p*T'[k] of Ps preserves Qs and hence (letting
Is denote the kernel of W(S) — S) the induced map

k
(21) (Q/IP) @g S = Qs/IsPs r I, Ps/Qs = (P/Q) ®@pw) S
is trivial. This implies that oy, and S lie in the kernel of R[k] — S.

Now set S = R[k]/(ax,Bk) so that (21) is trivial. It follows that p*T[k] preserves
the submodule Qs C Ps. As we already know that p*T'[k] is a quasi-endomorphism of
(P,Q,F,V~1) s some Z,- multiple of p"I'[k] commutes with both F and V~!. But W(S)
is Zp-torsion-free and Pg is free over W(S); thus Pg has no Z,-torsion and we deduce that
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pFT[k] itself commutes with F' and V~!. In other words p*T'[k] is an endomorphism of
(P5Q7F7V_1)/S' ]

Explicitly computing «y and S by solving the recursion (12) is prohibitively difficult;
luckily everything we need to know about «j and S can be deduced from (18), (19), and
(20) without knowing the actual values of the u,’s and g,’s. Let A denote the completed
local ring of Zj[[z1, z2]] at the prime ideal (p, z2), and note that the constants u, appearing
in (18) satisfy

Uy € A%

as they have nonzero image in the residue field A/my4 = F((x1)).

Lemma 2.3.2. Suppose that p is odd and k > 1. The A-module Qr = A/(ay, k) is
Artinian of length

length 4 (Qx) = 2pP L dpF 2 eph T e gph Tt o (2R)p°

k—1
and is annihilated by x2+2p+2p ezt

Proof. As we assume that p > 2 we have the easy inequality

(22) > <y

0<i<t

for all £ > 0. Hence x}; is a multiple of xs - €1 (¢) and we may define a nonunit Cy € A by
the relations

Cr-e_(0)= gg+1x’2’£ if ¢ even
Cr-er(f) = gepral  if £ odd.
With this notation (18), (19), and (20) can be rewritten as

(23) ap = Y uwple () + D Coptler(0)
0<¢<k 0<t<k
¢ even ¢ odd
Be = 3wt le )+ Y Cwtle ()
0<¢<k 0<t<k
£ odd £ even

For 0 < j < k abbreviate
j 2+2p+2p° 4+ +2p7 1
;CJ) =22 p+2p P Ok

We will construct a,(cj )7 ,(Cj ) ¢ A such that

Al 87 = Q)

as A-modules and such that

(4) (J) ) () j—e €+ (0)

) = Z uy + Z Cplp™ " ——=
S () 52, e~ (7)
£ even £ odd

I O 2 k-e6=(0)
<t<k €+(]) <<k €+ J)

¢ odd £ even
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for some units uéj )

beginning with a,(co) = aj and B( = fr. We now assume that oy

(+1) ﬁ(]Jrl

€ A and some nonunits C’ . € A. The construction is recursive,
@) and 6 7 have already
and

Suppose first that j is even. The ¢ = j term in a,(g )

been constructed and proceed to construct o
is a unit multiple of p*=7 while the
{ = j term in ﬁ,(cj) is a multiple of p*~7. Therefore we may eliminate the ¢ = j term from
ﬁ](f ) by adding a suitable multiple of al(f ) After collecting terms we find that there are units

uﬁj 1 and nonunits Céj 1) (for £ odd and even, respectively) such that

G
o _ 0 G =)
0

Uy e+ (J)
=Y it &) S e (0)
P e+() e er(d)
¢ odd £ even

Each term on the right hand side is d1v181ble by x2P’ | and dividing out 227 leaves

(j+1) def 3 (G+1), ke (G+1) o e (£)
G+ dol WD e Y o S0
JH1<e<k €+ (y + jHi<e<k +(7+1)
¢ odd £ even
Note that by construction of B(j 1 e have
N 2p7 a(i+1
(24) (az(j)v ](c)) _ (al(c])’ 7 ﬁ] ))_

, while the £ = j term in a,gj) is
a unit multiple of p*~7. Therefore we may eliminate the £ = j term from a,(g )

The £ = j + 1 term in 5,2j+1) is a unit multiple of pF=7-1
by adding a

suitable multiple of ﬁ,(f ), Collecting common terms we find that

@)
o) — guty. Uy P
(+1)
Uit
i1 _p€E_ J4 i1 _p€ i
— Z u§]+ )pk 46 E)) + Z Cé]-‘r )pk E:E';
Jr1<i<k -\ i<k -\
£ even ¢ odd
for some units uéj 1 and nonunits lej ) (for £ even and odd, respectively). As we are

assuming that j is even e_(j) = e_(j + 1), and the above expression is equal to

AR SN () DR A e+(0)

) . : )
Jr1<t<k U+ LT e-(+1)
¢ even ¢ odd
By construction of a,(cj +1)
2 (a0, 50%) = (a2, 56°7).

As we are assuming Qg ) A/ (a,(cj ), ﬂ,(f )) the exact sequence
0— QU Q) _, QW) QU+ _,
can be identified with
0~ (5")/ @) 0 (o, ) = Af(al. B)) = Al o) 5) —



DEFORMING ENDOMORPHISMS OF SUPERSINGULAR BARSOTTI-TATE GROUPS 27
Using (24) and (25) and the fact that «, is not divisible by x5 we obtain isomorphisms

Af (@D gUFYY = A/ (ol <J+1>>—j><x?’j>/<x§f”'> N (o, g9y = QU+

as desired.
Now suppose that j is odd. The method is the same as in the even case: we first eliminate
the £ = j term of ag) by adding a multiple of ﬂ,(cj) to oz(J) resulting in

) . C(-j)e .
a(]) (3) 3 +(7)

ko~ Pk ; .
ufe_(j)
i1 _p€E_ f i+1 _p€ E
= Z u§3+ )pk ze E§ + Z Clgﬁ )pk z:?%
Jr1<i<k - i<k -\
£ even ¢ odd

(j+1)

for some units u; and nonunits Céj 1) (with ¢ even and odd, respectively). Each term

on the right is divisible by xip J, and dividing gives

. e . _(¢ . Y4
sz(cjﬂ)d:f Z u§J+1)pk—€ e (0) + Z CZ(ngl)pk—e e+ (0) .

J+1<t<k € (‘7 + ) j+1<t<k 67(‘7 + 1)
£ even ¢ odd

By construction
. . i (ia1 .
(O‘l(c])v ](CJ)) _ (Igp a}(€J+ )’ éﬂ))l
One now checks that

(4)
5(]) (J+1) u;jp

(J+1)
j+1
- u(j+1)pk—£6+ (0) S i ce-(0)
. ¢ €+(J) €+ (4)
JH1<e<k GH1<e<k
£ odd £ even

for some units ugj 1 and nonunits C’éj +1) (with ¢ odd and even, respectively). As j is odd
we have €4 (j) = e (j + 1), and so the above quantity is equal to

(j+1) def Z (G+1), k—¢ (G4+1) e_(0)
G+ & uf T e ae O
JH1<e<k ex(J + 1 j+1<e<k e+ (G +1)
¢ odd ¢ even

By construction

(O‘I(chrl) I(€J+1)) (a (j+1), I(cj))

A

)

and exactly in the even case we find isomorphisms

j+1 j+1 1 g j N~ AG+L
A/(al(c]+ )’ ](C.H' )) AJ(al (J+1) ﬂ(])) (xgp )/(xgp )N (aIE:])’ I(c])) o~ QECH ).
Both parts of the lemma now follow easily. As one of a;k) and ﬂ,(fk) is a unit we have

x§+2p+2p2+~-+2p""1 - Qn Q(k) ~ .A/( (k)) 0.
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The length of Q) may be computed as

length 4 (Qx) = Y length,(QY/QY*Y)
0<j<k
= D" lengthy(A/(3 0l B)).
0<j<k

If j is even then by (24)
(5" o = (3" o ) = (@3 o)) = @5 ).
For the final equality we have used the fact that for £ > j

x%”j divides{ e_(0)/e_(j) if £1is even

(]) (j))

er(0)/e—(j) if £1is odd.
Similarly if j is odd then
(@3 o) 5 = @32 o™ 5)) = @3 B)) = (3 ).
In either case ‘
length  (A/ (23" o} ;) = 27 (k — )
completing the proof of
length,(Qx) = Y 2p7(k —j).

0<j<k
O

We continue to let A denote the completed local ring of Zg[[x1,x2]] at (p,z2), with
maximal ideal m4 = (p, x2).

Lemma 2.3.3. Ifp is odd and k > 1 then there is an inclusion of ideals in A

k
(p** 1, 2h ) Cma - (o, Br)-

Proof. Let Qi = A/(ay, Bi) and for 0 < j < k set
Q}(Cj) — p2h=2iQ, .
We will recursively define oz,(cj ) and ﬂ,(cj ) in A with the property
Afta, ) = QY

as A-modules and such that

a}(ﬂ]’) _ Z (] Zc(J J—le +(0)

0<0<j 0<0<j
¢ even £ odd

l(e]) _ Z Uéj)pj7Z6+(€)+ Z Cé])pjféei(e)
0<e<j 0<e<j
¢ odd ¢ even

for some units ugj ) € A and some nonunits C’éj ) € A. After (23) we may begin by defining
a? = ay " = By
Assuming that oz,(cj ) and ,6’,(5 ) have been constructed we now construct a(] ) and ,Blgj -b,
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Assume first that j is even. The £ = j term of oz,(cj) is a unit multiple of e_(j) while the
{ = j term of Bl(cj) is a multiple of e_(j). Subtracting a suitable multiple of ag) from ﬁ](cj)

removes the £ = j term from ﬁlgj ) resulting in

()
0 _ o &5

e
=Y Wt Y e ()
0<t<j—1 0<€<] 1
£ odd ¢ even

for some units ui,j Y and nonunits Céj -1 (with £ odd and even, respectively). Dividing

this quantity by p results in

I(cj_l) déf Z ug_l)pjilile_,_(f) + Z Céj—l)pjflfle_(e),

0<i<j—1 0<4<j—1
¢ odd ¢ even

and by construction
. , . -
(26) (al(cj)’ﬁl(c])) _ (a](gj)7p/815;j ))'
(4)

Subtracting a suitable multiple of ﬁ,gj U removes the £ = J term from «;’, resulting in

1 (;
o) _ gyt el
ufVey (j - 1>

= > w T e+ Y T e

0<t<j—1 0<t<j—1
¢ even £ odd

for some units uﬁj ~Y and nonunits Céj -1 (with £ even and odd, respectively). Dividing

this last expression by p we obtain

O‘Egj_l) déf Z uéj_l)pjflize_(f) + Z Céj_l)pjiliee_i_(é).

0<e<j—1 0<e<j—1
¢ even ¢ odd

By construction

(27) (af B¢ Y) = (pa! ™", 8.
The exact sequence

0 —>pQ,(€j) - Qgcj) - Ql(cj)/le(cj) =0
can be identified with

0= )/ N (e, 8) = A/, 87) = A/ p. g, ) = 0.
As a,(cj ) is not divisible by p we find, using (26), isomorphisms
Al(a 3770 2 )/ () 0 (0 03 ™) 2003,

The exact sequence

0— QY " —pQf — pQ /1*QY —
is then identified with

0= )/ 0 (0, B77)  A/(af? 5I) = A/ (pafl ) =0
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and we find, using (27) and the observation that ﬁ(j =Y is not divisible by p, isomorphisms

Al 5070) 2 )/ ) 0 a7 = QY.

The construction of a,(cj U and ﬂ,gj U for j odd is similar. We first write

(9
o) _ g0 G
u;j)
_ Z ] 1)p] e Z C(J 1)p] ¢ +(0)
0<(<j—1 0<t<j—1
¢ even ¢ odd

for some units u(J ) and nonunits C’éj -1 (with £ even and odd, respectively). Dividing

this quantity by p results in

Ot;j_l) d;f Z ugj_l)pjflfge_(f) + Z Céj—l)pjflfée_i_(g).

0<e<j—1 0<e<j—1
£ even ¢ odd
We next write
(4) .
) _ gl € €+(7)

ul” Pe <a - 1)

_ Z uéj 1) Z C(J 1) e_(0)

0<e<j—1 0<e<j—1
£ odd ¢ even
for some units ug,j ~Y and nonunits Céj -1 (with ¢ even and odd, respectively). Dividing
this last expression by p we obtain

](Cj—l)déf Z ul(zj—l)pj—l—fq(g)_y Z C,fj_l)pj_l_gﬁf(g)'

0<e<j—1 0<0<j—1
£ odd £ even
Using
- , - ‘ - -
(@, 57) = ol ™. 57) (@787 = (oY)

one plO\/es ]lal
1 j—1 ~ 1
A/( (.7 , ](CJ )) QQ(]) Q(] )

As oz,(co) is a unit we find that

Q= Al ) =0

and so p** € (ag, B1). This proves that p?**1 € m4 - (ax, Br). On the other hand Lemma
2.3.2 shows that
2 k—1
x3+2p+2p +-+2p c (Oék,ﬂk)

and so the inequality (22) shows that

k
zh €my - (o, Br).
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Proposition 2.3.4. Assume that co > 0 and that p > 2. If €/°" is either of the vertical
components of P found in Proposition 2.2.1 then (in the notation of Definition 1.1.1)

multy (€7) = 2p@~ ! 4 4p@=2 4 6p°03 4 8pot ... 4 2¢p”
2p(p™ — 1) — 2co(p—1)
(p—1)°

Proof. We give the proof for i = 1, the proof for i = 2 being entirely similar. Set k = ¢
and let J C Rgn be the ideal of definition of the closed formal subscheme ) — 9. As

Ly [pkn] = L2 +p°0p = Ly (7]

the quotient Rgn/J = Ry is the maximal quotient over which the endomorphism j (p*n) of
g lifts to an endomorphism of the universal deformation of g. Let q C Ry be the ideal of
definition of the closed formal subscheme €7*" — %), and denote again by q the kernel of

Ron — R@ — R;D/q o F[[l’lﬂ

so that q = (p, z2). Proposition 2.3.1 tells us that

k k
J+ (p*t b ) = (au, Bk) + (T, 2h))

as ideals of Ry = Zp[[1, z2]]. If we define J4 = J - A, where A is the completed local ring
of Rgn at q, then we obtain the equality of ideals of A

k k
Ja+ (p2k+1a CU‘; ) = (akvﬁk) + (p2k+17$12) )
Lemma 2.3.3 gives the inclusion of ideals (p?**!, xgk) C (ag, Bx) in A and so

k
J.A + (p2k+1a$12) ) - (Oékaﬂk)-

From this we obviously have J4 C (ayg,B%). To prove the reverse inclusion we apply the
inclusion of Lemma 2.3.3 to obtain

k
(ag, Br) C Ja+ (P28 ) € Ja + malow, Br),

and an induction argument then proves that

(ks Br) C Ja+ miy (o, Bi)
for every ¢ > 0. In particular (o, B;) C J. A—&—mﬁ'l for every £, and topological considerations
prove that (g, Bx) C J4. Having proved J4 = (ag, Bk ), Lemma 2.3.2 now shows that A/ J 4
is Artinian of length

length 4 (A/J4) = 2p" 1 +4p*=2 4 6pF 3 .- + (2k)p°.
Using the isomorphisms
A/J4 = Ropq/JRon,q = Ry q

we find that Rg) q has length 2p*~1 + 4p*=2 + 6p*=3 + - -+ + (2k)p°, completing the proof
of the first equality in the statement of the proposition. The proof of the second is then an
elementary exercise. O
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2.4. Vertical multiplicities: E, ramified. Assume that Ey/Q, is ramified. We assume
throughout all of §2.4 that p > 2. This allows us to choose a trace-free uniformizing
parameter wg, € Of,. In the notation of §2.1 wg, is a root of 22 — bb%p for some b € Z;;,
and the normalized action of wg, on the window (M, N, ®) of the p-Barsotti-Tate group g
(with respect to the frame Zj — T, as in §2.2) is through the matrix

pb
bO'
I'= b
bO'
Let (&7, pY*") be the restriction of the universal deformation of g over 90t = Spf(Z [[x1, x2]])
to the closed formal subscheme

&7 = Spf (F[[1]])
and let (M7°", NY", @) be the window of &7*" with respect to the frame Zp[[x1]] — F[[z1]]

so that, by the calculations of §2.2, the endomorphism T" of (M, N, ®) lifts to the quasi-
endomorphism of (M7, NY* @) given by

ver Y ver
1—‘1 = ( ! Zi/er>

yrer = <b" pb>+ba (f(m) —f(f:i;

(2 00)

with

ver
Z 1

|
S
>
Q
=
>
~_
+
>

We now imitate the method of §2.3. Define R[k] and A[ ] by (14), let &[k] be the base change
of the universal p-Barsotti-Tate group through Z;[[x1, z2]] — [k‘], and let (M[k], N[k], CI))
be the window of &[k] with respect to the frame Alk] — RI[k]. Viewing each B[k] a

a deformation of ®[0] = B the quasi-endormorphism T'[0] = T' of (M]0], N[0],®) =

(M, N, ®) lifts to the quasi-endomorphism of (M[k], N[k], ®) given by the matrix

= (")

in which Y'[k], Z[k] € Ma(A[k]) @z Q; satisfy the recursion (16) and the initial conditions
Y[0] = Y Z[0] = Zy*".

As in §2.3 we lift each Y[k] and Z[k] to a matrix in M (Z;[[z1, 22]]) ®zg Q} in such a way
that (16) continues to hold. For k > 0 define Yy, Z;, € MQ(Z;[[xl,xQ]]) ®z Qp by (17) and
set Yo = Y[0] and Zy = Z[0]. Explicitly computing Y[1] and Z[1] we find that

Y1 = 0

B —b7g(2)  b7xeg(ah) b7 20f (ah) — b7 xs

Z1 = @2 < b7 g(a?) + px2 “pe .
For k > 1 we again let yx, zx € Ma(Zp[[x1,x2]]) denote the upper right entries of Y} and Zj,
and let oy, Bx € Ma(Zj|[x1,22]]) denote the upper right entries of p*Y'[k] and p*Z[k]. By

the same reasoning as in §2.3 (that is, by computing the images of Y}, and Zj, in F[[z1, 2]
and using the fact that Z; is divisible by z3) we find that y, and z; satisfy (18) for some
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gr € Zgl[x1,72]] and some uy € Zg[[x1]] with nonzero image in F[[z,]], and that (19) and
(20) hold.

Proposition 2.4.1. Assume that co > 0 and that p > 2. If €/°" is either of the vertical
components of P found in Proposition 2.2.1 then (in the notation of Definition 1.1.1)

multy (€7) = 2p@ ! 4 4p™=2 4 6p°03 + 8pot .o 4 2¢p”
2p(p™ — 1) — 2co(p—1)
(p—1)°

Proof. The statement is exactly that of Proposition 2.3.4, which dealt with the case of
Ey/Qp unramified. In the ramified situation the statements of Lemmas 2.3.2 and 2.3.3
continue to hold, as the proofs only require that oy and [y satisfy (18), (19), and (20).
Similarly the statement and proof of Proposition 2.3.1 hold verbatim in the ramified case
(taking 7 = wg,). The proof of the proposition is now the same, word-for-word, as that of
Proposition 2.3.4 (again taking n = wg, ). O

3. HORIZONTAL COMPONENTS

In this subsection we will compute all horizontal components of ) in the sense of Def-
inition 1.1.1. The strategy is to start from the components of 9)g, all of which are known
to us by the Gross-Keating theory of quasi- canonical lifts described in §3.1, and apply
the action of O} on 9 as described in §1.1 to produce more components. In the case in
which Ey/Q, is unramified we will show that this construction accounts for all horizontal
components of §). More precisely, Proposition 3.2.5 shows that every O j-orbit of horizontal
components of g contains a unique horizontal component of 9o. When Ey/Q, is ramified
the situation is slightly more complicated. Taking O-orbits of components of )¢ yields
exactly half of the horizontal components of ). The components constructed in this way
we call standard components. To construct the remaining nonstandard components we first
construct a closed formal subscheme 2, — My different from 9o, but whose image in 9 is
still contained in ). Taking Ox-orbits of components of ); yields the nonstandard com-
ponents of Y (Proposition 3.3.6). Having thus constructed all horizontal components € of
), we use results of Keating on the endomorphism rings of reductions of quasi-canonical
lifts to compute the intersection number Igy(€,9My) for those components which meet M
properly (the proper components of Definition 1.1.1). We know from Corollary 1.2.6 that
every horizontal component € satisfies multy (€) = 1, and so our results give a complete
picture of the horizontal part of ) (at least for p > 2, a hypothesis which will first appear
in Proposition 3.3.8).

3.1. Quasi-canonical lifts. Recall from §2.1 that Mj is the fraction field of W,. View-
ing Ey as a subfield of My via W, the reciprocity map of class field theory provides an
isomorphism

rec: Op — Gal(EEP /M)
where 5P is the completion of the maximal abelian extension of Ey (inside the completion
of an algebraic closure of Q,, containing My), and for each nonnegative integer k we let
My C My, C EEP be the intermediate extension satisfying

O5/ (Zy + p*Op,)* = Gal(M,;,/Mo).

Note that My /Qp is Galois, as (Z, + p*Op,)* is stable under the action of Gal(Ey/Qy).
Let W}, denote the ring of integers of M.
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Recall that Z,[v] = Z, + p®Opg,. For each 0 < k < ¢o Gross [8] (see also [26]) has
constructed [Mj, : Qp] distinct surjective Z;-algebra homomorphisms Ry, — Wy. A defor-
mation

(&0, p0) € Do(Wy) = Homproart(Ry,, Wi)
corresponding to such a surjection is called a quasi-canonical lift of level k. A quasi-canonical
lift of level 0 is called a canonical lift. The action of Z,[yo] on a quasi-canonical lift &, of
level k can be extended to an action of the larger order Z, + p*Op,, and this enlarged
action makes the p-adic Tate module Ta,(®) into a free Z, + p*Og,-module of rank one.
Furthermore, if ¢g : Ry, — W}, is the homomorphism defining a quasi-canonical lift of level
k then for any & € OEO there is a commutative diagram

Ryo 22w,

ﬁl irec(f_l)

Ry, — W
b0

where the vertical arrow on the left is the automorphism of (3).

Proposition 3.1.1 (Gross, Keating). The closed immersion of formal schemes 9o — My
can be identified with

Spf(Zy[[]]/10) — Spf(Zp[[=]])
where the ideal Iy is generated by a power series of the form

geo(@) = [ (@)
k=0

with each ¢y (x) an Bisenstein polynomial satisfying Zy[[x]]/(pr) = Wh.

Proof. By [22, Theorem 3.8] we may fix an isomorphism Rgp, = Zp[[z]]. By [26, Theorem
5.1] the quotient Rg), then has the form Z;[[x]]/(g) for some power series g(z). By the
Weierstrass preparation theorem we may choose g(z) to be a polynomial of degree f satisfy-
ing g(z) = 2/ (mod p). The quasi-canonical lifts described above give, for each 0 < k < co,
a surjection Ry, — W}, whose kernel is generated by an Eisenstein polynomial ¢y (z) which
must divide g(x). This implies that we may factor g(x) = o(z) - @, (2)h(z)u(x) with
u(z) a unit in Z;[[x]] and h(z) a polynomial of degree e satisfying h(z) = z¢ (mod p). Thus

lengthe (R, /() = f = e + 3 (M - Q3]
k=0

But calculations of Keating give an explicit formula for lengthy (Ry,/(p)). Using the remarks
following [12, Theorem 1.1] one can show that

[ 20 +p+ -+ peTt) +p if Ey/Q, is unramified
lengthy (R, /(p)) = { 21 +p+...+p™) if Ey/Q, is ramified.

Comparing with the values (for & > 0)

(M : Q%] = (p+1)pF~—1 if Ey/Q, is unramified
R 2pk if Ey/Q, is ramified

we deduce that e = 0, and so h(z) is a unit. O
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3.2. Ey unramified. Throughout all of §3.2 we assume that Fy/Q), is unramified. The
calculation of the horizontal components of ) will be an easy consequence of Proposition
1.2.10 and Proposition 3.2.2 below. First we need a simple lemma.

Lemma 3.2.1. If Zj:[y] = Op then Y = Yo = Spf(Z,).

Proof. As we assume that Ey is unramified O, = Z,: as Zy-algebras, and O = O, x O, .
The two idempotents on the right determine a splitting

9= go ®z, Lp2 = go ®0,, O = g0 X 9o

and similarly for any deformation of g for which the Og-action lifts. This splitting of
deformations of g induces an isomorphism of formal schemes over Z,

2D = Do Xspi(z3) Do-

But according to Proposition 3.1.1, applied with Z,[v] = Og, and ¢y = 0, we have o =
Spf(Zy). The claim follows. O

Proposition 3.2.2. Let R be the ring of integers of a finite extension of Q. In the ter-
minology of Definition 1.2.8, if two elements of P(R) have the same geometric CM order,
then they have the same reflex type.

Proof. Fix a deformation (&, p) € YP(R) and abbreviate O = O(&) for the geometric CM
order of &, so that Ta,(®) is free of rank one over O. Let s € Z be defined by
O =127y +p°Og.

As in Remark 1.2.9 the reflex type of & is determined by the action of Z,[vo] on Lie(&). We
will prove that this action is through ¥ : O, — Z, if s is even and through U:0g, — L,
if 5 is odd, where V¥ is the homomorphism defined in §2.1 and ¥(z) = ¥ (7).

Using [25, Theorem 1.3] we see that there is p-Barsotti-Tate group &* with Og-action
satisfying

Tap(ﬁ*) = Tap((’i) R0 O
and that the O-linear inclusion of Ta,(®) into Ta,(®*) arises from an O-linear isogeny
of p-Barsotti-Tate groups f : & — &* of degree p?*. Let g* denote the reduction of &*
to F with its action of Op. The claim is that one can find a p-Barsotti-Tate group gg
over F equipped with an action of Op, in such a way that g* is Og-linearly isomorphic to
96®Zy2. Let (D*, F, V') be the covariant Dieudonné module of g* and identify (Lemma 2.1.1)
the covariant Dieudonné module of gy with its Og,-action with the standard superspecial
Dieudonné module (Dy, F, V) with its normalized action of Op,, as defined in §2.1. The
Dieudonné module of g is then D = Dy ®z, Zy,> with its Z,z-linear extensions of F' and V.
Let {€1, €2} be the idempotents in Z,> ®z, Zp = 7, x Z, indexed so that
(a®1)er = (1@ a)eg (a®1)ea = (1® a)es.

The Zj-module D then has

e1 = €169 €2 = €269 fi=efo f2=¢efo
as a basis, the action of a € Z,2 is via (8) and the action of F' (and V') is via
e1 = fa ez — fi f1— pea f2 = per.

Using the reduction of the isogeny f to identify D* with an Og-stable superlattice of D in
D ®zg Q, we find that the action of Op ®z, Z; = (Z;’,)4 decomposes D* into a direct sum of
four rank one Zp- submodules, each spanned by some Qp-multiple of one of the four basis
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elements {e1, ea, f1, f2}. The condition that D* be stable under F' and V then forces D* to
have the form

* 1 o 1 o 1 ] 1 o]
D" = —Z,e1© 5 Zye2 ® e Zyfr © Pt Ly fa

p p
with § € {0,1}, a,b >0, and a + b+ = s. If we define Dj C D* to be the Zp-span of
* 1 . 1 1
60:];614'1?62 o :Wfl‘f‘]ﬁfz

then Dg is stable under the actions of Op,, F, and V, and satisfies Df ®z, Z,2 = D*.
Hence we may take g§ to be the p-Barsotti-Tate group associated to the Dieudonné module
(D§, F, V).

Fix an isomorphism g* = g5 ® Z,2 as in the previous paragraph and let 25 and 2* be
the functors on Art classifying, respectively, deformations of g with its Og,- action and
g* with its Og-action. By Lemma 3.2.1 we have

" =9, = Spf(Z;)

and so there is an Og-linear isomorphism &* = &j®Z,> where & is the unique deformation
to R of g§ with its Og,-action. Fix an isomorphism of Og,-modules

Ta, (&) = O,
and let & be the p-Barsotti-Tate group over R whose p-adic Tate module is the sublattice
Ta,(&() =2 O C Op, = Ta,(8).

Let f§ : & — & be the associated isogeny of degree p*, set &' = &{®7Z,2, and let f' : & —
&* be the isogeny f' = fj ® id. Then the p-adic Tate modules of & and &’ are each free
rank one O- submodules of Ta,(6*) = O of index p?*, and such submodules are permuted
simply transitively by Oy /O*. Thus there is a £ € O} such that the automorphism of
Ta,(®*) induced by £ carries the p-adic Tate module of & isomorphically onto the p-adic
Tate module of &’. This isomorphism of p-adic Tate modules arises from an isomorphism
£ : ® — &' making the diagram

& — s @
fi lf’
& —— 6"

commute. Reducing these isogenies to F we obtain a commutative diagram of Og-linear
isogenies

As the horizontal arrows are isomorphisms there are Og-linear isomorphisms
Lie(g) = Lie(g') = Lie(g)) ®z, Zy2-

The action of Og, on Lie(g) is through v, and hence so is the action of O, on Lie(gj).
Applying Lemma 2.1.2 to the reduction of the isogeny f{, the action of O, on Lie(gg) is
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therefore through

6= 1 if s even
T\ ¢ if sodd.

Let @ : O, — Z; be the unique (recall that Eo/Q, is unramified) Z,-algebra homomor-
phism lifting ¢, so that

T if s odd

By what we have shown, the action of O, on Lie(&) is through ®, and hence so is the
action of O, on

<I>:{ ¥ if s even

Lie(&*) = Lie(®) ®z, Zp>.
Finally, the isogeny f induces an Z,[vo]-linear injection
Lie(®) — Lie(&™)
and we at last deduce that Z,[vo] acts on Lie(®) through ®. O

Corollary 3.2.3. Let R be the ring of integers of a finite extension of Qp. Every O -orbit
in Y(R) contains an element of Po(R).

Proof. Fix a deformation (&, p) € Y(R) and let
0= L2 + p°Og

be the geometric CM-order of &. As O D Zy2[y] = Zp[v0] ®z, Z,> we must have 0 < s < co.
Let R’ be the ring of integers in a finite extension of Frac(R) large enough to contain a
subfield isomorphic to M, and fix a quasi-canonical lift (&g, p) € Do(Ws) of go of level
5. The deformations (&, p),r and (&, ) /rr ® Zyp2 have the same geometric CM-order O,
and hence have the same reflex type by Proposition 3.2.2. By Proposition 1.2.10 there is a
¢ € O} such that

5 * (67p)/R’ = (667/)6)/}%' & ZpQ-
The pro-representability of )¢ and ) imply that
D(R)NYo(R') = Yo(R)
and so & x (&, p) € Do(R). O
The homomorphism Oj — Autproart(Ry) constructed in §1.1 determines an action of

O} on the set of components of ). To be explicit, if € is the component corresponding to
a minimal prime p of Ry then £ * € corresponds to the kernel £(p) of

-1

Recalling Proposition 3.1.1, for each 0 < s < ¢g let pg s C Ry, be the unique minimal prime
for which Ry, /po,s = W, and define a component of 9 by

€o(s) = Spf(Ry, /po,s)-
Let g : Ryy — Ry, be the homomorphism inducing the closed immersion )y — ) and write
€(s) for €y(s) viewed as a closed subscheme of 9), so that

€(s) = Spf(Ry/ps)
where p; = ¢~ (po,s). Define a subgroup Hy C OF by
H, = OEO . (sz -‘r-pSOE)X.
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Remark 3.2.4. As Proposition 3.1.1 gives a complete list of the minimal primes of Ry, it
follows that €(0),...,&(cp) is a complete list of the improper components of ).

Proposition 3.2.5. Every horizontal component of ) can be expressed uniquely in the form

def

€(s, &) = £x(s)
with 0 < s < ¢ and & € OF /Hy.

Proof. Fix a horizontal component € = Spf(Rg)/p) of P and let R be the ring of integers in
the fraction field of Ry /p, a finite extension of Q, by Corollary 1.2.6. Applying Corollary
3.2.3 to the deformation (&, p) € P(R) determined by the composition map Rgy — Ry /p —
R we find a { € O such that

5 * (®7p) = (®Oap0) & ZP2

where (&g, pg) is obtained as the base change of a quasi-canonical lift of level s through
some embedding W, — R. The integer s is determined by the condition that Z,. +p*Og is
the geometric CM-order of (&, p). This can be restated as saying that the composition

—1
Ry *— Ry — R

factors through Ry, and the kernel of this composition is p,. Therefore {(p) = ps and so
ExC=C(s).

The only thing left to prove is that Hy C O is the stabilizer of €(s). Fix a quasi-canonical
lift (S0, po) € Yo(Ws) corresponding to some surjection of Z-algebras fo : Ry, — W, and
let

(8,p) = (&0, po) ® Ly € D(Ws)

be the deformation corresponding to f = fpoq. The action of (’)EO on Ry, must stabilize the
prime po s, as Po s is characterized as the unique minimal prime of Ry, with the property
Ry, /po.s = W;. Thus the action of O, on Ry leaves p; fixed, proving that OF,  stabilizes
¢(s). Now suppose we are given some § € (Z,2 + p°Og)*. By the comments preceding
Proposition 3.1.1 the action of Z,[yo] on &( can be extended to an action of Z, + p*Ok,
and hence the action of Z,2[y] on & can be extended to an action of Z,> + p*Op. The
existence of a lifting of £ € Aut(g) to an automorphism of & is equivalent to the existence
of an isomorphism of deformations

(6,p) = (8,p0™),
which proves that f = f o &1, As p, = ker(f) we conclude that p, = £(ps). We have now
shown that both Op, and (Z,2 +p°Op)* are contained in the stabilizer of €(s).

Now start with some { € O which satisfies p; = &(ps). This implies that the two
homomorphisms f, f o £7! : Ry — W have the same kernel, and as f = f; o g factors
through the quotient map ¢ : Ry — Ry, we may also factor f o &' = f] oq for some
fo: Ram, — Ws. As fo, fo : Ry, — W are surjective homomorphisms of Zj- algebras with
the same kernel pg s, there is a

T € Autgg (Ws) = Gal(M,/Mo)

such that fo = 7o f]. Recalling the discussion after Proposition 3.1.1 we may write 7 =
rec(&y ') for some & € OF, to obtain

f=fooq=flooq=flogo&=fo&  o&.
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In other words there is an isomorphism of deformations
(6,p) = (8,p0& &)

This implies that the automorphism £, le O} of g lifts to an automorphism of &, and so
acts on the p-adic Tate module of &. But & has geometric CM order

O(8) =Zy> +p°Op

and we conclude that 5{61 € (Zy> +p°Op)*. Hence £ € H,. ]

Note that for each 0 < s < ¢g the group (’)E /Hj has a decreasing filtration
{1}y=H,/H, C H;_1/H; C ---Hy/Hs = O} /H,.

Proposition 3.2.6. Suppose 0 <t < s<c¢y, & € H/Hy, and§ & Hyy1/Hs. The horizontal
component €(s,€) of P defined in Proposition 3.2.5 satisfies

Ion(€(5,&),Mo) =1+ W

Proof. Let (&9, po) € Do(Ws) be a quasi-canonical lift of level s and let (&, p) = (&g, po) @
Zy,2 be its image in Y (W;). If we write m for the maximal ideal of W, and Rj, = W /mk+!
then

where k is the largest nonnegative integer for which
(6,906 ™) /m, € Image(Mo(Rr) — M(RL)).

The coset { € H;/H, admits a representative £ € (Z,2 + p'Og)* not contained in (Z,> +
p'TtOg)*, which we now fix.
For any k > 0 abbreviate

(p+ D" -1)
p—1 '

a(k) =

Keating [12, Theorem 5.2] has computed the endomorphism ring of /g, , and found that
the largest order of Op, for which the action jo : O, — End(go) lifts to the deformation

(&0, po) w,, 1s
Op, if 0<k<a(0)+1
Zy+pOg, if a(0)+1<k<a(l)+1
Z,+p*0Op, if a(l)+1<k<a(2) +1

Zy+p'0g, if a(s—2)+1<k<a(s—1)+1
Zy+p°Op, if a(s—1)+1<k.

We remark that Keating refers the reader to his unpublished thesis for the proof of [12, Theo-
rem 5.2], but a complete proof may be found in [24]. Using End(® g, ) = End(8, g, )®z,Zy>
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we find that the largest order of O for which the action j : Op — End(g) lifts to the de-
formation (&, p) /g, is
Op if 0<k<a(0)+1
Zp2 +pOp if a(0)+1<k<a(l)+1
Zy: +p*Op if a(l)+1<k<a(2)+1

Zy:+p* 'Op if a(s—2)+1<k<a(s—1)+1
Ly +p°Op if a(s—1)+1<k.
Set k = a(t) so that the automorphism & € (Z,2 + p'Og)* of g lifts to the deformation

(&, p)/r, but not to (&,p)/r,.,. The existence of a lift of { over Ry is equivalent to the
existence of an isomorphism of deformations

(®7p)/Rk = (Qjapo 571)/Rka

and as (&, p) /g, lies in the image of Mo (Ry) — M(Ry) so does (&, po &) /R, .
Now set k = a(t) + 1 and Ay = End(go) so that the largest order O C Op, for which the
restriction to O of the action jo : Op, — Ag lifts to (&, po) /g, is

O =127, +pt+10E0.
As in §1.1 we fix an embedding Z,2 — M>(Z,) and identify the functor &{ — &{ @ Z,2
with the functor &{ — &{ x &{. This identification determines an isomorphism
End(&( @ Z,2) = M, (End(8y))

and in particular End(g) 2 Ms(Ag). Moreover, one easily checks that the closed formal
subscheme My — M is the locus of deformations for which the action of Ms(Z,) on g lifts.
To obtain a contradiction let us suppose that

(8,p0 &™) /R, € Image(Mo(Ry) — M(Ry))

so that the action of M3(Z,) on g lifts to the deformation (&, pOS_l)/Rk_7 and, equivalently,
the endomorphism & o o £71 of g lifts to the deformation (&, p) for every u € Ma(Z,).
Using jo : O, — Ao we view O, as a subring of Ay and Of as a subring of M2(Og,).
We also view
End(&/r,) = M2(End(&,p,))
as a subring of End(A) using the reduction map Ry — F. Under these identifications
End(6,,) 1 Ma(Og,) = M (O)

and we deduce that Sopof™1 € My(O) for every u € Ma(Z,). As the subalgebra of M(A)
generated by M2 (Z,) and O is M2(O), we further deduce that {opoé™! € My(O) for every
€ M>(O). Some elementary linear algebra then shows that & € OEO -GL2(0O). Thus there

is a § € O, for which ff&l € M5(0), and so
€65 € End(8p,) NOF = (Zy2 +p"1Og)*.

But this means that £ € H;,1, a contradiction.
We have shown that (&, po &™) /g, lies in the image of 9o (Ry,) for k = a(t) but not for
k = a(t) + 1, completing the proof. a
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Corollary 3.2.7. We have

> Im(€, M) =
¢

—4p(p — 1) +2co(p — 1) + cop (p? — 1)
(p—1)

where the sum is over all proper horizontal components € — ).

Proof. If 0 <t < s < ¢y then combining

s—t :
| p ift#0
= { 5, 6

with Proposition 3.2.6 shows that

s—1 s—1 2([)571 — 1)
> In(€(s,6).90) =5 p = 2) 4 (s~ 1) - =0
§€0L /H,
§#1
Summing over 0 < s < ¢ and using Proposition 3.2.5 yields the desired result. O

3.3. Ep ramified. Throughout all of §3.3 we assume that Ey/Q, is ramified. Suppose R is
the ring of integers of a finite extension of Q) and (&, p) € Y(R). As in Remark 1.2.9 there
is a decomposition of the Lie algebra

L1e(®) = A1 (&) A2

in which each A; is free of rank one over R, Z,: acts through Z,. — Z; — R on Ay
and through the conjugate embedding on Ay. The action of Z,2[y] on A; is through some
homomorphism ®; : Op — R. We have ®; # ®, after restriction to Z,2, and the restriction
of the pair (®1,D3) to Op, determines the reflex type of (&, p).

Definition 3.3.1. If ®; = ®5 when restricted to Og, then we say that the deformation
(8, p) has a standard reflex type. If &1 # O3 when restricted to O, then we say that the
reflex type is nonstandard.

There is a disjoint union
V(R =9 RV (R)

where 9T (R) is the subset of deformations having standard reflex type and 2~ (R) is the
subset of deformations with nonstandard reflex type. Each subset is O-stable, as the reflex
type is constant on Oj- orbits. Note that the above decomposition makes sense for any
objects R of ProArt, but is not functorial: after base change through a homomorphism
R — R’ one may have elements of 2~ (R) whose image lies in 9+ (R’). In this subsection
we will only consider those R which are integer rings of finite extensions of Qp, and for such
rings any (necessarily injective) map R — R’ induces an inclusion (R) — Y (R’) which
respects the decompositions into standard and nonstandard reflex types.

Lemma 3.3.2. Let R be the ring of integers of a finite extension of Qp. Then Yo(R) C
DT (R) and every OF-orbit in YT (R) contains an element of Po(R).

Proof. First start with some (&g, po) € Yo(R). The action of Z,[vo] on Lie(Sy) is through
some Z,-algebra map ®y : O, — R, and so the action of Z,[yo] on the Lie algebra
Lie(ﬁo) Rz, sz of

(o, p0) & Zy2 € D(R)
is again through ®,. After restriction to Op, we now have ®; = ®; = ®3, and hence
(&0, po) ® Zy,2 has a standard reflex type, proving 9o(R) C DT (R).
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Now suppose we start with some (&, p) € 9 (R), so that Z,[yo] acts on Lie(®) through
some embedding ®¢ : Op, — R. Let Z,2 + p*Of be the geometric CM-order of (&, p) and
consider a quasi-canonical lift (&g, po) € Yo(W;) of level s. The action of Z,[vo] on Lie(&g)
is through some embedding Py : Zp[y0] — Ws, and after enlarging R as in the proof of
Corollary 3.2.3 we assume that there is an embedding of Z;-algebras i : Wy — R. As M;/Qp
is Galois we may choose a 7 € Gal(M,/Qp) whose restriction to Gal(My/Qy) is nontrivial,
and then ¢ o ®og and ¢ o 7 o By give the two distinct embeddings of Z,[yo] into R. Thus
after possibly replacing i by ¢ o 7 we may assume that i o ®g9 = ®y. The action of Z,[vy] on
the Lie algebra of (&g, p0),/r € Do(R) is now through @y, and so the deformation

(&0,p0)/r @ Ly € D(R)

has the same reflex type and same geometric CM-order as (8, p). Applying Proposition
1.2.10 completes the proof. O

Again let R be the ring of integers in a finite extension of Qp. We now explain how to
construct elements in P~ (R). As we assume that Ey/Q, is a ramified field extension, E
is a biquadratic field extension of Q, containing a unique quadratic subfield Ej which is
ramified over Q, and not equal to Ey. Choose an action j : Op, — End(go) of Op; on go
and let j' be the induced Z,-linear action

j': Op — End(g)

of O = Oy ® Zy2 on g.

Lemma 3.3.3. There is a Z,2-linear automorphism w : g — g satisfying
wo ' (z) = j(z) ow

for every x € Op.

Proof. Abbreviate Ag = End(go) and A = End(g) so that A = Ay ®z, Z,>. Thus Ay is the
maximal order in a quaternion division algebra over @, and A is isomorphic to an Eichler
order of level one in My(Z,2). Fix such an isomorphism, so that A acts on a two-dimension
Qyp2-vector space in a way which stabilizes a Z,:-lattice A; and sublattice Ay C A; with
Ay/Ay = F 2. Let L; denote A; viewed as an Og-module via j, and let L] denote A; viewed
as an Og-module via j'. If ¢ C Op is the maximal ideal then Ly = qLy, L), = qL}, and
there is an isomorphism of torsion free rank one Og-modules w : L] — L. As w takes L}
to Ly, we have found the desired w € End(A2) NEnd(A;) = A. O

Choose any v € Op; for which Z,[vy] = Z, + p*Op,; and set
Y =7%®1€0p = 0g @z, Ly
so that
L2 = Ly + p* Op = L[]
Let 9, — DMy be the closed formal subscheme classifying deformations of gy for which
the action j} : Z,[y)] — End(go) lifts, and let 9’ — M be the closed formal subscheme

classifying deformations of g for which the action j’ : Z,2[y'] — End(g) lifts. There is then
an isomorphism of functors

defined by
(8,p) = (&, pow™)
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which respects with the action of Oj; on each side (the actions on the left and right being
defined using the actions j’ and j of O} on g, respectively). Define Ry, and Ry by

2o = Spf(Ry;) 2’ = Spf(Ry).

We point out that Proposition 3.1.1 applies equally well with 9o replaced by 9, and
the theory of quasi-canonical lifts applies equally well to the deformation problem 2)j as it
does to 2o. We also point out that the isomorphism w : 9’ — ) does not restrict to an
isomorphism ), — 2o, as the automorphism w of g does not arise from an automorphism
of go. Instead we have the following pretty situation.

Lemma 3.3.4. Let R be the ring of integers of a finite extension of Qp. The bijection
w: Y (R) — Y(R) restricts to an injection w : P{(R) — D~ (R), and every OF-orbit in
D~ (R) contains an element in the image of Pgy(R).

Proof. We will repeatedly use the fact that for any two distinct embeddings of E into
a field there is a unique quadratic subfield of £ on which those embeddings agree. Fix
(8. ph) € Vp(R) and define

(&', p") = (80, po) © Zy2 € V' (R).

Let ®f : Oy — R be the Zj-algebra homomorphism giving the action of Z,[vy] on Lie(&y).
Decomposing the Lie algebra
Lie(®") 2 A @ A
as before, the order Z,2[7'] acts on A; through an embedding ®; : Op — R which restricts
to @y on Op;. The restrictions of ®; and @3 to Z,: are distinct, and it follows that the
restrictions of ®; and @4 to O, are also distinct.
If we now define

(6.0) = (&', o) € D(R)
and let id : & — &' be the identity map then id is a Z,> 4+ p®Og-linear isomorphism of
p-Barsotti-Tate groups & =2 &’ (where the action of Z,2[7] on @ lifts the action j on g, and
the action of Z,2[7'] on &' lifts the action j’ on g), and so Lie(®) = Lie(®’) as modules over

Zy2[7] ®z, R = L[] ®z, R.

By the previous paragraph the reflex type of (&, p) is nonstandard, proving (&, p) € 9~ (R).
Now start with any (&,p) € 9~ (R), and let Z,> + p*Of be the geometric CM-order of
(&, p). Decompose
Lie(®) = A © Ay

as above, so that Z,2[y] acts on A; through some ®; : Op — R. As ®; and ®, are distinct
when restricted to Z,2 and to Op, (by definition of nonstandard reflex type), they must
agree when restricted to Og;. Call the common restriction D Op; — R. Choose a quasi-
canonical lift (&, p() € D,(Ws) of level s of go with its action of j), and (after enlarging R
as in the proof of Corollary 3.2.3) an embedding Wy — R of Zp-algebras. As in the proof
of Lemma 3.3.2 this can be done in such a way that the action of Z,[vyy] on the Lie algebra
of & p is through . The image of the deformation (&, py) under

Do(Ws) — Vo(R) — D™ (R)
then has the same geometric CM-order and reflex type as (&, p), and so lies in the same
Oj-orbit by Proposition 1.2.10. O
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The isomorphism of functors w : )" — ) induces an isomorphism w : Ry — Ry in such
a way that the composition

HomProArt(R@’a _) = 2]1(_)
has the form f — fow™!. Let

w

- 2)(_) = HomProArt(R@v _)

q: Ry — Ry, q' : Ry — Ry

be the natural surjections. As in §3.2, for each 0 < s < ¢ let pg s be the unique minimal
prime of Ry, for which Ry, /po.s = Wy and let ps = ¢! (po,s) be the corresponding prime of
Rygy. Similarly let %75 be the minimal prime of Ry), corresponding to a level s quasi-canonical
lift of the action jj : Op, — End(go), so that Ry, /py o = W, with W constructed exactly
as in §3.1 but with Ey and jo replaced everywhere by Ej and jj. Let p,, = ¢/~ '(p ) be
the corresponding prime of Rg. For each 0 < s < ¢y we now define two distinguished
components of ),

€(s) = Spf(Ry/ps) = Spf(Ry,/Po,s)
and
¢'(s) = Spf(Ry /w(p)) = Spf(Ry /s .) = SpE(Ryy /p0.),
and two subgroups of O}

HSZO§0~(ZP2 +p°0Op)* H;:OE‘()'(ZP2 +p°0Op)*.

Remark 3.3.5. Exactly as in Remark 3.2.4, €(0),...,&(cq) is a complete list of the improper
components of ).

We will say that a horizontal component € = Spf(Ry)/p) of 9 is standard if the defor-
mation corresponding to the quotient map Ry — Ry /p has standard reflex type, and say
that € is nonstandard otherwise.

Proposition 3.3.6. Every standard horizontal component of ) can be written uniquely in
the form
def

€(s, &) = £x&(s)
for 0 < s <cy and £ € OF/Hy, and every nonstandard horizontal component of 9 can be
written uniquely in the form

¢(s,6) L £ Cs)
for 0 <s<cyand & € Of/H.. To be clear: in both instances the action of Ex on Q) is that
of §1.1 defined using the action j : OF — End(g).

Proof. The proof is the same as the proof of Proposition 3.2.5, almost verbatim. In place
of Corollary 3.2.3 one uses Lemma 3.3.2 in the standard case and Lemma 3.3.4 in the
nonstandard case. U

Proposition 3.3.7. Suppose 0 <t < s <c¢y, & € H/H,, and§ & Hyy1/Hs. The horizontal
component €(s,€) — 9 defined in Proposition 3.3.6 satisifes

(p+1)(p" — )
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Proof. Let (G¢,p0) € Do(Ws) be a quasi-canonical lift of level s. For any k > 0 set
Ry, = W,/m**1 and abbreviate

_ (p+1D*-1)

Keating [12, Theorem 5.2] has computed the endomorphism ring of /g, , and found that
the largest order of Op, for which the action jo : O, — End(go) lifts to the deformation

(&0, p0) /R, 18
Op, if 0<k<b0)+1
Zy+pOp, if b0)+1<k<b(l)+1
Zy+p*Op, if b(1)+1<k<b?2) +1

Zp+p°'0g, if b(s=2)+1<k<b(s—1)+1
Zp+p°Op, if b(s—1)+1<k.

Using these formulas, the proof is a direct imitation of that of Proposition 3.2.6. O

Proposition 3.3.8. Suppose 0 < s < ¢y and & € O /H,. If ord,(disc(Ey)) = 1 then the
horizontal component €' (s,£) — ) defined in Proposition 3.3.6 satisifes

Ion(€'(s,€), M) = 1.
Note that ord,(disc(Ey)) = 1 is equivalent to p > 2.

Proof. Fix an isomorphism €'(s,{) 2 Spf(W}), let m be the maximal ideal of W/, and set
R = W!/m? so that R is isomorphic to the ring of dual numbers F[e] of F. The resulting
closed immersion of formal schemes Spf(W!) — 9) is given by the composition

—1 —1 ’
(28) Ry “— Ry “— Ry & Ry, 15 W,
where the final arrow f, defines a level s quasi-canonical lift (8, py) € Do(W?) of go with

respect to the embedding j; : Op; — End(go). Setting (&', p’) (&4, 0p) @ Zy2, the
composition (28) corresponds to the deformation

(8", p") = (&', p cw™ o &™h) e Y(W]).
It follows from the formulas of Keating cited in the proof of Proposition 3.3.7 that the action
of Zy2 7] on the deformation &' extends (uniquely) to an action of Op, and hence the same
is true of the deformation 6’/’ r-We will show first that the resulting actions of Og, on the
two summands
Lie( ’/’R) 2A DA
are through distinct homomorphisms Og, — R.
Consider the diagram

Ry, w7

]

Wi— - =R

?
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in which the vertical arrow on the left corresponds to a canonical lift (&1, pf) € 94(W{) of
go with respect to the action jj : Op; — End(go). Choose an isomorphism Ron, = Zj[[z]]
and let a be the image of z under

Rop, — Ry, 25 W/ - R

There is an isomorphism W§ = Z7[[x]] /() with ¢f Eisenstein of degree two, and as ¢ (o) =
0 we find that there is a surjection W) — R making the above diagram commute. In other
words, if we set (&1, pl) = (Qﬁg, pg) ® Zy2 then there is an isomorphism of deformations in

9(R)
(6", p")r = (8T, plow™ 0™
and so (8", p") /g admits a lift

(@" plow™toe™) e Y™ (Wy)

to W} of nonstandard reflex type with the property that the action j : Op — End(g) also

lifts. The action of O, on each A; is therefore through some Og, LN W{§ — R, and ¢1 # ¢a.
The hypothesis that ord,(disc(Ep)) = 1 implies that the nontrivial Galois automorphism of
W/ Z, (which interchanges ¢; and ¢2) remains nontrivial modulo the square of the maximal
ideal of W, and so the actions of O, on Ay and As are through distinct homomorphisms
Og, — R.

Is it possible that (&, p) g lies in the image of Mo (R) — M(R)? If so, then (&, p),/r =
(85, 05) ® Zye for some (&7, p5) € Yo(R) corresponding to a surjective Zp-algebra map
Ry, — R. As above, the fact that Wy /Zg is ramified implies that this map can be fac-
tored as Ry, — Wy — R where the first arrow corresponds to a canonical lift in 2o (Wp).
This implies that (&”,p"),r admits a lift to ¥ (W) with the property that the action
j : Op — End(g) also lifts. We deduce that the action of Op, on Lie(@’/’R) is through
a single homomorphism Og, — R. This contradicts what was said in the previous para-
graph. Thus the reduction of (", p”) to R is not in the image of My(R) — M(R), and so
Ion (€/(5,€), M) = 1. O

Corollary 3.3.9. Ifp # 2 then

—4peotl £ 2p 4+ 2 (2¢9 + 1)poott +2¢5+ 1
ZIS)JT(QEDTO) = 2 ~ et l) :
c (p—1) p—1

where the sum is over all proper horizontal components € — ).

Proof. If 0 <t < s < ¢p and then combining |H;/H,| = p*~! with Proposition 3.3.7 shows
that

2p° — 2
Z IEDT(Q:<S7§)7mO) = 28ps - i* 1
SEOE/HS
§#1

while Proposition 3.3.8 shows that
> Im(@(s,€), M) = p.
€O /H,

Summing over 0 < s < ¢y and using Proposition 3.3.6 yields the desired result. ]
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APPENDIX A

A.1. A ramified variant. In this appendix we consider a slightly modified version of the
deformation problem of the text. We let gg, Fy,

Ly [0l = Ly +p°Og,,

jo : Og, — End(go), and Py — My be as in §1.1, but now choose a ramified quadratic
extension F'/Q, whose ring of integers O will assume the role played earlier by Z,>. Thus
we define a p-Barsotti-Tate group g = go ® OF over F of height 4 and dimension 2 and let
9N be the formal Z,-scheme classifying deformations of g, with its O action, to objects of
Art. Set E = Ey®q, I, let y =7 ®1 € E, and let 9 be the closed formal subscheme of 9t
classifying those deformations for which the action of v lifts. We again have the cartesian
diagram of closed immersions (2) in which the horizontal arrows are now defined by the
functor ®OF.

Many of the methods used in the main body of the article can be applied to study
this new formal scheme 9). Virtually everything said in §1 holds simply by replacing Z,
everywhere by Or (except that the action of Og, ®z, Or on g deduced from j, may not
extend to all of Og.) The methods used in §2 to study vertical components should apply
in this new setting (although we have not checked this in any detail). The more difficult
problem seems to be extending the methods of §3 to study the horizontal components of
). The issue is that there may be deformations of g with its Op[y]-action to characteristic
0 whose full endomorphism ring is an Op-order in Op which is not of the form O ®z, Of
for any Zp-order O C Of,. One should not expect the component of 2) containing such a
deformation to come from )¢ in the way described in Propositions 3.2.5 and 3.3.6.

We will content ourselves for the moment with the following simple case, which is needed
for the global intersection theory of [10].

Proposition A.1. If Ey/Q, is unramified and co = 0 then each of Yo and QP are isomorphic
to Spf(Z,). In particular the closed immersion Yo — 2 is an isomorphism and ) is
contained in M.

Proof. That 9o = Spf(Z,) is a special case of Proposition 3.1.1, and so we turn to ). Our
hypotheses imply that

Or = 0Og, ®z, Or = Or[y].
Let ¥,V : O, — Z, be as in 2.1. For any object R of Art we denote again by ¥ and W the
ring homomorphisms obtain by composition with the canonical map Z, — W(R). Define

a display Dg = (Pgr,Qgr, F,V~!) over R as follows. The W(R)-module Pg is free on the
generators {eq, ea, f1, f2}, the submodule Qg C Pg is

Qr = Irer + Irea + W(R) f1 + W(R) f2,

and F and V! are determined by the stipulation that the displaying matrix [28, (9)] of
Dpr with respect to the basis {ey, es, f1, fa} is
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Define an action of O on Dg as follows. An element r € O, acts as

U(r) 0
0 U(r)
U(r) 0
0 U(r)
Choose a uniformizer wr € Op with minimal polynomial 2 — az — b and let wp act as
0 b
1 a
0 b
1 a

These rules define commuting actions of O, and O, and so determine an action of Og.
One easily checks that Dy is Opg-linearly isomorphic to the display of g. Indeed, in the
notation of §2.1 there is an isomorphism Dy & dg ® O defined by

e1—ey®1 ex e QWp fimfo®l fo— fo®@wp.

Thus each Dpg is a deformation to R of the display of g with its Og-action. Suppose we
have a morphism R’ — R in Art whose kernel .J satisfies J2 = 0. By Zink’s deformation
theory [28, Theorem 48] the set of all deformations to R’ of Dy with its Og-action is in
bijection with the set of Og-stable direct summands T" C Pg//Ir Pr/ which lift the Hodge
filtration

Qr/IrPr C Pr/IrPr.
The condition that 7' be stable under the action of Og, ®z, Z; &~ Z; X Z; implies that
T =T(V)®T(¥) with T(V) C R'e; ® R'eg and T(V) C R'fy ® R'fa. As Op, acts on
Qr/IrPg through ¥ we must have T'(¥) = 0. Thus

T=TW)CRADR fo=Qr/IrQr
from which T'= Qg /Ir Qg follows. We deduce that D g/ is the unique deformation of D g

with its Og-action. By induction on the length of the local ring R we conclude that Dp is
the unique deformation to R of Dy with its Og-action, and it follows that Q) = Spf(Z;). O

REFERENCES

[1] A.J. de Jong. Crystalline Dieudonné module theory via formal and rigid geometry. Inst. Hautes Etudes
Sci. Publ. Math., 82:5-96 (1996), 1995.

[2] P.Deligne and G. Pappas. Singularités des espaces de modules de Hilbert, en les caractéristiques divisant
le discriminant. Compositio Math., 90(1):59-79, 1994.

[3] M. Demazure. Lectures on p-divisible groups. Springer-Verlag, Berlin, 1972. Lecture Notes in Mathe-
matics, Vol. 302.

[4] T. Dokchitser. Deformations of p-divisible groups and p-descent on elliptic curves. PhD thesis, Univer-
sity of Utrecht, 2000. http://igitur-archive.library.uu.nl/dissertations/1922434 /inhoud.htm.

[5] B. Fantechi, L. Gottsche, L. Illusie, S. L. Kleiman, N. Nitsure, and A. Vistoli. Fundamental alge-
braic geometry: Grothendieck’s FGA explained, volume 123 of Mathematical Surveys and Monographs.
American Mathematical Society, Providence, RI, 2005.

[6] E. Z. Goren. Lectures on Hilbert modular varieties and modular forms, volume 14 of CRM Monograph
Series. American Mathematical Society, Providence, RI, 2002.

[7] E. Z. Goren and F. Oort. Stratifications of Hilbert modular varieties. J. Algebraic Geom., 9(1):111-154,
2000.

[8] B. Gross. On canonical and quasicanonical liftings. Invent. Math., 84(2):321-326, 1986.

[9] M. Hazewinkel. Formal groups and applications, volume 78 of Pure and Applied Mathematics. Academic
Press Inc. [Harcourt Brace Jovanovich Publishers|, New York, 1978.

[10] B. Howard. Intersection theory on Shimura surfaces II. Preprint.



[11]
12]
(13]
[14]

[15]
[16]

(17]

(18]
(19]
20]
21]
[22]
23]
[24]
[25]
[26]
27]

28]

DEFORMING ENDOMORPHISMS OF SUPERSINGULAR BARSOTTI-TATE GROUPS 49

B. Howard. Intersection theory on Shimura surfaces. Compositio Math., 145(2):423-475, 2009.

K. Keating. Lifting endomorphisms of formal A-modules. Compositio Math., 67(2):211-239, 1988.

S. Kudla. Central derivatives of Eisenstein series and height pairings. Ann. of Math. (2), 146(3):545-646,
1997.

S. Kudla. Special cycles and derivatives of Eisenstein series. In Heegner points and Rankin L-series,
volume 49 of Math. Sci. Res. Inst. Publ., pages 243-270. Cambridge Univ. Press, Cambridge, 2004.

S. Kudla and M. Rapoport. Special cycles on unitary Shimura varieties I. Unramified local theory. 2008.
S. Kudla, M. Rapoport, and T. Yang. Modular forms and special cycles on Shimura curves, volume
161 of Annals of Mathematics Studies. Princeton University Press, Princeton, NJ, 2006.

H. Matsumura. Commutative ring theory, volume 8 of Cambridge Studies in Advanced Mathematics.
Cambridge University Press, Cambridge, second edition, 1989. Translated from the Japanese by M.
Reid.

W. Messing. Travaux de Zink. Astérisque, (311):Exp. No. 964, ix, 341-364, 2007. Séminaire Bourbaki.
Vol. 2005/2006.

D. Mumford. Geometric invariant theory. Ergebnisse der Mathematik und ihrer Grenzgebiete, Neue
Folge, Band 34. Springer-Verlag, Berlin, 1965.

M. Rapoport. Compactifications de 1’espace de modules de Hilbert-Blumenthal. Compositio Math.,
36(3):255-335, 1978.

M. Rapoport and Th. Zink. Period spaces for p-divisible groups, volume 141 of Annals of Mathematics
Studies. Princeton University Press, Princeton, NJ, 1996.

E. Viehmann and K. Ziegler. Formal moduli of formal Ok-modules. Astérisque, 312:57-66, 2007.

I. Vollaard. On the Hilbert-Blumenthal moduli problem. J. Inst. Math. Jussieu, 4(4):653-683, 2005.
I. Vollaard. Endomorphisms of quasi-canonical lifts. Astérisque, 312:105-112, 2007.

W. Waterhouse. On p-divisible groups over complete valuation rings. Ann. of Math. (2), 95:55-65, 1972.
S. Wewers. Canonical and quasi-canonical liftings. Astérisque, 312:67-86, 2007.

T. Zink. Windows for displays of p-divisible groups. In Moduli of abelian varieties (Texel Island, 1999),
volume 195 of Progr. Math., pages 491-518. Birkh&user, Basel, 2001.

T. Zink. The display of a formal p-divisible group. Astérisque, 278:127-248, 2002.

E-mail address: howardbe@bc.edu

DEPARTMENT OF MATHEMATICS, BOSTON COLLEGE, CHESTNUT HiLL, MA, 02467



