VARIATION OF HEEGNER POINTS IN HIDA FAMILIES

BENJAMIN HOWARD

ABSTRACT. Given a weight two modular form f with associated p-adic Galois
representation Vy, for certain quadratic imaginary fields K one can construct
canonical classes in the Galois cohomology of Vy by taking the Kummer images
of Heegner points on the modular abelian variety attached to f. We show that
these classes can be interpolated as f varies in a Hida family and construct an
Euler system of big Heegner points for Hida’s universal ordinary deformation
of V. We show that the specialization of this big Euler system to any form
in the Hida family is nontrivial, extending results of Cornut and Vatsal from
modular forms of weight two and trivial character to all ordinary modular
forms, and propose a horizontal nonvanishing conjecture for these cohomology
classes. The horizontal nonvanishing conjecture implies, via the theory of Euler
systems, a conjecture of Greenberg on the generic ranks of Selmer groups in
Hida families.

1. INTRODUCTION

Fix a positive integer N and a prime p{ N, and fix, once and for all, embeddings
of algebraic closures Q — Q,, Q — C. We denote by w : (Z/pZ)* — pp—; the
Teichmuller character and view w also as a Dirichlet character modulo Np. Let

9= anq" € Sy(To(Np),w’)
n>0

be a normalized eigenform (for all Hecke operators Ty for £+ Np and U, for ¢ | Np)
of weight k& > 2 and character w’. The existence of such a form implies j = k
(mod 2). Fix a finite extension F/Q, which contains all Fourier coefficients of g
and let Op denote the ring of integers of F. We assume that g is an ordinary
p-stabilized newform in the sense that a, € O and the conductor of g is divisible
by N, (i.e. the system of Hecke eigenvalues {a, | (n, Np) = 1} of g agrees with
that of a new eigenform of level N or Np). Let p, : Gg — GL2(F) be the p-adic
Galois representation attached to g by Deligne. Fix a quadratic imaginary field K.

Hypothesis 1.0.1. The data of the previous paragraph is to remain fixed through-
out this article, and the following hypotheses are assumed throughout:
(a) ptON;
(b) there is an ideal M of the maximal order O of K such that O/M = Z/NZ;
(c) the semi-simple residual representation attached to p, is absolutely irre-
ducible.

Note that we impose no hypotheses on the behavior of p in K; p may be split,
ramified, or inert. For the remainder of the introduction we will also assume that
p 1 ¢(N) (Euler’s function) and that N is relatively prime to disc(K), so that the
existence of the ideal D implies that all prime divisors of N are split in K.
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In §2.1 we recall Hida’s definition of a local domain R, finite and flat over the
Iwasawa algebra A = Op[[1+ pZ,]], whose arithmetic prime ideals parametrize the
Hida family of g. We also recall Hida’s construction of a big Galois representation
T which is free of rank two over R and admits a twist TT possessing a perfect alter-
nating pairing TT x Tt — R(1). The main result of this article is the construction,
for every positive integer ¢ prime to N, of a canonical cohomology class

X. € H}(H.,T"

where H, is the ring class field of K of conductor ¢ and ﬁ} (H.,TT) is Nekovai's
extended Selmer group. As the conductor ¢ varies the classes X. form an Euler
system in the sense of Kolyvagin. The construction and basic properties of the
classes X, are given in §2.2-2.4.

To any arithmetic prime ideal p C R Hida’s theory associates an ordinary mod-
ular form g, with coefficients in Fj,, the residue field of the localization R, (so that
F, is a finite extension of Q,). If we define a Galois representation VpT =Tl @ F,
then V;JT is a self-dual twist of the p-adic Galois representation attached to g, by
Deligne. Applying the map on cohomology induced by TT — V';r to the classes X,
we obtain an Euler system for V,,T. In the case of weight 2 and trivial character this
construction essentially recovers the Kummer images of classical Heegner points
on modular abelian varieties. In §3.1 and §3.2 we show that the image of X,s in
ﬁ[} (Hps,V;) is nontrivial for s > 0. The precise result, Corollary 3.1.2, is actually
somewhat stronger and extends Cornut and Vatsal’s proof of Mazur’s conjecture
on the nonvanishing of Heegner points from the case of modular forms of weight
two and trivial character to all ordinary modular forms. Given this nonvanishing
result, a suitable extension of Kolyvagin’s theory of Euler systems would prove that

(1) dimp, H}(D,, Vi) = p* + O(1)

for every form g, in the Hida family. Here D; is the subfield of the anticyclotomic
Z,-extension of K (i.e. the unique Z,-extension contained in UH,:) having degree
p® over K. The weaker result that (1) holds for all but finitely many g,, and for all
gp of weight 2, has been proved by Nekovar ([25] Theorems 12.9.11(ii) and 12.9.8(i),
respectively).

In §3.3 and §3.4 we propose two conjectures. The first, Conjecture 3.3.1, is a two-
variable extension of Perrin-Riou’s [29] Iwasawa main conjecture for Heegner points.
As above, a suitable extension of the theory of Euler systems would prove one
divisibility of this conjecture. See [1, 12, 13] for results toward Perrin-Riou’s original
conjecture. The second conjecture, Conjecture 3.4.1, is that the corestriction of
X; from H; to K is not R-torsion. This conjecture implies, by an extension of
Kolyvagin’s theory due to Nekovaf, a conjecture of Greenberg [7] predicting that
the F, dimension of the Selmer group H } (Q, VJ) is equal to zero or one (depending
on the sign of the functional equation of the Hida family of g) for all but finitely
many gp in the Hida family. See Corollary 3.4.3.

We remark that higher weight analogs of Heegner points have been constructed
elsewhere in the literature, e.g. [14, 23, 24, 35], using special cycles on Kuga-Sato
varieties. Our method is completely different. For ordinary modular forms of even
weight and trivial character both constructions are valid, and in these cases it would
be interesting to understand the connection between the two.
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The author wishes to express his thanks to J. Pottharst for pointing out the am-
biguity in © discussed in Remark 2.1.4, and to the anonymous referee for providing
helpful comments on an earlier version of this article.

Throughout the article Galois cohomology is always understood to mean contin-
uous cohomology.

2. BiG HEEGNER POINTS

Set ®; = I'o(N) NT1(p®) C SL2(Z) and let Y denote the affine modular curve
classifying elliptic curves with ®, level structure, by which we mean a triple con-
sisting of an elliptic curve F, a cyclic order N subgroup of E, and a point of exact
order p° on E. Let Yy; — X, be the usual compactification obtained by adjoining
cusps and let Js be the Jacobian of X;. Denote by

Xerl i’ Xs

the degeneracy map which is given by (E,C,7) — (E,C,p- ) on the affine curve
Yii1. We view Yy, X, and J as schemes over Spec(Q).

2.1. Hida theory. We recall the basic facts of Hida theory that we need; the
reader may refer to [5, 8, 9, 25] for more details. Identify p,—1 with (Z/pZ)* using
the Teichmuller character and abbreviate

I'=1+pZ, A= (Z/pZ)*

so that Z) = A x I'. Define the Iwasawa algebra A = Op[[I']] and write z — [2]
for the inclusion of group-like elements Z, — Op[[Z,]]*. For each i € Z/(p — 1)Z
define an idempotent e; € Op[[Z)]] by

Let Or[[Z)]] — hord be Hida’s big ordinary Hecke algebra of tame level N, defined
as follows. Let b, s be the Op-algebra generated by all Hecke operators T} for
{1 Np, together with the operators Uy for ¢ | Np and the nebentype operators (m)
for m € (Z/p*Z)*, acting on the space of p-adic cusp forms S, (@S,@p). We make
br,s into an Op[[Z)]]-algebra by [z] — 2"~?(z) (this normalization differs from much
of the literature, in which [z] — 2"(z); our normalization is chosen so that the action
of [z] agrees with (z) in weight two). Note that [—1] — 1 as (—1) acts as (—1)"
on modular forms of weight r. Hida’s ordinary projector ¢4 = lim U;”! defines
an idempotent in each b, s, and these are compatible with the natural surjections
Br.s+1 — brs. If we define h?ff = eordhns then the algebra

d . d
ho = lim b’

S

is finite and flat over A and is independent of the weight » by [9, Theorem 1.1].

Definition 2.1.1. If A is any finitely generated commutative A-algebra then an
Op-algebra map A — Q,, is arithmetic if the composition

r =[] A% _)@:
has the form ~ +— 1(7)y"~2 for some integer > 2 and some finite order character
1 of T". The kernel of an arithmetic map is an arithmetic prime of A. If p is an
arithmetic prime then the residue field F, = A,/pA, is a finite extension of F'
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The composition I' — A* — F,* has the form v — 1, (7)y" 2 for a finite order
character ¢, : I' — F,* called the wild character of p and an integer r called the
weight of p.

Our fixed cuspform ¢ determines an arithmetic map (denoted the same way)
g: 57" = b — Op
characterized by Ty — ay for £1 Np, Uy — ay for £ | Np, and
W 20
for § € A and v € T. There is a decomposition of h*4 as a direct sum of its com-

pletions at maximal ideals, and we let hg{d be the unique local summand through
which g factors. As g(e;) =0 for i # k + j — 2, we must have

bor = extj2ba.
According to [25, §12.7.5] the localization of h3™d at the kernel of g is a discrete

valuation ring. It follows that there is a unique minimal prime a C h*¢ such that
g factors through the integral domain

def | or,
R= b3 /a.
If we let £ and K denote the fraction fields of A and R, respectively, then K is

a finite extension of £ and is the (primitive) component of h&' @, £ to which g
belongs in the sense of [9, §1]. The A-algebra ' is the Hida family of g and R is

the branch of the Hida family on which g lives. Define h°"d-modules
Tapd(Js) = ™ (Tay(Js) @z, Or)
Ta” = limTa)™(J;)
Tal! = Ta”" @pora h2Y
T = Tal"®qoa R

(the Hecke operators Ty, Up, and (£) act on J,; and on the Tate module Ta,(J,) via
the Albanese action as in [20, p. 236], and the inverse limit in the second definition
is with respect to a.). All four modules admit natural h°*d-linear actions of Gg.

Proposition 2.1.2. The h%4-module Tagfd is free of rank two. As a Galois repre-
sentation Tazfd 18 unramified outside Np and the arithmetic Frobenius of a prime

04 Np acts with characteristic polynomial X? — Ty X + [{]¢. Furthermore,
b 2 Homy (h3, A)

m

as ho*-modules.

Proof. As we assume that the residual representation attached to p, is irreducible,
this is [19, Théoreme 7). O

Definition 2.1.3. Factor the p-adic cyclotomic character ecyc = €tame - €wild as
a product of characters taking values in p,_1 and 1 + pZ,. Define the critical
character © : Gg — A* by
ba_ 1/2
0= €tame [ewild]

where eiv/ﬂzd is the unique square root of eyiq taking values in 1+4pZ,. Let R denote
R viewed as a module over itself but with Gg acting through ©~!, and define the
critical twist TV = T®r RT.
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Remark 2.1.4. The integer j of the introduction is determined only modulo p — 1,
and the resulting ambiguity in k% modulo p — 1 means that © is determined only
up to multiplication by the quadratic character of conductor p. The two possible
choices of O arising from the two possible choices of j modulo 2(p — 1) are largely
indistinguishable for our purposes, although the sign in the functional equation of
the two variable p-adic L-function of R, evaluated at © and viewed as a function on
arithmetic primes, may depend on the choice. See Remark 2.3.4 and Proposition

2.3.6. We now fix a choice of © once and for all.

X

1] satisfies

Using w to identify A = p,,_q, the idempotent ey ;2 € Op[[Z

k+j—2
= +Jj

ert+j—2 - [C] CChtj—2

. j—2 .
for any ¢ € pp_1. As noted earlier h'4 = e ; 552, and s0 [erame] = €rads 2 in

homrd. It follows that
@) 0%(0) = [ecye(0)]

in hrd for all ¢ € Gg. We will sometimes view © as a character ZX — A by
factoring © through Gal(Q(up~)/Q) and using the isomorphism

Coye : Cal(Qpp=)/Q) = T

Then for all z € ZX, ©%(z) = [2] as clements of h?. Similarly for any weight
arithmetic prime p of R, define F,‘-valued characters

0y : Gg 2 R — F) (e 2 R* = B

As above we may view Oy as a character of Z;, so that
k+j5 r—2
9p(07) =w = H(8) - 3% (7) -2
for all § € A and v € T.
By [26, §1.6.10] or [28, §4] and (2) there is a perfect, alternating, Gg-invariant,
A-bilinear pairing

Ta%™ x Ta%™d — A(1) ® 62
where A(1) denotes the usual Tate twist of A (and the unadorned A has trivial

Galois action). By the discussion of [26, §1.6.10] and the final claim of Proposition
2.1.2, this pairing induces a perfect R-bilinear pairing

(3) T x TF — R(1).
Given an arithmetic prime p C R of weight 7 set s = max{1, ord,(cond(¢y))}.
By a fundamental result of Hida [9, Theorem 1.2] the composition
hord N h(n)qrd SR> Fp

ord

s and determines an ordinary p-stabilized newform

gp € S (s, wpwar];a Fp)'
We define a Galois representation

Vil = Tt @r F, = T} /pT].

factors through b

Tensoring the pairing (3) with F}, yields an alternating nondegenerate pairing

Vi x Vil = Fp(1).
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Lemma 2.1.5. Suppose p is an arithmetic prime of R of weight r > 2 and trivial

character (so that r must be even). Then the form g, € S,(Lo(Np), Fy) is old at p.
Proof. If g, were new at p then Uy, would act with eigenvalue a,, satisfying a;y = p” 2

[22, Theorem 4.6.17], contradicting g, being ordinary. d

Lemma 2.1.6. For any arithmetic prime p C R the localization Ry, is a discrete
valuation ring.

Proof. This follows from the discussion of [25, §12.7.5]. O

Lemma 2.1.7. Suppose M 1is a finitely generated R-module and m € M is non-
torsion. Then m & pM, for all but finitely many arithmetic primes p C R.

Proof. Let I C R be the image of the map Hompg (M, R) — R defined by f +— f(m).
For any arithmetic prime p
m e pM, = I CpR, = (R/I), #0.
By [17, Theorem 6.5] this can only occur for finitely many p. O
2.2. Construction of big Heegner points. Fix a quadratic imaginary field K
with maximal order O as in the introduction, and an ideal 9 with O/MN = Z/NZ.
For any positive integer ¢ we denote by O, the order of conductor ¢ in K and by H,.
the ring class field of O.. Let HC(,NP ) denote the maximal extension of H, . unramified
outside Np and set
&, = Gal(HVP)/H,.).

Let @ and K denote the rings of finite adeles of Q and K, respectively.
Now fix a positive integer ¢ prime to N. For each integer s > 0 define an elliptic
curve E. s over C with complex multiplication by Ogps by

E.s(C)=C/Ocps.
The 2N Ops-torsion subgroup
e s = Ee [N Ocpe]

is cyclic of order N. The inclusion O,ps+1 C Ogps induces a p-isogeny E. o1 — Ee s
compatible with the action of O.,:+1 on the source and target, and taking n. ;41
isomorphically to n. s. The kernel of the composition

jc,s : Ec,s - E(:}sfl — Ec,l - Ec,O

is cyclic of order p® and is characterized as the p*O.-torsion in E, ;. Fix a generator
w of O/7Z = Z. Then cw generates

ker(je,s) =2 Oc/Ocps
for every s, and defines a I'; (p®)-level structure 7. s = cw € E, 4[p°]. Define
(4) hc,s = (Ec,svnc,sa']rc,s) S Xs((c)
By class field theory Q(v/p*) C Hp, where p* = (—1)%1). The restriction of

€eye to Gal(Q/Q(y/p¥)) takes values in (Z))?, and it follows that there is a unique
continuous homomorphism

0+ Gal(Q/Q(Vp)) — Zyy {1}

such that 92 = Ecye-
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Lemma 2.2.1. Suppose s > 0. The field of moduli of E. s is contained in Hps.
After fizing a model of E. s over H.ps the subgroup n. s is also defined over Heps,
and for each o € Gal(Q/H.p:) and P € ker(j..s) the equality P° = 9(c)P holds up
to the action of Autg(Ees) = {£1}.

Proof. Fix 0 € Aut(C/H,p) and let = € K* be a finite idele whose (arithmetic)
Artin symbol is equal to the restriction of 0 to the maximal abelian extension of K.
Let Ocpb be the closure of Ops in K. As o fixes H.ps we must have x € K* - Ofps,
and multiplying = by an element of K* we may assume z € Ocps. The main
theorem of complex multiplication [33, Theorem 5.4] then gives an isomorphism of
complex tori
E.4(C) =2 C/Ous = Cla O = E7(C).

Thus E.; has a model over H,,s, which we now fix. All endomorphisms of E s
are then defined over H,- by [33, (5.1.3)], and the characterizations of n. s and
ker(j.,s) in terms of I-torsion subgroups for ideals I C Oy shows that they are
also defined over Hps. Let , € (Ocps @ Z,,)* be the p-component of x, and write
Ty = a+cp®f with a € Z) and 8 € O ® Zy,. In particular

o = Ngjglzp) (mod p).
Again applying the main theorem of complex multiplication we obtain a commu-

tative diagram

Z)p°Z —— (Oc @ Lp)[(Ocps @ Lp) L ker(je,s)

-] | é, |

Z/pSZ - (Oc ® Zp)/(oczr*‘ ® Zp) - ker(jc,s)

(the unlabeled horizontal arrows are the isomorphisms determined by 1 — cw) for
some group isomorphisms ¢ and & which agree up to the action of OCXPS = {£1}.
As the composition

ZX — Q% — Gal(Q(up=)/Q) ~% ZX

is given by y +— y~' and takes N, q(xp) t0 €cyc(0) (the first arrow is the natural
inclusion, the second is the arithmetic Artin symbol), we see that
—2

1
6cyc(o-) :NK/Q(x;I) =« (mOd ps)

Hence the action of ¢ on ker(j. ) is given as multiplication by the unique (up to
+1) square root of ecyc(0) in (Z/p°Z)*. O

Corollary 2.2.2. Suppose s > 0 and let Lo s = Heps(ptps). Then hes € Xo(Le,s)
and

() hes = (0(9)) - he,s
for all 0 € Gal(L.,s/Hcps).

Proof. Indeed, Lemma 2.2.1 asserts that (5) holds for all ¢ € Gal(Q/H,p+). Suppose
o fixes L. s. Then

€cye(0) =1 (mod p®) = ¥(0) ==£1 (mod p*),
and so (¥(0)) acts trivially on Xj. O
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As in [11, §7.2 Lemma 1] we may define the ordinary projector €' = lim Ug"!
acting on the Picard group Pic(X,/r, ) ® Op. The natural short exact sequence

0 — Jy(Les) @ Op — Pic(X,/1, ) @ Op <& Op — 0,

is Hecke equivariant, and as the action of U, on Op is by p = deg(Up,) there is an
induced isomorphism

Jo(Le,s) = Pie(X, ).
Here we abbreviate

Jo(L)°™ = e (J (L) ® OF)
for any finite extension L/Q, and similarly for the Picard group. Viewing h. s as
divisor on X, we obtain an element

e hes € Jo(Le o)™

If o € Gal(Q/H.ps) then o fixes Q(/p*), and hence there is a £ € y,—1 for which
€2 = €tame(0). This implies € - eiv/i?d(a) = +9(0), and so

0(0) = e (0) = (€ - efia(0)) = (9(0))
as endomorphisms of ekJrj,ng(LC’S)ord. If we define

d d
Ye,s = ek+j72eor hc,s S JS(LC,S)Or

for every s > 0 then Corollary 2.2.2 implies that
(6) yg,s =0(0)  Ye,s
for all 0 € Gal(Q/H.p:). Let hgfg’T denote h3's as a module over itself but with Gg

acting through the character © ', and let (, € hgfg’T be the element corresponding

tol e hgrg under the identification of underlying hgfg—modules. For any bgfg—module
M we abbreviate
M®d=M Qpgra hg,rgj
The equality (6) implies that
Yes ® (s € HY(Hopo, J5(Le,s)™ @ C)
and we define

Te,s = CorHCps/Hc (yc,s oy Cs*) c HO(HCa Js(Lc,s)Ord & Cs)

where Cory_ .y, is corestriction. More explicitly, if for each n € Gal(Hcp: /H..) we
fix an extension to Gal(L. s/H.) then

(7) Te,s = S el | 96 € TlLe) o
n€Gal(H,ps /H.)

We now construct a twisted Kummer map
Kum, : HO(He, Jo(Le,s)™ ® () — H' (&, T2 (Js) @ (o).

Suppose P ® (s € Jg(Les)°™ ® (s is fixed by the action of Gal(Q/H,). For each

n > 0 choose a finite extension L/L. s contained in HC(Np) large enough so that
there is a point Q,, € J,(L)°* with p"Q,, = P. Abbreviating

Js [pn]ord _ eord(JS [pn] ® OF),
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for o € &,

bn(U) = (Qn & Cs)oT - Qn®(s
(0 H0)Q7 — Qn) ® ¢
defines a 1-cocycle with values in
To[p™o @ (s 2 (Tagr (J,) /p" Tag (J,)) @ ¢

whose image in cohomology does not depend on the choice of L or @),,. Taking the
inverse limit over n yields the desired element

Kum, (P ® (;) = limb, € H'(&,, Ta?™ (J,) ® ().

The twisted Kummer map is both hgrg and Gq equivariant. Define
(8) Xes = Kum,(zc,s) € H' (6., Tad " (J,) @ ).

The Albanese map a, : Js11 — Js induces a map of h°™d-modules (abusively
denoted the same way)
et Ta% (Jyg1) @ Copr — Tad™(J5) ® ¢

defined by t ® (511 — @ (t) ® (5. Taking the inverse limit with respect to a. we
obtain an h°"9-module

Ta™ & ¢ = lim (Tagr(J,) @ . )

which is precisely the module Ta®"d constructed earlier, but with the Gg action

twisted by ©~!. In particular there is a Gg equivariant map of hord-modules
(9) Ta”' ® ¢ — T'
Definition 2.2.3. By Lemma 2.2.4 below we may take the limit over s of the X g
and form the cohomology class
(10) lim U, "X, , € H'(®,,Ta”" ® ().
Define the big Heegner point of conductor c
X, e HY(&,,Th
to be the image of the cohomology class (10) under the map on cohomology induced
by (9).
Lemma 2.2.4. The cohomology classes (8) satisfy a.(Xec s41) = Up - Xe s

Proof. The extensions Heps (ptpe) and H,ps+1 of Heps are linearly disjoint, hence we
may fix a set S C Aut(C/H,ps) of extensions of Gal(Hpe+1/Hps) in such a way
that each o € S acts trivially on pipe. The map of complex tori

(C/Ocps - C/Ocps+1

defined by z +— pz determines a p-isogeny fs : E. s — Ec 11 taking nes to ne g1
and 7. s to p- 7. s+1. That is, fs determines an isogeny fs : hes — (hes41) of
elliptic curves over C with @, level structure. By Corollary 2.2.2 each o € S fixes
he,s, while the main theorem of complex multiplication implies that the complex
tori £, ,,(C) as o ranges over S are isomorphic to C/b as b ranges over a set of
representatives for the kernel of Pic(Ops+1) — Pic(Ope). The set

{C/b | b € ker(Pic(Opps+1) — Pic(Ocps)) }
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consists of p nonisomorphic complex elliptic curves, and so as o varies over S the
elliptic curves K, are pairwise nonisomorphic. Hence the isogenies

{fEes — O‘(Eg,erl) |oe S}

have distinct kernels and we obtain p distinct degree p isogenies of elliptic curves
with ®, level structure

N hes — o g,s+1) | o€ S}

By definition of the U, correspondence

(11) Up - he,s = Z a(hg o41)
oceS
as divisors on X, . Applying ex4;-2 - ™ we obtain the equality in Js (L, )™
Up - Ye,s = Z a*(yg,s+1)'
oceS
Twisting by (s we obtain the equality in HO(Heps, Js(Les)" @ ()
(12) Up(Yes ®Cs) = Z Qs (yg,s+1) ® (s
oes
= Z Qs (yc,8+1 & Cerl)a
oesS
= au(Cory_ .\ /H, e (Ye,s11 @ Csp1))-
Corestricting from H.ps to H. shows that
Up *Le,s = O‘*(xc,erl)
and applying the twisted Kummer map to both sides gives
Up . %c,s = Kums(a* (xc,s+1)) = a*(Kumerl(mc,erl)) = Oy (xc,erl)-
O

2.3. Euler system relations. Keep the notation of §2.2. In particular ¢ always
denotes a positive integer prime to N and X. € H'(H.,T") is the inflation to
Gal(Q/H,)-cohomology of the big Heegner point of Definition 2.2.3.

Proposition 2.3.1. Corestriction from H., to H. takes
Xep— Up - X

For any prime €1 cN which is inert in K, corestriction from Hg to H, takes
X — Ty - X

Proof. Directly from the definition (4) we have the equality heps = a(hes+1) of
points on X (C). Tracing through the constructions of §2.2, and using (12) for the
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third implication, gives

Yep,s = s (Ye,s41)
= Yep,s D Cs = (Y11 @ Cog1)
= Cory_ .y /Hps Yeps @ C) = au(Cory oy /h, e (Yes1 ® Cot1))
= Corg_ i /B Weps ®Cs) = Up - (Ye,s ®Cs)
= COYHCPS+1/HC(ycp,S ® (s) = Up - Cory, /i, (Ye,s @ (s)

= Cory,, /1. (Tep,s) = Up - Tes-
As the twisted Kummer map is both Hecke and Galois equivariant we obtain
Corp,,, i, (Xep.s) = Up - Xe,s,

and passing to the limit proves the first claim of the proposition.

Fix a prime £ as in the second claim of the proposition. The map z — £z induces
an f-isogeny C/Ocps — C/Ocpps of elliptic curves over C, which determines an
isogeny of elliptic curves with @4 level structure

f : hc,s - hcé,s'

That is, f takes the extra ®, level structure on E., isomorphically to that on
E.rs. As in the proof of Lemma 2.2.4 we may fix a subset S C Aut(C/Hcp:) of
extensions of Gal(Hcgps /Hcps) in such a way that each o € S acts trivially on fpee.
As o ranges over S the complex tori EY, s(C) are given by C/b as b ranges over
representatives of the kernel of Pic(Ocpps) — Pic(Ocps). The £+ 1 lattices b which
arise in this way are not C*-homothetic, and therefore the S-conjugates of E./ ¢

are pairwise nonisomorphic. As o € S varies we obtain ¢ + 1 distinct ¢-isogenies

J7 ¢ hes — hYy o of elliptic curves with @, level structure, giving the equality of
divisors
(13) Ty - hc,s = Z hgﬂ,s'
oeS

From this we deduce

Z ygﬁ,s = Tg *Ye,s

ocesS

= Z(ycé,s ® CS)U =1Ty- (yc,s 2y Cs)

oes

= Corp,,./H. Yets @ Cs) = To - (Ye,s @ Cs)
= Coryg,, ./, (Yet,s @ () = T (Te,s @ Cs)
= Cory,,/b, (Tee,s) =Ty - Te s

= Cory,, /g, (Xeo,s) =Ty - (Xe)s)-

Passing to the limit in s proves the claim. O

Proposition 2.3.2. Suppose c is positive integer which is prime to N, and that
L1 cN is a prime which is inert in K. Fiz a prime v of H. above £ and let w be a
place of Q above v. If Fr, € Gal(H./Q) is the arithmetic Frobenius of v then X
and Fr,(X.) have the same image in H'(H ., TT).
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Proof. Fix s > 0 and recall L. s = Heps (p1ps). Set
Py = (Le,s)w P = (Let,s)w
so that ®/® is totally ramified of degree £+ 1 and
Gal(®/®g) = Gal(Heeps /Heps)-

As in the proof of Proposition 2.3.1, fix a set S C Aut(C/H,p-) of representatives
for Gal(Hceps/Hcps) in such a way that each o € S acts trivially on iy, so that
the elements of S give a set of representatives for Gal(®/®(). Let W denote the
integer ring of ®, L the residue field of ®, and let X, be the canonical (smooth,
proper) integral model of X, 4 over W. By the valuative criterion of properness
any point z € X (®) extends to a point denoted z € X _(W).

Fix 7 € Aut(C/H,). The equality (13) gives

Z hcl s) =Te- h‘cr,s
o€S

as divisors on X, r , . First replacing S by 7S7~! and then changing base to
Spec(®) gives the equality of divisors

Z (hgg,s)a =1 hz,s
cEGal(®/d0)

on X;/q. As ®/®q is totally ramified this implies the equality of divisors in the
special fiber X, ;.

(C+1) hgom="Te hegn
where we abbreviate
,Z,S/IL = % X Spec(W) SpeC(]L)

and similarly with ¢ replaced by cf. Using the Eichler-Shimura relation we deduce

(Z + 1) ’ 7;—2,3/111 = Fr, (77c—,s/]L) <€>€ Fril( c s/]L)
The elliptic curve underlying h

h. s has supersingular reduction, and the action of Fr?
on supersingular points in the special fiber is by (¢) (see the proof of [14, Lemma
4.1.1]). Therefore

(C+1) - heg s = (€4 1) - Fro(h o)

and so hgy o and Fr,(h; ;) have the same reduction to the special fiber. Let J
denote the Néron model of J, over W and abbreviate

S (L) = e (L, (L) @ O).

As the reduction map Js(®) — J (L) is Hecke equivariant, we deduce from the
discussion above that y, ; and Fr, (y7 ;) have the same image under

Js(Lce,s)ord _)ls(]L)ord.

Letting 7 vary over a set of representatives for Gal(Hcsps/Hc¢), which also gives
representatives for Gal(H,ps /H.), the definition (7) shows that z., s and Fr,(z.s)
have the same image under

(14) Js (LCZ,S)Ord ® (s — ls (]L)Ord ® (s.
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Let I denote the residue field of H. .. The next claim is that the kernel of

(15) HO (g, Jy(Les)™ @ G) =% H' (He, Tay™ (1) © G.)
2%, HY (Hyp o, Ta%™ (J5) ® ()
contains the kernel of the map

(16) HO(Hdv Js (chs)ord @ CS) - HO(R Js(]]-‘)ord & Cs)

induced by the reduction map (14). Indeed, suppose P ® (s is in the kernel of
(16), and let @, and b, be as in the definition of Kumy, so that the image of
Kum, (P ® (5) in H(Heg, J5[p"]°™ ® (5) is given by the cocycle

bu(0) = (071 (0)Q7 — Qn) ® G

Let Q — @ denotes the reduction at w of points on Js(L)°rd, where L is large
enough that Q,, € J,(L)°*%, and extend this to J,(L)°™ @ ¢, by

MG:@@)CS-

By hypothesis P =0, and so p"Q, = 0. Enlarging L if needed, we may find
R, € J4(L)° such that

p"R, =0 R, = én

Replacing @,, by Q,, — R,, we may therefore assume that @n = 0. This implies that
for all ¢ in the decomposition group of w

bu(0) = (07 1(0)Q% — Qu) ® ¢ = 0.

By the injectivity of the reduction map on torsion, we find that the restriction of
b, to the decomposition group of w is trivial. As this holds for all n,

loc,, (Kums (P ® (5)) = 0.

We have now shown that z. s and Fr,(z. ) have the same image under (14),
hence also under (16), and hence also under the composition (15). Therefore

locy, (Xee,s) = locy, (Kumg(zer,s)) = locy, (Kumg (Fry(z¢,5))) = locy, (Fry(X..s))-

The claim is now immediate from the construction of X. from X ;. O

Let Wy be the usual Atkin-Lehner automorphism of X, defined on elliptic
curves with @, level structure by

Wi - (E,C,P) = (E/C,kex(f"), f(P))

where f : E — FE/C is the quotient map and fV is the dual isogeny. Note that
W% = (N). The induced (Albanese) action on .J; commutes with the nebentype
operators, the Hecke operators Ty with ¢ { Np, and the operator U,. In particular
Wy commutes with the ordinary projector €4, and so there is an induced action
(still denoted W) on Ta® satisfying W3 = [N]. Note that this action need not
be h°*d-linear, as Wy does not commute with the operators U, for £ | N.
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Lemma 2.3.3. There is an R-linear automorphism Wy of T making the diagram
(of A-modules)

Taord &) Taord

L

T——=T

commute. Furthermore there is a choice of w = +1 for which the action of Wy on
T is given by Wy = wO(—N).

Proof. Let p be an arithmetic prime of weight two and nontrivial wild character of
conductor p*. By [9, Theorem 3.1(i)] the I'”" coinvariants of Ta®™® are precisely
Tagrd(Js), and so the natural map Ta”? — V,, factors as

Ta”" — Ta,(J;) @pora Fy — V.

The modular form g, is new of level ®, and so the Galois representation V}, appears
with multiplicity one as a summand of Ta,,(Js) ®pora F. As the automorphism Wy
commutes with the Galois action it must preserve this summand. Furthermore, as
V, is absolutely irreducible the action of W on this summand is through a scalar
in Fj,. We now have a commutative diagram

Taord &) Taord

L

Vo ——=V,

of A-modules in which the bottom arrow is h°*4-linear.

For any h € h°™d and ¢ € Ta®" we have shown that the image of Wy ht — hWyt
in Vj is trivial. As this holds for all arithmetic primes of weight two and nontrivial
wild character, Lemma 2.1.7 implies that W ht — hWit has trivial image in T.
From this it follows that the automorphism Wy of Ta®™ factors through to an hord-
linear automorphism of T. By [9, Theorem 2.1] T ®g K is an irreducible Galois
representation, and by Proposition 2.1.2 complex conjugation acts on T ®p K with
distinct eigenvalues +1. Combining these, it follows that T ® g K is absolutely
irreducible. Therefore Wy must act on T through a scalar A\ € R satisfying \? =
[N]. But ©*(—=N) = [N] in R, and so for some choice of sign w = 41 we have
Wy =w-©(—N) as operators on T. O

Remark 2.3.4. Note that as Wy : T — T does not depend on the choice of © made
in Remark 2.1.4, neither does wO®(—N). The two possible choices of © differ by
wpz;l, and making a different choice multiplies w by w’ (=N).
Proposition 2.3.5. Suppose 7 € Gal(H./Q) acts nontrivially on K. There is a
o € Gal(H./K) such that

X =w- X7
where w = £1 s defined by Lemma 2.3.3.
Proof. We may assume that 7 is the restriction of the complex conjugation deter-

mined by the fixed embedding Q — C. Set Ncpe = NN Opps so that the N-isogeny
of complex tori f : E. s(C) — (E¢s/n¢s)(C) is identified with

C/Ocps — C/M_,
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and the dual isogeny fV is identified with
C/N;L — C/N"LO0q.

If we choose z € K* such that 27100 = Npe and let 0 € Aut(C/K) be such
that the restriction of ¢ to the maximal abelian extension of K agrees with the
Artin symbol of z, then the main theorem of complex multiplication [33, Theorem
5.4] gives the left square of the commutative diagram

(Eg,s/ng,s)((:) - (C/-/L'_lgnczolé ;> (C/T(Ocps) c,s(C)

o T

Egs((C) (C/xilNilOcps — C/T(m;pls) - (ECA,S/nc,S)T(C)

in which all horizontal arrows are isomorphisms (the square on the right arises from
an elementary argument using the Weierstrass p-function). This implies that

(17)  Wn - (Ees,nes)” = (Eg,s/ng,s’ ker(fv) ) = (EcTsvker(f)T) = (Eepssne,s)”

as elliptic curves with T'o(IV) level structure. The elliptic curves EZ /n? , and E7
inherit from E,. ¢ I'1(p®) level structures f(m.s)” and 77 ; defined as the images of
¢, under the maps

ker(je,s) & ES, L5 BT /a7, ker(je,s) = EL,.

Using the isomorphisms in the top row of the diagram above, these images corre-
spond to the images of ctwo under

-1
Oc/Ocps —— K[Ops Oc/Ocps = K/T(Ocpe),
and if we demand that = has component z, = —1 in K ® Q,, then both images are

—cwo. Thus
(Ec,s/nc,37 f(ﬂ'c,s))a = (Ec,sa 7"'c,s)T
as elliptic curves with I'y (p®) level structure. Combining this with (17) we find
N hg,s = h;s'
Using the fact that Wy commutes with e°™d and with €i+j—2, it follows that
Wy -yl =yis Fixaset S C Gal(Lcs/H.) of representatives for Gal(Hp: /H..).
Let Wy act on Jy(Le )% ® (s by WN(P ® (s) = (WnP) ® (5. We compute

xz,s = Z @ yC S ® C;—

nes
= ZG) ycsTmrl@C;—
nes
= Wy Y, 0w e
nerSt—1
= 71 WN Z @ ycs) (S
nerSt—1
= O YWa( Y. 'yl ®¢)°

nerSt—1

= O(or HWnal,.
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As o acts on pipe through the Artin symbol of Ng /q(z), an idele of norm N 1 we
have €cyc(0) = N1 Identifying © with a character on Z, by factoring through
the cyclotomic character, this says ©(c) = O(N)~!, and similarly ©(7) = O(—1).
Therefore
ap, =07 (=N)Wyal,.

By the Gg and Aut(J) equivariance of the twisted Kummer map this equality holds
with z. ; replaced by X. . Passing to the limit in s and using Lemma 2.3.3 (and
viewing Wy as an operator on T using the identification TT =2 T of underlying
R-modules) it follows that

XT=0"H-N)Wy - X7.
As Wy acts as wO(—N) on TT by Lemma 2.3.3, we are done. O

Proposition 2.3.6. Let p be an arithmetic prime of R and let O, denote the ring
of integers of F,. The Mazur-Tate-Teitelbaum [18] p-adic L-function

Lp(gp, ) € Opl[Z,]],
viewed as a function on characters Z, — @;, satisfies the functional equation

(18) Lp(gp, X) = —wx " (=N)Op(=N) - Lp(gp, x [ 1p)
where w = %1 is defined by Lemma 2.3.5. In particular, taking x = O, and using
0; =[]y gives

Lp(gp,0p) = —w - Ly(gp, Op).

Proof. According to [5, §3.4] there is a two-variable p-adic L-function L, € R[[Z)]]
whose image under

R[Z;]] — Op[lZ;]]
for any arithmetic prime p C R agrees (up to a nonzero p-adic period) with the one
variable p-adic L-function L,(gp,-) of [18]. Such a two variable p-adic L-function
also appears in the work of Greenberg-Stevens [8]. If we take p to be an arithmetic
prime of weight 2 (so that g, has character [-],) then [18, §I.17, Corollary 2] gives

(19) Ly(gp:x) = =X (=N)[Nlp - Lp(gg, x " '[]p)

where g5 = (N)"1Wy - gp- Here Wiy acts on modular forms by the contravariant
action on
So(®s, Fy) = H*(Xo/p,» x/5,)

(our (N)~'Wy is the wg of [loc. cit.]). But then
g5 = NI ' - wO,(=N) - gp

as the eigenvalue of Wy acting on g, agrees with the eigenvalue w®,(—N) of Wi
acting on the corresponding factor V} of the p-adic Tate module of J,;. Combining
this with (19) we find that there are infinitely many arithmetic primes p C R such
that (18) holds for every character x.

Now fix a character x : Z,; — Oj, possibly of infinite order, and define R-module

maps
T R[ZJ] = Rz x(2)

J—=R 2= x'(2) 14

3
*
=
N
VX VX
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for z € Z). Composing these with R — O, for any arithmetic prime p gives two
more maps

WX,Pvﬂ;,p : R[[Z;H - Opa

and by what we have proved the equality
Top(Lp) = —wy ! (=N)Op(=N)my o (Ly)
holds for all arithmetic primes of weight two. By Lemma 2.1.7 we must have

T (Lp) = —wx ™ (=N)O(=N)my (Ly).

This means that for every arithmetic prime p the equality (18) holds for all charac-
ters x : Z; — O%, and as Ly(gy, ) is determined by its values on such characters
we conclude that (18) holds for all arithmetic primes and all characters. ]

2.4. Selmer groups.

Proposition 2.4.1. Let v be a place of Q above p and let I, C D, C Gq be the
inertia and decomposition groups of v. Letn, : D, /I, — R* be the character taking
the arithmetic Frobenius to U,. There is a short exact sequence of R[D,]-modules

(20) 0— FF(T) =T — F, (T) - 0
such that F;f (T) and F, (T) are free of rank one over R, D,, acts on F, (T) through
N, and D, acts on F;7(T) through n, ' ecye[€cye]-

Proof. When k+ j # 2 (mod p — 1) the short exact sequence is that of [26, Propo-
sition 1.5.2(iii)] together with the final statement of Proposition 2.1.2 for the iso-
morphism R = F, (T). When k+j —2 =0 (mod p — 1) the short exact sequence
is that of [26, Proposition 1.5.4]. In either case the description of the action of D,
follows from [8, Theorem 2.6(d)]. O

Twisting by ©~! and tensoring the exact sequence (20) with Ry, or F}, (for any
arithmetic prime p C R), yields an exact sequence of D,-modules
0—Ff(M)—M— F, (M)—0
for M any one of T}, V,, T;, or Vg.

Definition 2.4.2. Let L be a finite extension of Q. For each prime v of L let L}™
be the maximal unramified extension of L,. Let M be any Gg-module for which
we have defined F, (M). For any place v of L define the strict Greenberg local
condition (compare with [6, §2] or [25, §9.6.1]

ker(Hl(Lv,M) —>H1(L3m,M)) ifotp

Hy (Lo, M) =

ker(H*(Ly,, M) — H'(L,,F, (M))) ifv|p

and the strict Greenberg Selmer group

Sel (L, M) = ker(H' (L, M) — [[ H'(Ly, M)/H{, (Ly, M))

where the product is over all finite places of L.

Definition 2.4.3. Suppose p C R is an arithmetic prime of weight r and let o, be
the image of U, under R — F,. We will say that p is exceptional if r = 2, 1, is the
trivial character, and o, = £1.
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Lemma 2.4.4. Let L/Q be a finite extension and fix a place v of Q above p. If p
is an arithmetic prime of R which is not exceptional then

H(L,, Fy (V) =o0.
Furthermore, if L, is any finite extension of a ramified Z,-extension of L, then
HO(L,, F,; (T") = 0.

Proof. Fix an arithmetic prime p of R of weight r. Proposition 2.4.1 implies that
the action of Gal(Q@,/Q,) on Fp_(VpT) is through the F, valued character 7, ,0, "
where 7, , takes the arithmetic Frobenius to ;. The claim is that

No,pOp L of finite order = p exceptional.

Indeed, if 7, 4,0, ' is of finite order then 7, , becomes trivial when restricted to the
Galois group of a finite extension of L, (pp). As 1, , is unramified, it follows that
7y,p is of finite order and so a, is a root of unity. But then also ©,, is of finite order,
and as

T1

O5(0) = €rime (7) - €dd (0) - U(erin(@))
me wild p\Ewild

we must have r = 2. By [18, §1.12 Case II] the eigenform g, of weight 2 attached to p
is a newform of level Np and trivial character with a;, = 1. Thus p is exceptional.

The first claim of the lemma is now immediate, as H°(L,, F, (Vj)) # 0 implies
that 1, ,0, ! is of finite order. For the second claim, fix a weight 2 arithmetic prime
p which is not exceptional, so that 7,,0, " has infinite order. As ©, is of finite
order, 1, is unramified and of infinite order and so cannot become trivial over any
extension of L, whose maximal unramified subfield is finite over Q,. In particular
Mv,p has nontrivial restriction to any finite extension of L,, and so 7,,,0, ! has

nontrivial restriction to L,. Therefore 1,©~! has nontrivial restriction to L., and
so H(L,, F; (TT)) = 0. O

If M is either Tt or VJ and L/Q is a finite extension, one also has a family
of extended Selmer groups fI}(L,M) defined by Nekovar [25] using similar local
conditions to those defining Selg,, but with the local conditions imposed on the level
of cochain complexes rather than on cohomology. For i = 1 Nekovéi’s extended
Selmer group sits in an exact sequence [25, Lemma 9.6.3]

0— @HO(LU, Fy(M)) — H}(L, M) — Selg:(L, M) — 0.
vlp

In particular Lemma 2.4.4 implies

(21) H}(L,T") 2 Selg, (L, T)

and, if p is an arithmetic prime of R which is not exceptional,
(22) H}L,V{) = Sela, (L, V).

If p has even weight then according to [25, Proposition 12.5.9.2] one also has an
exact sequence

0— @ H (L, Fy (Vi) = HNL,V{) — HH(L,V,)) = 0

vlp
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in which H}(L, V;f) is the Bloch-Kato Selmer group. In particular
(23) Sele: (L, Vi) = H}(L, V)
as both are equal to the image of ﬁ}(L, VJ) — HY(L, VJ).

Proposition 2.4.5. For any positive integer ¢ prime to N there is a nonzero A\ € R
(which may depend on ¢) such that

XX, € Selg (H,, TT).
If N is prime to disc(K) then we may take A = 1.

Proof. For any place v of H. and any Gg-module M denote by
loc, : H'(Hey M) — HY(H,,, M)

the localization map. If v is a finite prime of H. not dividing Np, then the unram-
ifiedness of X, at v is part of Definition 2.2.3.

Now suppose v | Np and choose a place w of Q above v. Let p be an arith-
metic prime of weight 2, and let s = max{1,ordy,(cond(zy))} so that the natural
ord 'V, factors through Tagrd(,]s). Let X., denote the image of X, in
HY(H,, VJ). If we set L s = Heps (pp+) then VJ &V, after restriction to L. s, and
directly from the construction we see that the restriction of X., to H 1(LC,S, VpT)
lies in the image of the composition

To(Le,s)* = H (Le,s, Tag™ (J5)) = H' (Le,s, Vo) = H' (Leys, Vi)
where the first arrow is the usual (untwisted) Kummer map, and is therefore con-
tained in in the Bloch-Kato Selmer group by [2, Example 3.11] (see also [32, Propo-
sition 1.6.8]). By (23) the restriction of X, to L s lies in Selg,(Le,s, VJ). Ifo|N
then the fact that L. s . /H,,, is unramified implies that
(24) locy (Xep) € He(Hew, Vi).
If v | p then the restriction map

HI(HCJH Fv_(vv]j)) - Hl(Lc,s,un Fv_(‘/pT))

is injective, as the kernel

map Ta

H' Lo/ Heyos H(Les .05 Vi)

is both an Fy-vector space and is annihilated by [Lcs. @ Heo|. Therefore (24)
holds in this case as well. We have now shown that
(25) :{c,p € SelGr(H(:}va VYpT)
for all arithmetic primes of weight 2.

Suppose v | p. For any arithmetic prime p we may, by Lemma 2.1.6, fix a
generator 7 of the maximal ideal of R,. The exactness of

0— F,(TI) = F(T]) — F, (Vi) — 0
shows that the natural map
Hl (HC,va FJ (TT))P

p- Hl(Hc,qn Fv_(TT))p
is injective. By (25) the image of X. in the right hand side of (26) is trivial for
infinitely many p. Combining [25, Proposition 4.2.3] and [27, Theorem 7.1.8(iii)] the

(26)

- Hl(HC,va F, (V;JT))
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R-module H'(H,,, F, (T")) is finitely generated. Therefore Lemma 2.1.7 applies
and the image of X, under

(27) H'(H,T") — H'(H,,, F; (T7))

is a torsion element. Let S, C H*(Hepn w, F,; (TT)) be the R-torsion submodule.
By the Euler system relations of Proposition 2.3.1 and the discussion above (which
holds equally well with ¢ replaced by ¢p™), the image of X. under (27) lies in the
image of yLnSn — Sp, where the inverse limit is with respect to corestriction. Set

V=F (THherK
(recall that K is the fraction field of R) and define A by the exactness of
0—F (T -V - A—=0.

The restriction of 7,07!, the character giving the Galois action on V, to Hepeo 4
is nontrivial by Lemma 2.4.4, and it follows that

Sy = HO(Hepn iy A).
If we pick a o € Gal(Q,/Hpe .,) such that (7,07")(c) # 1 then, as A = K/R as
R-modules,
H(Hpeo , A) C Alo — 1] =2 R/((9,071)(0) — 1).

In particular HO(Hpe 4, A) is finitely generated as an R-module, and so for a
sufficiently large m the restriction map S,, — S, is an isomorphism for all n > m.
This implies that the image of corestriction S,, — S, is divisible by p"~"™. As S,
being finitely generated over R, has no nontrivial p-divisible submodules,

lim S,, = 0.
—
This proves that the image of X, under (27) is trivial, and so
loc, (X.) € HE, (Heo, TT).
Now suppose v | N. We know from above that the image X. under
Hl(Hunr TT)p

c,v

pH(Hy ),

c,v

— H'(H™ V)

is trivial for infinitely many arithmetic primes p. The finite generation of the R-
module Hl(Hgfff, T') is a consequence of [25, Proposition 4.2.3] as above, provided
one knows that H'(H, o> M) is finite for every finite Galois module M of p-power
order. This follows from the proof of [27, Theorem 7.1.8(iii)], the essential point
being that one knows the finiteness of H*(B, ji,n ) for every finite extension B/H"
by passing to the limit over finite subfields in [27, Theorem 7.1.8(ii)]. As in the case
v | p, this implies that the restriction of X, to H'(HU5", TT) is R-torsion. Thus
there is a nonzero A\, € R such that

loc, (A\X.) € HL (H.,, TT).

Taking \ = H1;|N A, we then have A\X. € Selg,(H., T1). If we assume that N is
prime to disc(K) then v splits in K and it follows that v is finitely decomposed

in H.p~. By the Euler system relations (Proposition 2.3.1) X, is a universal norm
from the Z,-extension Hp~/H., hence the image of X. in H'(H., TT/m*T") for
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every k > 0 (m is the maximal ideal of R) is unramified at v by [32, Corollary
B.3.5]. It follows that X. has trivial image in

HY(E™ T = lim A (H™, TT/m*TT),
— >

c,v
k

using [25, Lemma 4.2.2] to justify passing to the limit, and so
loc, (%) € HE,(H..,, TT).
([l

Remark 2.4.6. The proof of Proposition 2.4.5 shows that X. satisfies the correct
local conditions to lie in Selg,(H., TT), except possibly at places dividing both N
and disc(K).

3. IWASAWA THEORY

Throughout all of §3 we assume that N and disc(K) are relatively prime and
that p 1 ¢(N), where ¢ is Euler’s function. In particular for every positive integer
c prime to N the big Heegner point X. of Definition 2.2.3 lies in Selg(H,., T) by
Proposition 2.4.5

3.1. The vertical nonvanishing theorem. Let D, be the anticyclotomic Z,-
extension of K. Define G = Gal(Hp~ /K) and let

Grors = Gal(Hyp /Do)

be the torsion subgroup of G. Keep R, T, and T' as in §2.2. Let m be the maximal
ideal of R. The modular form g of the introduction furnishes us with a surjection
R — Op as in §2.1 inducing an isomorphism of residue fields R/m & Op/mOp.
Fix a character x : Giors — O and set

ex= Y. X(9)-9€ Or[Giors).

9EGTtors

The proof of the following theorem, which follows closely the methods of Cornut
and Vatsal [3, 4, 34], will be given in §3.2.

Theorem 3.1.1. Let
Heeg, C H'(H,:, TT/mTT")

be the R[Gal(H,:/K)|-submodule generated by the image of Xps. As s — oo the
R/m dimension of e, Heeg, grows without bound.

Corollary 3.1.2. Letp C R be any arithmetic prime. For all s > 0, the image of
exXps in SQIGT(HPS7VPT) is nontrivial.

Proof of Corollary 3.1.2. Let TpT denote the image of Tt — VJ. As in [14, Lemma
5.1.5] the torsion submodule of Hl(Hps,TJ) has bounded order as s — 0co. Thus if
exXps had torsion image in H'(Hp:, TJ ) for all s then e, Heeg, would have bounded
dimension as s — oo contradicting Theorem 3.1.1. Thus e, X,s is nontrivial in
H 1(Hps,VpT) for some s, and then by the Euler system relations of Proposition
2.3.1 it must be nontrivial for all s > 0. O
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3.2. Proof of Theorem 3.1.1. For all s > 0 define
L: = Hps+1 (‘Ll,p) = Lp5,1~
Set LY, = UL} and G* = Gal(L}_/K). Let
gram = <FI‘Q1, cee 7Fer> C gtors

be the subgroup generated by the Frobenius automorphisms of all ramified primes
Q1,...,Q¢ of K which are prime to p (all of which have order two and are linearly
independent over Z/2Z). Let ® = Q1 --- Q¢ and D = Norm(®), and define

Riam ={Fr; | D CcICcO}CgG*

where Fr; € G* is the Frobenius of I. The quotient map G* — G takes Ryam
bijectively to Gram. Fix a subset R C G* whose elements represent the distinct
cosets Giors/Gram, S0 that G* — G takes the set

Riors 2 {oT7|0c €R, 7 € Rram} C G*
bijectively to Giors. Abbreviate
D=0, =To(N)NT(p)
and write X (®) instead of X;. Set
B = e € X(B)(L).
and define

hy = (Eps,1,0ps 1, mps 1) € X (®)(L5),
where
ﬁps71 = Eps,1[®‘ﬁ n Ops+l] (b == Fo(DN) n Fl(p),

so that under the forgetful degeneracy map X (®) — X (®) we have h* — h*.

Fix a finite set S of degree two primes of K and assume that for every v € S,
Norm(v) = 1 (mod Np). Note that no v € S divides D, and all v € S are split
completely in L . For each v € S fix a place 7 of Q above v, let F, be the
residue field of v, and let X(®) denote the set of supersingular points on the
reduction of X(®) at v. Our assumption that Norm(v) = 1 (mod p) implies that
all supersingular points have residue field F,, (if £ is the prime below v then the
square of the absolute Frobenius acts as (¢) = (£1) on the supersingular locus, as
in the proof of Proposition 2.3.2). The set X3*(®) is defined similarly. Given v € S

and any G*-conjugate h of iz’:, we may define the v-reduction of h
(28) ved, (h) € X3(®),
to be the reduction at T of h. Define
Red,(h) € X3 (®)R
to be the |R|-tuple with red, (h?) in the o component for each o € R.

Theorem 3.2.1 (Corrlut—Vatsal). Let G C G* be a compact open subgroup and let
Gh?: be the G-orbit of h%. For all s > 0 the function

- Red, -
Gh: IT,cs Re Hqu;S(q))R
veES
s surjective.
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Proof. This is a special case of [4, Theorem 3.5]. The set R satisfies the hypotheses
of that theorem by the discussion of [4, §3.3.2]. O

For each positive divisor d of D there is a degeneracy map
Ai: X(®) — X(®)

defined on moduli by (E,C, P) — (E/C',C", f(P)) where C'is a cyclic order DN
subgroup of E, P is a point of exact order p of E, C' C C is the unique order d
subgroup of C, f: E — E/C" is the quotient map, and C” C f(C) is the unique
order N subgroup.

Lemma 3.2.2. Let d be a positive divisor ofp and let 0 € Riam be the Frobenius
of the unique ideal of O of norm d. Then A\g(h%) = (h%)°.

Proof. Let Dpst1 =D N Ops+1 and Npss1 = NN Opst1, and let x € K* be a finite
idele which is a uniformizer at every prime divisor of d and has trivial component
at all other primes. In particular o is the Artin symbol of . The effect of the
degeneracy map Aq on A} is
iL: =~ (C/Ops+17 (9p5+1mps+1)_1/ops+17 psw)

— ((C/:Ij_lops-u, (xmps+1)_1/$_10ps+1, pw).
On the other hand, the main theorem of complex multiplication provides an iso-
morphism of elliptic curves with T'o(N) N T';(p) level structure

(h)° = (C/Opr, MLy [Opss, p*)°

(C/z7 ' Operr, (aNpers) ™ /27 Oper, pPz ).

As z has trivial component at p, p*cw and p*2z~'w determine the same element of
K27 0yt = K/a7 Opess = B 1(C)iors,s

and so A\g(h*) = (h*)°. O

Proposition 3.2.3 (Ribet). Fiz a v € S and let M, (D) and M,(®) denote the
Z-modules of degree zero divisors on X3(®) and X33(®), respectively. The product
of degeneracy maps

Il

T2 My(@) — J] Mo(®)
d|D d|D
18 surjective.

Proof. By induction on the number of prime divisors of D it suffices to prove that
the product of degeneracy maps

(29) My(To(ND'q) NT1(p)) = My(To(ND') NT1(p)) x My(To(ND')NT1(p))

is surjective for any divisor D’q | D with ¢ prime (using the obvious generalization
of the notation M, (®)). If one replaces I'1 (p) by I'g(p) then this is precisely [31,
Theorem 3.15]. We give the full proof in the general case.

Let A be a supersingular elliptic curve over F,, endowed with a I'o(ND’)-level
structure, C, and a I';(p)-level structure, P € A[p]. The first claim is that for any
t € (Z/pZ)* there is an endomorphism of A which has degree an odd power of g,
restricts to an isomorphism of C, and takes P to tP. Indeed let

S ={f€Endg,(4) | f(C)CC,f(P) €L P}.
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Then S is a level ND’p Eichler order in a rational quaternion algebra B of discrim-
inant ¢ = char(F,). Set S =S ®z Z and define B similarly. The action of S ® Z,
on the subgroup generated by P determines a surjective character

V8 = (S®L,)* — (Z/pL)"

whose kernel is a compact open subgroup U C B*. Pick 7 € §% such that Y(r)=t
and such that 7 has trivial components away from p. Using strong approximation
as in [16, Proposition 3.1] we may write 7 = Sub in which 8 € B*, u € U has trivial
component at ¢, and b € B* has trivial components away from ¢ and reduced norm
satisfying ord,(N(b)) = —1. These conditions imply that 3 lies in the Z[1/¢]-order
S[1/q], has reduced norm ¢, and satisfies ¥(8) = ¥(r) = ¢t. Multiplying S by a
sufficiently large power of ¢ gives an element f = ¢ € S having reduced norm (=
degree) an odd power of ¢, and we are free to assume that ¢¢° = 1 (mod p). But
then
f(P)=v¢(B)-P=4(B) - P=1y(r)-P=t-P.

As the degree of f is prime to ND’, f restricts to an isomorphism of C' and so
satisfies the desired properties.

Now suppose we are given two supersingular elliptic curves A and A’ over F,,
each endowed with a To(ND’) N T(p)-level structure. According to [31, Lemma
3.1.7] there is an isogeny A — A’ having degree an odd power of ¢ and preserving
the T'g(IND'p)-level structures. Pre-composing this isogeny with an endomorphism
of A as in the preceding paragraph we obtain an isogeny A — A’ of degree an cven
power of ¢ which takes the To(ND’) N Ty (p)-level structure on A isomorphically to
that on A’. We may factor this isogeny as

g s T24—1
A0—0>A1 —1>"'_>A2i71 1—’A2i

in which A = Ay, A’ = Ay;, and each 7; has degree q. We define I'o(ND’) N T’y (p)-
level structures on each A; in such a way that the 7;’s preserve the level. Each
m; and its dual 7} then define T'g(g)-level structures on A; and A; 1, respectively.
Abusing notation, we write 7; to indicate A; with its I'o(ND’) NT'1(p)-level struc-
ture, together with its I'g(g)-level structure determined by 7;. Similarly we write
my for Ajy1 with its To(ND') N T (p)-level structure together with its I'o(q)-level
structure determined by 7rjv. Then

7r0—7r¥+71'2—77;)/+--~+7r2i_2—772vi_1
is an element of M,(T'o(ND'q) NT'1(p)), and a simple calculation shows that the
image of this element under (29) is the pair (A — A’,0), where we view A and A’
(with their added level structures) as divisors on X (I'o(ND’) NT'1(p)). Replacing
7 by its dual everywhere gives a similar element of M, (I'o(ND’q) NT'y(p)) whose

image under (29) is (0, A — A’). As elements of this form generate the right hand
side of (29), we are done. O

Theorem 3.2.4 (Thara). Let J; be the Jacobian of X (®) = X1 and write J; for
the Néron model of Jy over Spec(Z). For every v € S the cokernel of the natural
map M,(®) — J,(F,) has order dividing ¢(N).

Proof. This is similar to [30, Proposition 3.6] and to [14, §4.2], and we give a sketch
of the proof. In all that follows, all geometric objects are defined over F, unless
otherwise indicated. The cokernel of the map in question is isomorphic to the
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Galois group of the maximal unramified abelian extension C'/X(®) in which all
supersingular points split completely. Thara [15] defines a curve Xi,(Np) whose
base change to F, is isomorphic to a connected component of the modular curve
X(Np) 7, classifying elliptic curves with full I'(Np)-level structure. Owing to our
assumption that N(v) = 1 (mod Np), the modular curve X (Np) has all of its
geometric components already defined over F,, and Thara’s curve is isomorphic
(over F,) to every component. Fixing one such isomorphism, Thara’s curve admits
a degeneracy map to X (®). By the main result of [15] all supersingular points on
X1 (Np) are defined over F,, and there are no unramified extensions of Xy, (Np) in
which all supersingular points split completely. It follows that C' is a subextension
of X1,(Np), and being abelian C' is then a subextension of X;(Np). The theorem
follows. U

Let Div?(G*h*) denote the group of degree zero divisors on X (®) /1= which are
supported on the G* orbit of h¥. For each v € S define

Redv 2 Jp (L:) — ll ([E‘U)Rtors

to be the map taking P € J1(L¥) to the |Riors|-tuple having the reduction at v of
P? in the 0 € Riors component.

Lemma 3.2.5. For s > 0 the composition

DvesRedy
_—

(30) Divo(g*h;) ®O0p — J1(LY) @ Op Boesd; (FU)R”“ ® Op

18 surjective.

Proof. Let Div®(G*h*) be the group of degree zero divisors of X(@)/L; supported
on the G* orbit of ﬁ: Identify Riors = R X Ryram and identify R, with the set

of positive divisors of D by taking d | D to the Frobenius of the unique O-ideal of
norm d. Consider the diagram

Div’(G*h:) — Div®(G* i) — Byes Mo(®)R

ikl,* \LHdD )\d,* lHdDAd,*

DIVO(g*h:) Divo(g*h:)Rtom ®UES MU(@)R“)“

in which the upper left horizontal arrow takes h to the |R|-tuple (A7), and similarly
for the bottom left horizontal arrow. The upper right horizontal arrow is the map on
divisors induced by (28) and the lower right arrow is defined in a similar way. The
composition of the upper row is then the map on divisors induced by the function of
Theorem 3.2.1, and so is surjective for s > 0 by that theorem. The commutativity
of the left hand square follows from Lemma 3.2.2, while the commutativity of the
right hand square is clear. The rightmost vertical arrow is surjective by Proposition
3.2.3. Hence the bottom horizontal composition is surjective for s > 0, and the
surjectivity of (30) then follows from Theorem 3.2.4 and our hypothesis that p does
not divide ¢(N). O

Proof of Theorem 3.1.1. By [9, Lemma 8.1] Tagrd(Jl) is the module of I' coinvari-

ants of Ta®™. This allows us to identify

(31) Tag™(J1)/mTa2™(J1) = T/mT.
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Define H, to be the image of the composition
Div’(G*h:) ® Op — Ji(L%) ® Op — H' (L, Ta%" (1)) — H* (L}, T/mT)
and define
e\ H'(L:, Tad™ " (J1)) — H' (L}, Tao™ (J1))
by
()= > (©7'X)(0)-h,
€ R tors

We claim that the dimension of €] H as an R/m-vector space goes to oo as s — oc.
We may compute the image of e;(HS under the sum of localization maps

H'(L;,T/mT) — P H' (L}, T/mT)

5,07

veES

as the image of the composition of (30) and

(32) P i (F) R @ Op — @ H (Fy, Tag™ (1)) o
vES vES
— P H(F,, T/mT)Re= 2 (D HY(F,, T/mT),
veS veES

using the isomorphism

HY(F,,T/mT) = H!

unr (Lg,0, T/mT).
In the above composition the arrow labeled e& preserves the v component for each

v € § and takes the |Riors|-tuple (4)oecr,y,. tO
> (©7'X)(0) - x5 € H'(F,, T/mT).

0E€Rtors

Each arrow in the composition (32) is surjective; this follows from the fact that
the absolute Galois group of F, has cohomological dimension 1, and, for the first
arrow, Lang’s theorem on the vanishing of H*(F,,J,(F,)) as in [21, Proposition
[.3.8]. Combining this with Lemma 3.2.5, for s > 0 the dimension of €} H, is at
least that of @,.g H* (F,, T/mT). If we choose S in such a way that the Frobenius
of the prime of Q below each v € S acts as (a conjugate of) complex conjugation
on the extension of K (pyp,) cut out by T/mT, then

dimp/w H' (F,, T/mT) = 2.

Thus the dimension of €] H, over R/m is at least 2|S| for s > 0. As we may take
S as large as we like, dim(e} Hs) — oo.
Recall L} = Hpet1(ptp) = Lps1 and h% = hye 1. The character

0 :Gg — (R/m)*
is trivial over Q(u,), and twisting the isomorphism (31) by ©~! gives an isomor-
phism
HYL;_,,T'/mT") = H (L}

s—1»

Tap™(J1)/mTa™ (1)) ® (i

taking the image of X, to the image of U, ' X, 1 (by Definition 2.2.3). Tracing
through the constructions of §2.2, the image of h% under

X(®)(LE) = Div(X (®)/1:) ® Op ~ Jy(L2)™ — H'(L?, T/mT)
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agrees with the Kummer image of y,: 1 € J1(L*)°*d, which is taken to X,- ; under

(33)  HY(L!,T/mT) <% HY(L*_,, T/mT) 229 gl(Lr | T/mT) @ (.

If follows that (33) takes H, to the restriction of Heeg, to L*_,. But
N(h;) = N(hps 1) = N(au(hpe-19)) = Up - hpsm1 1 = Uy - hs_;.
by (11), where all norms are from L% to L%_;, and so cor(H;) = Hs—1. We conclude

Hsfl ® Cl = I'GSHPS (p)/ Hps (Heegs)

and in particular

(H)® G = (Z x<a>a>-<m_1®<1>

0ERtors
= TeSH,.(u,)/Hys (eyHeeg,).

As the dimension of e;'HS,1 is unbounded as s — o0, so is that of e, Heeg,. O

3.3. A two-variable main conjecture. Let Ds/K be the subfield of Do, of
degree p® over K. There is a nonnegative integer J such that the fixed field
(Hps+1)9%= = Hper1 N Do is equal to Dpe+s for all s > 0. If p does not di-
vide the class number of K then § = 0. Define, for any s > 0 and using (21) and

Proposition 2.4.5,
3. € Hy(D,, TT)
to be the image of Up’t - Xpt+1 under corestriction
Hj(Hyen, TV) — H}(Dy, T7)

for any ¢ large enough that Dy C Hp:+1. By Proposition 2.3.1 the class 35 does not
depend on the choice of ¢, and as s varies these classes are norm compatible. We
may therefore define a module

H} 1y (Doo, TT) = lim H} (D, TT)
over the ring Ro, = R[[Gal(Ds,/K)]| and define 3., € f{}‘,lw (Doo, TT) by
300 = @33
By Corollary 3.1.2, 34 is not Ry-torsion. Indeed, if p is any arithmetic prime of
R and P denotes the kernel of the map R — R ®r Fj, then B is a height one
prime of R, at which 3, is locally nontrivial. As there are infinitely many such
B, 3 is nontorsion (exactly as in the proof of Lemma 2.1.7).

The following conjecture is an extension of the Heegner point main conjecture for
elliptic curves formulated by Perrin-Riou [29]. Partial results toward Perrin-Riou’s
conjecture have been obtained by Bertolini [1] and the author [12, 13]. Assume that
R is regular, so that R g is a discrete valuation ring for every height one prime
P of R. If M is a finitely generated torsion R.,-module, define the characteristic
ideal

char(M) — H ;Blength(Mm)
B

where the product is over height one primes of R,. If M is not torsion then set
char(M) = 0.
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Conjecture 3.3.1. Assuming that R is regular
char(f{}c’Iw(Doo, TT)/ROO:SOO)Q = char(ﬁ%IW(Dm, TT)mrS)
in which the subscript tors indicates the R.,-torsion submodule.

Remark 3.3.2. As we assume that N is prime to disc(K), the branch R of the Hida
family does not have complex multiplication by K (that is, R does not arise by the
construction of [10, §7] from a Hecke character of K). In this situation Nekov&r,
using results of Cornut-Vatsal and duality theorems for Selmer complexes, proves
[25, Theorem 12.9.11] that for ¢ = 1,2

rankp_ (H}A’IW(DO07 TT)) =1.

Remark 3.3.3. Iwasawa main conjectures are more often expressed in terms of
the Pontryagin dual of a Selmer group attached to the discrete Galois module
Al = Homzp(TT7upoe). Conjecture 3.3.1 may be reformulated in this manner
using the isomorphism of Poitou-Tate global duality [25, §0.13]

H3 1 (Doo, TT) 2 Homg, (H} (Do, A1), Q,/Z,)
for an appropriate extended Selmer group H}(DO07 AY).

3.4. The horizontal nonvanishing conjecture. Let X; be the big Heegner point
of conductor ¢ = 1 as in Definition 2.2.3, so that

30 = CorHl/K(.’{l) S H}(K, TT).
Conjecture 3.4.1. The cohomology class 39 is not R-torsion.

The theory of Euler systems allows one to use the cohomology classes X, to
bound the Selmer group of VJ.

Theorem 3.4.2 (Nekovar). Let p C R be an arithmetic prime with trivial wild
character and weight r = k + j (mod p — 1) with r > 2. If 3¢ has nontrivial image
in HY(K, V) then dimp, H}(K,Vy) =1.

Proof. Our hypotheses imply that the modular form g, attached to p has even
weight and trivial character. In particular by (22) and (23) the Greenberg, Nekovér,
and Bloch—Kato Selmer groups for Vif all agree. By Lemma 2.1.5 the Galois rep-
resentation VJ is a self-dual twist of the representation associated to a newform of
level N. Specializing the Euler system of big Heegner points to an Euler system
for VJ, the stated theorem follows from the results of [23]. The Euler system used
by Nekovér is different from the one constructed here (or at least the construction
is different), but the proofs in [23, §6-13] only require the existence of some family
of cohomology classes satisfying the Euler system relations of §2.3 and lying in the
Bloch-Kato Selmer group. We note that the hypothesis p 1 (r — 2)! of [23] is used
only in the construction of the Euler system classes and not in the bounding of the
Selmer group. O

Corollary 3.4.3. Assume Conjecture 3.4.1. Then f[}(K, TT) is a rank one R-

module and
=1 1 fw=1
rankp H}(Q,T') = { 0 ifw=—1

where w = £1 s as in Proposition 2.3.6.
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Proof. By [25, Proposition 4.2.3] and [27, Theorem 8.3.19] the extended Selmer
group H}(K , T1) is finitely generated over R for all 4. Let p C R be an arithmetic

sy

prime. Using Lemma 2.1.6, Nekovai’s theory [25, Proposition 12.7.13.4(i)] provides
an exact sequence of extended Selmer groups

0— HH(K, T, /pHNK, T, — HHK, V) — H} (K, Th),[p] — 0
induced by the exact sequence
0—T) 5T -V —0

for any generator m € pR,. It follows from Lemma 2.1.7 that 3¢ has nontrivial
image in H }(K, VPT) for all but finitely many p. Theorem 3.4.2 now shows that

ff}c (K, Vg) is one dimensional for infinitely many arithmetic primes p. The finite

generation of H3(K,T") implies that H?(K,TT), has no R, torsion for all but
finitely many arithmetic primes p. From the above exact sequence of extended
Selmer groups and Nakayama’s lemma we deduce that the R-module f{} (K, TT) is
locally generated by a single element at infinitely many arithmetic primes p. The
torsion submodule of ﬁ}(K , TT) has finite support, and so ﬁ}(K , TT) is locally free
of rank one at infinitely many arithmetic primes. The existence of any one such
prime implies that I:I}(K , TT) has rank one. Proposition 2.3.5 shows that complex
conjugation acts as w on 3, and so the second claim follows from the first. O
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