Intersection theory on Shimura surfaces

Benjamin Howard

ABSTRACT

Kudla has proposed a general program to relate arithmetic intersection multiplicities of
special cycles on Shimura varieties to Fourier coefficients of Eisenstein series. The lowest
dimensional case, in which one intersects two codimension one cycles on the integral model
of a Shimura curve, has been completed by Kudla-Rapoport-Yang. In the present paper we
prove results in a higher dimensional setting. On the integral model of a Shimura surface
we consider the intersection of a Shimura curve with a codimension two cycle of complex
multiplication points, and relate the intersection to certain cycles classes constructed
by Kudla-Rapoport-Yang. As a corollary we deduce that our intersection multiplicities
appear as Fourier coefficients of a Hilbert modular form of half-integral weight.

0. Introduction

Suppose that By is an indefinite quaternion division algebra over Q. Let GGo be the algebraic group
over Q whose functor of points is Go(A) = (By ®g A)* for any Q-algebra A, fix a maximal order
Op, C By, and set U™ = Op  and

IR = Go(Q) N U,

After fixing an isomorphism Go(R) = GL3(R) the group Go(R) acts on the complex manifold
Xy = C\ R, and the quotient

Mo(C) = I\ Xo
is isomorphic to the complex points of a Shimura curve over Q which parametrizes abelian surfaces
over (Q-schemes with an action of Op,. Extending the moduli problem over Spec(Z) one obtains

an algebraic (Deligne-Mumford) stack M. Let Symy(Z) denote the Z-module of symmetric 2 x 2
matrices with entries in Z and set

Sym,(Z)" = {(g %) ( a,b,c e Z}.

For every T' € Sym,(Z)" Kudla-Rapoport-Yang [31] have constructed an arithmetic cycle class

~ 2
Z(T,v) € CHr(My)
in the Gillet-Soulé arithmetic Chow group (with real coefficients and modified for stacks, as in
[31, Chapter 2]) of the arithmetic surface M. Here v € M>(R) is a symmetric positive definite
parameter. Letting 7 = u + iv € ho denote the variable on the Siegel half-space of genus two, these
classes have the remarkable property that the generating series

oa(r)= > deg Z(T,v)-q"
TeSym,(Z)V
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is a non-holomorphic Siegel modular form of weight 3/2. Here the isomorphism
— 2
deg : CHr(Mp) — R

is the arithmetic degree of [31, (2.4.10)]. Pulling (}52 back to the product of two upper half-planes
via the diagonal embedding h; x h; — by results in a modular form of parallel weight 3/2 for a
congruence subgroup of SLy(Z) x SLa(Z), and Kudla-Rapoport-Yang express the Fourier coefficients

——1
of the pullback in terms of the arithmetic intersections of classes in CHp(My). More precisely, for
each t € Z and v € RT they define a class

~

——1
Z(t,v) € CHg(My)
and prove that the pullback of $2 by the diagonal embedding has Fourier expansion
o) = > (Z(t,0), Z(t,02) o af (1)
t1,to€Z

where 7; = u; + 7v; is a variable in the upper half plane 1, ¢; = e?™7i and the pairing ( , ) is the
Gillet-Soulé intersection pairing

—1 —1 2 deg

CHpg(Mp) x CHg(Mg) — CHg(Mo) —> R.

The proof of (1) amounts to proving the decomposition [31, Theorem C]

<§(t1,vl),2(t2,vg)> = deg Z(T.v) 2)
T

in which the sum is over all T' € Symy(Z)" of the form T = <t*1 t* ), and v is the diagonal matrix
2

with diagonal entries vy, vo.

The question which motivates this article is the following. Given a real quadratic field FF C R
and a Z-basis {w1, w2} of Op (which we now fix once and for all) one can define (50) a twisted
embedding h1 X h1 — b9 in such a way that the pullback of ¢o to h1 x b1 is a half-integral weight
Hilbert modular form. Can one interpret the Fourier coefficients of the twisted pullback as arithmetic
intersection multiplicities of cycles on a Shimura variety? To answer this, let

B = By®q F Op = 0p, ®z OF.

Throughout the paper we assume the following equivalent conditions on £ and By:

HYPOTHESIS A.
(a) disc(By) - Op = disc(B),
(b) Op is a maximal order of B,

(c) every prime divisor of disc(By) splits in F.
Let G be the algebraic group over Q whose functor of points is
G(A)={g9€(BegA)" [ Nm(g) € A*}
for any Q-algebra A, where Nm denotes the reduced norm on B. Define a maximal compact open
subgroup U™ C G(Ay) by
Umax = {g € O3 | Nm(g) € Z*}
and set

Fmax — G(Q) ﬂ Ul’l’la,X.
2
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Let o be the nontrivial Galois automorphism of F'/Q and identify
FooR=R xR (3)

using the map = ® 1 — (x,27). The earlier choice of isomorphism Gp(R) = GL2(R) together with
(3) determines an isomorphism

G(R) ={(z,y) € GLa(R) x GL2(R) | det(z) = det(y)}

in such a way that the subgroup Go(R) C G(R) is identified with the diagonal. Let X C Xy x Xo
be subset of pairs whose imaginary parts are either both positive or both negative. The compact
complex manifold
M(C) =T\ X

is then identified with the complex points of a Shimura surface which parametrizes abelian fourfolds
over Q-schemes with an action of Op (and some additional polarization data which we ignore
in this introduction). The obvious embedding My(C) — M(C) induced by the inclusion of X
into X has a moduli theoretic meaning: an abelian surface Ag with Op, action is taken to the
abelian fourfold A = Ay ® Op (Serre’s tensor construction [12, §7]) with its induced action of
Op = Op, ®z Op. Extending the moduli problems over Spec(Z) we obtain a closed immersion
Moy — M of an arithmetic surface into an arithmetic threefold.

On the other hand, the complex surface M(C) comes equipped with a natural family of cycles of
dimension zero. For each totally positive o € Op we consider the finite set V(a)(C) of isomorphism
classes of abelian fourfolds over C equipped with commuting actions of Op and Op[v/—a]. There
is an evident function

Y(@)(C) — M(C)
which forgets the Op[\/—al-action. Extending the moduli problem across Spec(Z) one obtains a
finite morphism )(«) — M in which Y(«) is an algebraic stack over Z of dimension at most two,
and which has dimension one after restricting to Z[disc(Bg)!]. At a prime p dividing disc(By) the
stack Y(),z, may (depending on «) have vertical components of dimension two. Our central object
of study is a certain class

~ )

Y(a,v) € CH (M)
in the codimension two Gillet-Soulé arithmetic Chow group of M (with rational coefficients) whose
construction is based on the moduli problem Y(«). Here v € F ®g R is an auxiliary totally positive
parameter. This class is obtained by first modifying the vertical components of )(«) at the prime
divisors of disc(By) to obtain a cycle class in the codimension two Chow group CH%,( o) (M) with
support on Y(«), and then augmenting this cycle with a Green current of the type constructed by
Kudla [26] and Kudla-Rapoport-Yang [31]. It is the definition of the cycle class, and especially of
the construction of the vertical components at primes dividing disc(By) carried out in §3, which is
the primary original contribution of this work.

The closed immersion My — M induces Q-linear functional
— —9
degp, : CH (M) — R

called the arithmetic degree along My. Our main result, which appears in the text as Theorem 4.1.4,
is a twisted form of the decomposition (2).

THEOREM B. Suppose that a« € O and v € F ®qg R are totally positive and that F(y/—a)/Q is
not biquadratic. Then

d/e\gMOJA)(a,U) = Z d/e\gg(T,v)
TeX(a)
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where v = (v1,v2) € R xR and v are related by (48). The set ¥(«) appearing in the sum is defined
as

b
Y(a) = { <% Z) € Symy,(Z)Y | = aw? + bwiws + cw%} (4)

2
where {w,ws} is the Z-basis of Of fixed above, and used in the definition of the embedding

[]1 X bl — []2 of (50)
The assumption that F'(v/—«)/Q is not biquadratic in the theorem is made to ensure that
(y(a) X M Mo)/Q = @

Le. that Y(«) and Mg do not meet in the generic fiber. The theorem should remain true without
this assumption; see [24] for results in this direction. As a corollary of the theorem we deduce in
§4.2 the following partial generalization of (1).

COROLLARY C. The pullback of ggg via the twisted embedding h; x h; — hs has a Fourier expansion
of the form

o~

do(r1,m2) = Y cla,v) - ¢”
aceOp

. . -
— 627rz7'1 e 627rz7'2 e

where v = (v, v2) is the imaginary part of (71, 72) and ¢* . If « is totally positive

and F(v/—a)/Q is not biquadratic then
cla,v) = d/e;gMOj)\(a,v).

Allowing ourselves the luxury of speculation, we now explain how these results fit into the
program of generalized Gross-Zagier style theorems proposed by Kudla [27]. Suppose first that one
can extend the definition of the arithmetic class J (o, v) to all & € Op, as opposed to restricting only
to totally positive a, in such a way that (passing to arithmetic Chow groups with real coefficients)
the generating series

Or,m2) = >~ Playw) - q* € CHp(M)]q]

aceOp
is a nonholomorphic vector-valued Hilbert modular form of parallel weight 3/2 for the congruence
subgroup (51). If Theorem B were extended to every o € Op then (after extending the arithmetic
degree along M to arithmetic Chow groups with real coefficients) we would have the equality of
g-expansions

degMOH(Tl, 7'2) = (252(7'1, 7'2).

Given another Hilbert modular form f of parallel weight 3/2 for (51), now with real coefficients,
one could then define the arithmetic theta lift of f as the Petersson inner product

O(f) % (f(r1,7),8(r1, )Pt € CHa (M),

and then

degMoé\)(f) = <f(7—17 TQ): degMoé\(Tlu 7_2)>Pet - <f(Tl7 7—2>7 (;2(7—17 7—2)>Pet'
On the automorphic side, one may attach to f and By a Rankin L-function obtained by integrating
f against the twisted pullback of the genus two Eisenstein series &(7, s, By) studied by Kudla-
Rapoport-Yang (see §4.2)
L(f, s, Bo) = (f(71,72), E2(11, 72, 5, Bo))"".
The Eisenstein series vanishes at s = 0, and a fundamental result of Kudla-Rapoport-Yang [31,
Theorem B] is that
gé(T, 0, B()) = qbQ(T).
4
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Pulling back this equality to b1 x by, it follows that
(f(r1,72), a(r1,72))7 = L' (£,0, By).

Thus Theorem B may be viewed as a first step toward the Gross-Zagier stye result

@Moé(f) = L'(f,0, By).

The L-function L(f, s, Bp) is somewhat mysterious. One would like to know, for example, if it admits
an Euler product, and if so what form the Euler factors take. We hope to address this question in
a subsequent article.

The author thanks Steve Kudla for suggesting this problem, and for several helpful conversations.

0.1 Notation

Throughout all of the paper the symbols F', o, G, and Gy have the same meanings as above, ©
denotes the different of F'/Q, Hypothesis A is assumed, and the Z-basis {w1, w2} of OF is fixed. We
choose the maximal order Op, C By to be stable under the main involution and, as on [7, p. 127],
choose an s € Op such that s> = —disc(By). Define a positive involution of By

b b =510 s

Extend b — b* to a positive involution of B, trivial on F. Let Ay denote the ring of finite adeles of

Q.

1. Arithmetic intersection theory

Our basic references for stacks are [16], [33], and [48]. By an algebraic stack we always mean a
Deligne-Mumford stack in the sense of [33]. If S is a scheme and X is an algebraic stack then we
denote by X(S) the fiber of X over S. The goal of §1 is to develop a rudimentary (and somewhat
ad-hoc) extension to stacks of the Gillet-Soulé arithmetic intersection theory [18, 45].

1.1 Chow groups
Throughout all of §1.1 we fix an algebraic stack M separated and of finite type over a regular
Noetherian scheme S. We describe below the basics of the theory of Chow groups of such a stack. If
we assume that M is a scheme then the theory is described in [15] and [45]. If instead we assume that
S is the spectrum of a field then the theory is described in [16] and [48], but for the very rudimentary
results described below the methods extend easily to the case of S regular and Noetherian.

An idrreducible cycle on M is a nonempty integral closed substack of M. For any nonnegative
k € Z let Z¥(M) be the free Q-module generated by the codimension & irreducible cycles on M.
Elements of Z¥(M) are called cycles of codimension k. Define the group of rational equivalences in
codimension k

RMM) = D k(D) ()
D

where the direct sum is over all irreducible cycles D of codimension k — 1 on M, and k(D) is the
field of rational functions on D (i.e. the quotient field of [48, Definition 1.14]). There is a Z-module
map

d: RF(M) — ZF(M)
which takes f € k(D) to its Weil divisor viewed as a cycle on M (defined for schemes in [15] or
[45] and extended to algebraic stacks as in [16, §4.4]). Define the codimension k Chow group (with
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rational coefficients)
CH*(M) = coker(RF(M) ®2 Q & ZF(M)).

There is also a notion of Chow group with support along a closed subscheme, or, slightly more
generally, with support along a proper map. Suppose we are given an algebraic stack ) over S and
a proper map ¢ : Y — M. Let Zﬂ“;(/\/l) C ZF(M) be the subspace generated by the irreducible
cycles supported on the image of ). Similarly let R’f,(./\/l) C RF(M) be defined exactly as in (5),
but where the direct sum is over only those irreducible cycles D supported on the image of ). The
map 0 defined above restricts to a map 8 : R5,(M) — Z5(M), and the codimension k Chow group
with support along ) (again, with rational coefficients) is defined as

CH%(M) = coker (R (M) ©7,Q 2 ZE(M)).

Suppose that ) and M are algebraic stacks and that there is a finite type flat morphism f : My —
M and a proper morphism Y — M. As in [16, Proposition 4.6(i)] or [48, Proposition 3.7] there is
an induced flat pullback on Chow groups

f*: CHE (M) — CHY, (M)
in which yo = y X M Mo.
DEFINITION 1.1.1. Let T be a regular Noetherian scheme over S. A T-uniformization of M is an

isomorphism M = [H\M] of stacks in which M is a scheme over T' and H is a finite group of
automorphisms of M.

LEMMA 1.1.2. Suppose we have a T-uniformization M ;p = [H\M] and let f : M — M p be the
canonical morphism. If Y — M is any proper morphism of algebraic stacks and Y = Y X yq M then
the flat pullback

f*: CHY,  (Mr) — CHY(M)" (6)

is an isomorphism.

Proof. Asin [16, Proposition 4.6(iii)] or [48, Proposition 3.7] there is a push-forward homomorphism
fe: CHY (M) — CHS, - (M7) which satisfies

(feo f5)(C) = |H]-C
and
(f*o f(C)=>_h-C.
heH
Therefore the flat pullback (6) has inverse |H| ™! - f.. O

Suppose S = Spec(R) with R a discrete valuation ring. Let n and s be the generic point and
closed point of S, respectively, and assume that M is proper and flat over S. An irreducible cycle C
on M is horizontal if it is flat over S, and is vertical if it is supported on the special fiber M /3y).

Let
k def k

denote the Chow group with support along the special fiber M ;) — M, and define ZE (M) in
the same way. If J) — M is any morphism of algebraic stacks there is a canonical homomorphism

ZHM) = Zier(M) © Z5, (M k()

which takes an irreducible cycle C to (C,0) if C is vertical, and to (0,C/x,)) if C is horizontal. If
the image of V/i(;) — M /i) has codimension at least & (including possibly V), = @) then this

6
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homomorphism descends to a map
CHY(M) — CHE, (M) & Z (Myy) (7)
as in [45, Remark II1.2.1].

1.2 A little K-theory

For any algebraic stack M we let Ko(M) denote the Grothendieck group of the category of coherent
Op-modules (denoted by K(j(M) in [17] and [45]). That is, the free abelian group generated by
coherent O ps-modules, modulo the subgroup generated by the relations F = F; + F» whenever
there is an exact sequence 0 — F; — F — F3 — 0. The class in Ko(M) of a coherent sheaf F
will be denoted [F]. If ¢ : ) — M is a proper morphism of algebraic stacks we define K%’ (M) to
be the Grothendieck group of the category of coherent O -modules supported on the image of V.
There is an obvious homomorphism K (M) — Kg(M) (which is typically not injective). There is
a higher direct image map

Ro. : Ko(Y) — Kg (M) (8)
defined by

Ro.[F] =Y (=1)*[R*¢.F).
k>0
If ¢ is a closed immersion or a finite map, so that ¢, is an exact functor from coherent Oy-modules
to coherent O q-modules, then Ro.[F] = [¢p.F]. If Z — M is a proper map with image contained
in the image of JJ — M then there is an evident change of support map K¢ (M) — K%j (M). Define
a decreasing filtration on K (M)

F'KY (M) = | image(K§ (M) — K (M))
Z
where the union is over the closed substacks Z — M of codimension > k which are contained in
the image of Y.

Let M be a regular scheme which is separated and of finite type over a regular Noetherian base
S, and let Y — M be a proper map of schemes. Define KS/(M) to be the free group generated by
quasi-isomorphism classes of finite complexes P* — - .. — PY of coherent locally free Oy-modules
whose homology sheaves H*(P*) are supported on the image of Y, modulo the subgroup generated
by the relations P* = Qf + Q3 if there is an exact sequence 0 — Q} — P* — Q3 — 0. The class in
KY (M) of a complex P* is denoted [P*®]. If F is a coherent sheaf on M supported on the image of
Y then by [17, §1.9] there is a finite resolution

P*—=F —0
of F by coherent locally free Op;-modules. The rule [F| +— [P°®] then defines an isomorphism
KY (M) = KY (M) with inverse [P®] — >_.(=1)"H!(P*). In particular the group K3 (M) inherits
a filtration FKKY (M) from the filtration on K¢ (M) defined above. Suppose that i : My — M is
a finite type morphism of schemes with My regular and separated over S, and set Yo =Y x5 M.
If ¢ is flat then the functor ¢* from coherent Ojr-modules to coherent Ojs,-modules is exact, and
so the rule [F] +— [i*F] is a well-defined homomorphism i* : K§ (M) — K{°(Mp). The groups
K} (M) admit pullback maps even when i is not flat: according to [45, Theorem 1.3(iii)] the rule
[P*] — [*P°] defines a homomorphism
i FRRY (M) — FFEY (M),
Keeping M and Y as in the preceeding paragraph, if Z — M is an irreducible cycle of codimen-
7
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sion k supported on Y then we may define a(Z) to be the image of [Oz] under
Ko(Z) —» KZ(M) — FFKY (M) = FRFRY (M),
By a theorem of Gillet-Soulé, see [17, Theorem 8.2] or [45, §3.3], the rule Z — «(Z) defines an
isomorphism
CHY.(M) = Gr*Kg (M) €2 Q, (9)
where GriKY (M) = FFKY (M)/F*1KY (M). Combining this with the pullback on K-theory
constructed above we obtain a pullback homomorphism on Chow groups
i* : CHY (M) — CHY, (Mo). (10)
If ¢ is flat then this homomorphism is the flat pullback constructed in §1.1.
LEmMA 1.2.1. Let S be a Noetherian scheme and let n € S be the generic point of an irreducible

component D of S. We give D its reduced subscheme structure and view Op as a quotient sheaf of
Og. For any coherent sheaf F on S there is a closed subscheme Z — S not containing D such that

[F] = lengthp  (Fy) - [Op] € Im (Ko(Z2) — Ko(9)).

Proof. Let U be an open affine neighborhood of 7. By [35, Theorem 6.5(iii)] any coherent Op-
module A which satisfies A;) # 0 contains a subsheaf isomorphic to Op|y. Taking A = F|y and
using induction on lengthy, (Fy) we find a coherent Oy-module G with trivial stalk at n and
satisfying
[Flu] = lengtho (Fy) - [Oplu] + (9]

in Ko(U). But G|y = 0 for some open neighborhood V' C U of . Thus [F]—lengthe (F5)-[Op] lies
in the kernel of restriction Ko(S) — Ko(V'), and hence is contained in the image of Ko(S \ V) —
Ko(S) by the exact sequence of [45, Lemma 1.3.2]. O

LEMMA 1.2.2. Let S be a Noetherian scheme and let €} denote any subset of the set of irreducible
components of S. There is an exact sequence

P Ko(2) - Ko(S) — @D Ko(Spec(Og,y)) — 0.
Z DeQ
in which the first sum is over all closed subschemes of S having no components contained in §2, and

in the second sum 7 is the generic point of the component D.

Proof. By induction it suffices to treat the case in which €2 consists of a single irreducible component
of S with generic point 7. As Og,, is Artinian there is a canonical isomorphism

Ko(Spec(Osy)) = Z
given by [Fy] — lengthy (Fy), and so the claim follows easily from Lemma 1.2.1. O

1.3 Arithmetic Chow groups

DEFINITION 1.3.1. An arithmetic stack is an algebraic stack M over Z satisfying the following
properties:

(a) M is regular,

(b) the structure map M — Spec(Z) is flat and projective,

(c) for every prime ¢ one can find a positive integer N which is not divisible by ¢ and a Z[1/N]-
uniformization M 71 /v = [H\M] in the sense of Definition 1.1.1.

Throughout all of §1.3 we work with a fixed arithmetic stack M, equidimensional of dimension
d = dim(M), and choose a Q-uniformization M g = [Hg\Mg]. Thus Mg is a smooth projective

8
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variety over Q of dimension d — 1. There is a notion of a Green current [45, §III.1] for a cycle in
Z¥(Mg), and as a consequence of [16, §4] there are canonical isomorphisms

ZM (M) = ZF (Mg)'e RF (M) = RF(Mg)™e.

Hence we may define a Green current for a cycle Cg € ZF(M /@) to be an Hg-invariant Green
current for the corresponding cycle Co € Z*(Mg)*e. This definition does not depend of the choice
of Q-uniformization: if Mg = [H@\M@] is another Q-uniformization then one may form a third
Q-uniformization
Mg = [(Hg x Ho)\(Mg X m,u M)

which allows one to identify Hg-invariant currents on Mg with Hg-invariant currents on Mg, as
both are identified with Hg X H@—invariant currents on Mg X, M@ Using the notation of [45,
§II1.1], if C € Z*(M) and Z,2" € D*1F~1(Mg) are two Green currents for C/q, we will say that =
and =’ are equivalent if there are Hg-invariant currents u € D*~2K=1(Mg) and v € D¥=1E=2(M)
such that = — =/ = 9(u) + d(v).

Let Z*(M) be the Q-vector space of pairs (C,Z) in which C € Z¥(M) and E is an equivalence
class of Green currents for Cq. For each irreducible cycle D € Z F=1(Mg) and f € k(D) there is
an associated Green current, constructed in [45, §II1.1] and denoted [— log | f|?], for the Weil divisor
div(f) € Z¥(Mg). Thus every element of R¥(Mg) has a canonically associated Green current.
Taking Hg-invariants yields a Z-module map

d: RF(M) = ZF (M),

and we define the codimension k arithmetic Chow group (with rational coefficients) by

éﬁk(/\/l) = coker(Rk(/\/l) 2z Q% Z\k(/\/l))
For every prime p there is a homomorphism
——k
CH{o(Mz,) — CH (M) (11)

defined by endowing a cycle on M p with the trivial Green current.

Fix a prime p. For any irreducible cycle C on Mz  of codimension d (necessarily vertical) define

deg,(C) = Z L

Aut
s |Aut v (z)|

where the sum is over all isomorphism classes of objects in the category C(]Fglg). By Aut(x)
we mean the automorphism group of x in the category M(F;lg). Extending the definition of deg,
linearly to all of Zd, (M7 ) there is an induced homomorphism

degp : Cngr(M/Zp) - Q.

—_

Suppose (C,E) € Zd(/\/l). By definition = is a (d — 1,d — 1)-current (up to equivalence) on the
compact complex manifold Mg(C) of dimension d — 1. Thus we may define
1 -
2+ [H| Jag(c)
where the integral means evaluation of the current = at the constant function 1. The function on

Z4(M) defined by

deg.(E) =

deg(C,Z) = deg,, (2) + Y _ deg,(C/z,) - log(p)
P
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then descends to a Q-linear map, the arithmetic degree,

— =

deg: CH (M) — R.
Indeed, it suffices to check that if W is an irreducible cycle of dimension one on M and f is a rational
function on W then the arithmetic degree of the pair (div(f),[—log|f|?]) is 0. If W is a horizontal
cycle then this is precisely the calculation of [31, (2.1.11)]. If W is a vertical cycle supported in
characteristic p then one chooses a Z,-uniformization [H\M] = Mz , sets W = M x W, and
uses the fact that principal Weil divisors on W have degree 0.

Now suppose M, is another arithmetic stack, equidimensional of dimension dy = dim(My), and

that i : My — M is a closed immersion. We will define a Q-linear functional, the arithmetic degree
along My

— ——d,
degyy, : CH ‘(M) = R.
Morally speaking, the arithmetic degree along M should be the composition
—==do i* —===do deg
CH (M) —CH (Mp —R
of the pullback i* as constructed in [18, §4.4] and [45, §II1.3] with the arithmetic degree defined
above. This requires extending the theory of pullbacks in [18] from schemes to arithemetic stacks,
and is further complicated by a error in the construction of ¢* identified and corrected by Gubler
[21]. Presumably this extension can be successfully done, but we will avoid the issue by borrowing
a trick from Bruinier-Burgos-Kiihn [9]. Suppose we have an integer N and a Z[1/N]-uniformization
Mz ny = [H\M]. Set Mo = Mo x p M. There is an obvious homomorphism

——d, ——d,

Sprjpm : CH (M) — CH (M)
induced by pullback of cycles through the composition M — M 7;1/n] — M, and the full force of
the theories of [18] and [10] (both of which include arithmetic Chow groups of schemes over Z[1/N])

—d
may be applied to the arithmetic Chow group CH O(M ). In particular there is a homomorphism of
Q-vector spaces
—d ——1

Ay : CH " (M) — CH (Z[1/N])

obtained as the composition

——d 5 ——d ——d ——d, ——1

CH ™ (M) 22 CH™ (M) CH™ (M) — CH"(M,) — CH (Z[1/N])
in which the third arrow is the pullback of [18, §4.4] and the final arrow is the push-forward of [18,
§3.6]. The map Ay depends on N but not on the choice of Z[1/N]-uniformization M. If we define
Ry to be the quotient of R be the additive subgroup of all rational linear combinations of {log(p)},
as p ranges over the prime divisors of N, then there is a canonical Q-linear map

[H|~!
—_—

— 1
degzp /v : CH (Z[1/N]) — Ry

obtained by imitating the construction of the arithmetic degree CH' (Z) — R. As in [9, §6.3] there
is a canonical isomorphism
R= lim Ry,
Nez+
and our definition of an arithmetic stack guarantees that one can find a coterminal family N' C Z*
of this inverse system such that for every N € N the stack M admits a Z[1/N]-uniformization.
This allows us to define

— _—d
degy,, : CH ‘(M) >R
10
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degpq, = lim degzp /) Ap.
NeN

Now suppose ) — M is a proper morphism of algebraic stacks such that the image of Vg —
M g has codimension k. If p is a prime, by a local cycle datum at p of codimension k with support
on ) we mean a triple (Cqg, E,C,) in which

k
Co € Zy/Q(M/Q),
= is an equivalence class of Green currents for Cg, and
k
Cp S CHy/Zp (M/Zp)
is a cycle class which maps to Cg Xg Q, under the homomorphism
k k
CHy/Zp (M/Zp) - Zy/c@p (M/Qp) (12)
deduced from (7). The image of C,, under
CHIJCJ/ZP (M/Zp) - CH\ljer(M/Zp),

denoted C;*", is the vertical component of the local cycle datum. By a global cycle datum of codi-

mension k with support on ) we mean a triple (Cg,=Z,C,) in which Cgp and = are as above and
Co = {Cp} is a collection indexed by the primes such that each (Cg,=,C,) is a local cycle datum at
p of codimension k with support along V. We further require that C;* = 0 for all but finitely many
p. Any global cycle datum (Cg, Z,C,) determines an arithmetic cycle class

¢ 37y e CH' (M) (13)

p

in which C}’er is the image of C;" under the map (11) and C**" is the arithmetic cycle consisting of
the Zariski closure of Cgp in M with its Green current Z.

Set Vo = YV X m Mo and assume that the image of Vg — My ,q again has codimension k. There
is a pullback global cycle datum (i*Cg,i*E,i*Cs) of codimension k with support along Yy defined
as follows. For every prime p choose a Zp-uniformization M5 = [H\M] and define Z;,-schemes

Y=Yxu M (14)
Mg = Mo X M M
Yo = Yo xXmy Mo.
There is a pullback map
ko k k
[ CHy/Zp (M/Zp) - CHyO/Zp (MO/ZP)
defined as the composition
CHE,, (M,z,) = CHE (M)" — CHE, (My)" = CHS,  (Myz,)
in which the middle arrow is (10). In the exact same way one defines a pullback

using the hypotheses on the codimensions of J,q and )} /g for the isomorphisms. This defines i*Cq
and 1*C,. The current i*= is defined as in [45, §11.3.2 and §11.3.3]: after replacing = by an equivalent
Green current we may assume that = is a Green form of logarithmic type on Mg, and the pullback
current ¢*= is then just the usual pullback of = to Mg = Mg xm Mg in the sense of differential
forms.

11
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As before let Mg be an arithmetic stack, equidimensional of dimension dy, and suppose we have
a closed immersion i : My — M. Let Y — M be a proper morphism of algebraic stacks such
that the image of Vg — Mg has codimension dy and assume that Vg = (), where we again set
Yo = Y xam Mo. In particular the image of Vg — My/g has codimension dyp. If (Cg,E,C,) is a
global cycle datum on M of codimension dy supported on )Y then we have defined above a pullback
global cycle datum (i*Cg, i*E, i*Ce) on My of codimension dy supported on ). Denoting by

CecCH®(M)  Cpe CH™(My)
the arithmetic cycle classes corresponding to these cycle data one may easily check that
o2 G = 0 G
In other words
deg . (Cos B, Co) = deg (i*Cg, i*E, i*Ca). (15)

2. A Shimura surface and its special cycles

We take [39, Chapter 6] as our basic reference for abelian schemes. We will be dealing with integral
models of the Shimura varieties associated to the algebraic groups Gg and G of the introduction.
These have been dealt with thoroughly in the literature: for the Shimura curve associated to Gg we
point out the articles of Buzzard [11] and Boutot-Carayol [7], and for the Shimura surface associated
to G we point out the volume [6], as well as the articles of Milne [38], Kottwitz [25], Rapoport-
Zink [42, 43], Boutot-Zink [8], Kudla-Rapoport [28], and Hida [22]. These Shimura surfaces are
closely related to classical Hilbert modular surfaces, whose integral models are dealt with in work of
Rapoport [41], Deligne-Pappas [13], Pappas [40], Stamm [46], and Vollaard [49]. General references
on Hilbert modular varieties include the books of Goren [19], Hida [23], and van der Geer [47]. The
theory of Shimura varieties, from Deligne’s points of view, can be found in works of Milne [36, 37].

2.1 Moduli problems
Let S be a scheme. By a QM abelian fourfold over S we mean a pair A = (A,7) in which A is an
abelian scheme over S of relative dimension four, and i : Op — End(A) is a ring homomorphism
taking 1 — 1 and satisfying the Kottwitz condition (see for example [25, §5], [22, §7.1], or [49]),
everywhere locally on S. This last condition means that for every s € S there is an open affine
neighborhood U over which Lie(A) is free Oy-module satisfying the equality of polynomials in
Oy |z]
charoy, (i(b); Lie(A)) = fi(x) - fo(x)”
for every b € Op. Here
fo(x) = (z = b)(x = b") € Oplz]
is the reduced characteristic polynomial of b. Define End(A) to be the Op-algebra of endomorphisms
of A which commute with the action of Op, and set End’(A) = End(A) ®0,, F. For a good theory
of moduli of QM abelian fourfolds we must introduce polarization data as well. By a ® ~'-polarized
QM abelian fourfold we mean a pair (A, \) in which A = (A,q) is a QM abelian fourfold and
A: A — AV is a polarization satisfying
(a) Aoi(b*) =i(b)¥ o\ for every b € Op
(b) the kernel of A is A[D].

Define M to be the category, fibered in groupoids over the category of schemes, whose objects are
D~ L-polarized QM abelian fourfolds. A morphism from (A’, X') to (A, \), defined over schemes S’

12
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and S, respectively, in the category M is a commutative diagram

Al—A

|

S —S

such that the induced map A" — A xg S’ is an isomorphism of abelian schemes over S respecting
the action of Op and identifying the polarizations A and X. The category M is an arithmetic
stack (in the sense of Definition 1.3.1) of dimension three with geometrically connected fibers.
Furthermore M is smooth over Z[1/D], where D = disc(F') - disc(By). The existence of a smooth
projective models for M over Z, for primes p { D is explained in [25, 38|, and in much greater
detail in Chapters 6-7 of [22]. When p | disc(By) the regularity of the integral model follows from
the Cerednik-Drinfeld uniformization described in [7] and [43]; see §3.1. The higher dimensional
case needed here is dealt with in [8] and [43]. Finally, for primes dividing disc(F') one proves the
existence of regular projective models using the methods of Deligne-Pappas [13], who treat the case
of classical Hilbert-Blumenthal moduli (e.g., the case B = My(F'), which we exclude). Deligne and
Pappas use a different type of polarization data in the statement of their moduli problem, and do
not impose the Kottwitz condition. The equivalence of moduli problems of the type defined above
and those considered by Deligne and Pappas is explained in work of Vollaard [49].

By a QM abelian surface over a scheme S we mean a pair Ay = (Ap,ip) in which Aj is an
abelian scheme over S of relative dimension two and ig : Op, — End(Ap) is a ring homomorphism
satisfying 1 — 1. Again we require that A satisfies the Kottwitz condition every locally on S: for
any by € Op, the equality of polynomials in O[]

charo,, (i(bo), Lie(Ao)) = (z — bo)(z — bp)

holds over any sufficiently small open affine neighborhood U of any point s € S. Define End(Ay)
and End®(Ag) as above. By a principally polarized QM abelian surface we mean a pair (Ag, \g) in
which A is a QM abelian surface and Ao : Ay — AJ is a polarization satisfying

(a) Aoig(b*) =in(b)Y o Ao for every b € Op,.
(b) Ao is an isomorphism.

We remark that in fact every QM abelian surface admits a unique such \g. This follows by combining
the argument used in [11] to prove the claim when disc(Bp) is invertible on the base, with [7,
Proposition II1.3.3]. Let My be the category, fibered in groupoids over the category of schemes,
whose objects are principally polarized QM abelian surfaces (Ag, \g) over schemes. Morphisms are
defined exactly as in M. The category My is then an arithmetic stack of dimension two with
geometrically connected fibers, and is smooth over Z[disc(By)~!]. See [7, 11] and the references
therein for details.

Let Ay = (Ao, ip) be a QM abelian surface over a scheme S with a polarization Ao as above.
The abelian fourfold Ag ® Or = Homgz (D!, Ag) (see [12, §7] for background on Serre’s tensor
construction) is then equipped with commuting actions of Op, and O, and hence with an action
i: Op — End(Ag ® Or). To be very concrete, we may define Ag ® Op = Ag x Ap with Op, acting
diagonally and OF acting through the ring homomorphism x : Op — Ms(Z) determined by the
Z-basis {w, w2} of Op. We obtain a QM abelian fourfold

Ay O = (A() X OF,i)
and an isomorphism of Op-algebras
End(Ao & OF) = End(Ao) ®z OF. (16)
13
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The identification Ag ® O = Ag X Ag determines an isomorphism
(A9 ® Op)" = Ay x Ay

in which the action of Op, on the right hand side is again diagonal, but the action of Op is
through the transpose of the homomorphism . This transpose 'k : Op — Ms(Z) is the embedding
determined by the action of Op on D~! with respect to the dual basis {w), @y } relative to the
trace form on F', and allows us to identify

(Ag®@ Op)Y = AY x Ay 2 Ay @D~ L.
If denote by Ag ® Of the isogeny

Ag® Op 225 AY @ D1 = (4 ® Op)"

then the pair (Ag@Op, \g@OF) is a D~ -polarized QM abelian fourfold. We check that \g@ O is a
polarization: let A be the matrix of the trace form on O relative to the basis {w1, w2 }. Identifying
Ay ®@Op 2 Ag x Ag and (Ap @ Op)Y =2 AY x AY as above, the isogeny Ao ® O is identified with

Ag x Ag 2220, 4Y 5 AY 25 AY x AY. (17)
As A is positive definite there is some positive integer multiple mA = ‘EA’E with A", E € My(Z)
and A’ diagonal with diagonal entries dy, dy > 0. The pullback of the polarization

Ag x Ag LA0XR20, 4 Y
by the isogeny
Ao X A() E) A() X Ao

is then m times the isogeny (17). As m times the isogeny (17) is a polarization, so is (17). We now
have a functor

i: Mog— M
defined by
(Ao, Xo) = (Ao, Ao) ® OF = (Ao ® OF, Ao @ OF).

This functor induces a proper morphism of algebraic stacks. Combining the properness with the
following lemma (which implies that the morphism 14 is injective on geometric points) shows that
1: My — M is a closed immersion.

LEMMA 2.1.1. For any principally polarized QM abelian surfaces (Ag, \o) and (A, \;) over a
common base scheme S the natural function

IsomMo(S) ((AOa A0)7 (A67 )\6)) - ISOHIM(S) ((A07 )\U) 02y OF7 (A67 AE)) @ OF)
is a bijection.
Proof. Abbreviate A = Ay ® Op and X\ = Ao ® Op and similarly for Aj, and \j,. The isomorphism
of Op-modules

Hom(Ag, Aj) ® Op = Hom(A,A')

proves the injectivity of the function in question. For surjectivity, suppose we start with an isomor-
phism f: (A, ) = (A’,\) in M(S). The condition that f identifies A with X' is equivalent to the
commutativity of the diagram

f

Ay x Ay A A’ A6 X AIO
AO)\Oi l)\ l)\’ \LAOAB
AY x AY AV < AV Ay x Ay

14
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in which all horizontal arrows are isomorphisms. The composition of arrows along the top row is
given by some matrix

o c I’IOIII(;AO7 A6) &® MQ(Z)

which lies in the Z-submodule Hom(Ag, Af) @ k(Op). The composition of arrows in the bottom
row, from right to left, is then given by the transpose dual

'o* € Hom(Ay, Ag) ® Ma(Z)

where ®* denotes the entry-by-entry dual of the matrix ®. Using the relation A - x(z) = 'sk(z) - A

for all x € Op the commutativity of the above diagram is equivalent to

CRRAUNE

We now choose a p € GL2(Q) such that

pr(F)p" = {(‘; bf) labe @}

with D > 1 a squarefree integer. Suppose first that D = 1 (mod 4). Then there are fi,fy €
Hom(Ay, Aj) for which

oyl = 1 (2f1 +f2 foD ) _

2 f2 2f1+ f2
Conjugating both sides of (18) by p and comparing the upper left entries on each side yields

Ao = (2f1 + f2) 0 Xy o (2f1 + fo) + f 0 Ng o faD
= deg(2f1 + fg)/\() -+ deg(fg)D)\o

where the second equality uses the fact that the Z-module of symmetric homomorphisms Ay — Ay
satisfying A\ 0 ig(b*) = ig(b)Y o g for all b € Op, is free of rank one and generated by \g, with the
polarizations corresponding to positive multiples of A\g. From this equality it is clear that fo = 0,

and hence
_(h
o=(" )

as desired. The case D = 2,3 (mod 4) is similar. O

LEMMA 2.1.2. If Ay is a QM abelian surface over a connected scheme S then EndO(Ao) is either Q,
a quadratic imaginary field, or a definite quaternion algebra over Q. If A is a QM abelian fourfold
over S then End’ (A) is either F, a totally imaginary quadratic extension of F, or a totally definite
quaternion algebra over F'.

Proof. Fix a geometric point s — S5, and let A = (A,4) be either a QM abelian fourfold over S. By
[39, Corollary 6.2] the reduction map

End’(A) — End’(A /s))

is injective, and so it suffices to treat the case in which S = Spec(k) with k a field. One then further
reduces to the case of k of finite transcendence degree over its prime subfield, and by considering
the Néron model of A over a valuation ring inside of k£ and again invoking the injectivity of the
reduction map on endomorphism algebras, one is reduced to the case of k finite over its prime
subfield. If char(k) = 0 then A(C) is isogenous to (B ®g R)/Op for some complex structure on
B ®q R, and from this one can show that End(A) is either F' or a quadratic imaginary extension
of F. If char(k) # 0 then [38, Proposition 5.2] shows that either A is isogenous to the fourth power
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of a supersingular elliptic curve, or A has no isogeny factor isomorphic to a supersingular elliptic
curve. In the first case End®(A) is isomorphic to the quaternion algebra B over F satisfying

[B] + [B] = [H ®&q F]

in the Brauer group of F', where H is the rational quaternion algebra of discriminant p. In the
second case End’(A) is a quadratic imaginary extension of F. Note that in the statement of [38,
Proposition 5.2] it is assumed that char(k) is prime to both disc(F") and to disc(By). This hypothesis
is not used in the proof until the sentence “It splits B because...” and so has no bearing on the
results cited above. The case of a QM abelian surface is identical (in this case one may also invoke
[7, Proposition III.2] for primes dividing disc(By)). O

Fix a finite set of rational primes ¥ and let S be a scheme such that
¢y — (e

Let Up C Uy be a compact open subgroup which factors as Uy = [[, Uy with Uy, = U™ for
every £ € X. Write

vt =TJoee UF =] U
gy, gy,
Let Ag = Op, viewed as a left Op,-module, and define a perfect alternating bilinear form vy :
Ao x Ag — Z as on [7, p. 130] by

1 ,
Yo(z,y) = mTr(msy )

where Tr is the reduced trace on By and s € Op, is the element fixed in the introduction. Extend
Yo to an alternating form

Yot Ay x Ay — 7 (19)
on the restricted topological product
AS = [ (Ao ®z Z0).
>

We now define the notion of a Uy level structure on a principally polarized QM abelian surface
(A, \o) defined over S. Fix a geometric point s — S and let

Ta™(Ao) = [ ] Tee(Ao/u(s))
5

be the prime-to-Y adelic Tate module of Ay, equipped with the action of ((530)E defined by ig as
well as the action of the étale fundamental group m1(S,s). A Uy level structure on Ay is then a Uy
equivalence class of (Op,)*-module isomorphisms

v KOE — Ta*(Ap)

(here vy and v} are Up equivalent if there is a u € Up such that vy(z) = vy(zu) for all z € 7\%) which
satisfy

(a) v identifies the Weil pairing
Ta”(Ag) x Ta>(4g) — Z>(1)
induced by Ao with the pairing (19) up to a (Z*)*-multiple

(b) for any o € m1(S, s) there is a u € Uy such that o-vy(z) = vo(zu); that is to say, the equivalence
class of 1 is defined over S.
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Set A = Ag®zOFp. For a compact open subgroup U C U™?* (factorizable and maximal at primes
in ) one defines the notion of U level structure on a D~ Lpolarized QM abelian fourfold (A, \) in
the same way, replacing AJ by A* = A} ®z OF and replacing 1y with the alternating form

Yv:AXA—Z

defined by extending v to a Op-bilinear form ¢ : A x A — Op and setting ¢ = Trp/g o ¥o.

If S is a scheme and (Ao, Ag) is an object of M(.S) then the polarization A\ induces a Rosati
involution 7 — 71 on End’(Ag). The trace of an endomorphism 7 € End’(Ay) is defined to be
Tr(r) = 7+ 71, and we define a bilinear form on the trace zero elements of End(Ag) (with values
in the commutative subalgebra of Rosati-fixed elements) by

[7‘1, 7'2] = —TI‘(TlTQ).

The associated quadratic form is denoted Qo(7) = —72. Similar remarks and definitions hold for
any object (A, \) of M(S), and on the trace zero elements of End’(A) we have the quadratic form
Q(r) = 2

For every a € Op define a category )(«), fibered in groupoids over the category of schemes,
whose objects are triples (A, \,t,) in which (A, \) is a ®~!-polarized QM abelian fourfold over a
scheme and t, is a trace zero element of End(A) satisfying Q(t,) = «. There is an obvious functor

¢: V(o) - M

which forgets the endomorphism ¢,. Using the methods of [22, Chapters 6-7] to prove the relative
representability of ¢ one can show that the category )Y («) is an algebraic stack over Z, finite over

M.

LEMMA 2.1.3. The stack Y(«),q is étale over Spec(Q). In particular the generic fiber of Y(a) is
reduced of dimension zero.

Proof. Choose a prime ¢ which does not divide disc(Bp) and with the property that
OF[\/ —Oé] Rz Ly = Z?.

We abbreviate W = W(]F;lg) for the ring of Witt vectors of F?lg and M = Frac(W) for the fraction
field of W. Suppose z : Spec(IF?lg) — Y(«) is a geometric point corresponding to a triple (A, \, t)
and let g denote the /-Barsotti-Tate group of A. The completion R of the strictly Henselian local
ring of V() at z classifies deformations of (A, A, t,) to Artinian local W-algebras with residue field
F%'%, and by the Serre-Tate theorem (and [6, p. 51] or [49] to see that the polarization A deforms
uniquely through Artinian thickenings of F?lg) the W-algebra R is identified with the deformation
space of the ¢-Barsotti-Tate group g with its action of

(OB ®0; OF[JTQ]) Ry Ly = MQ(Z?).

Using the usual idempotents on the right hand side we may decompose g = gg X go in which go
is an (-Barsotti-Tate group of height four and dimension two with an action of Z}, and then R
classifies deformations of gg with its action of ZZL. The Kottwitz condition on A implies that the
usual idempotents in ZZ} induce a decomposition go = (Qg/Z¢)? x ,u%oo, and the theory of Serre-Tate
coordinates as in [19, Theorem 4.2] or [22, Theorem 8.9] then implies that R = W.

If Y — Y(a)w is a finite étale morphism with Y a W-scheme then, by the previous paragraph,
the local ring of Y at any closed point is isomorphic to W. It follows that Y itself is simply a disjoint
union of copies of Spec(W), and hence that Y/, is a disjoint union of copies of Spec(M). We deduce
that V() is étale over Spec(M), and it follows that Y () /g is étale over Spec(Q). O
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Remark 2.1.4. By Lemma 2.1.2, for any object (A, ) of M the F-valued quadratic form @ is totally
positive on the trace zero elements of End’(A). Thus for any o € Op

Y(a) #0 = « totally positive.

For any T € Symy(Z)" let Z(T) be the category, fibered in groupoids over schemes, whose
objects are quadruples (Ag, Ao, S1,2) in which (Ag, \g) is an object of My and s1, sy € End(Ay)
are trace zero endomorphisms of Ay which satisfy

1 [81 Sl] [81 SQ])
T== ’ ’ . 20

2 ([52, s1] [s2,s2] (20)
We also define

Yo(a) = V() X pm Mo

so that an object of Vy(«) is a triple (Ag, Ao, to) in which (A, o) is an object of My and ¢, is a
trace zero element of End(Ay ® Op) satisfying Q(t,) = a. Fixing such a triple over a connected
scheme S, (16) implies that ¢, has the form

la = s1W1 + S22

for some trace zero s1,s2 € End(Ag). The condition Q(t,) = « is equivalent to the relation

2_2 2_2
a = —sjwi — (5152 + s281) W12 — 55705.

Recalling (4), this last relation is equivalent to
1
(1) a) e
It follows easily that for each a € Op the rule (Ag, Ao, ta) — (Ao, Ao, S1, s2) identifies
Vole)= | | 2(D). (21)
TeX(a)
LEMMA 2.1.5. Suppose a € OF is totally positive and let T' be an element of ¥(«).
(a) If Z(T) # 0 then T is positive semi-definite.
(b) If Z(T) g # 0 then det(T) = 0.
(c) If F(y/—a) is not a biquadratic extension of Q then det(T') # 0.
In particular if Yo(cv) /g # 0 then F(\/—a)/Q is biquadratic.

Proof. For (a),if Z(T') # () then there is some object (Ag, Ao, s1, $2) of Z(T') defined over a connected
scheme, and Lemma 2.1.2 implies that the quadratic form represented by (20) is positive definite.
Part (b) follows from [31, Theorem 3.6.1]. For (c) suppose that det(7") = 0. Then there is a one
dimensional Q-vector space Vp equipped with a Q-valued symmetric bilinear form [-, -] and vectors
1,82 € Vp for which the relation (20) holds. Let V' = V{ ®g F and extend [-,-] to an F-valued
symmetric bilinear form on V. The relation (20) then implies that the vector t, = syt + sowo
satisfies [tq,ta] = 2a. As Vp is one dimensional we may write s; = nis, so = nas as Q-multiples of
a common vector s € Vp, and then

200 = [ta,ta] = [s(n1w1 + TLQWQ), s(n1w1 + TLQWQ)] = (n1w1 + TLQWQ)Z . [S, 8]
shows that a € Q% - (F*)2. Hence F(y/—a)/Q is biquadratic.
The final claim follows by combining (b) and (c¢) with the decomposition (21). O

For the remainder of §2 we fix a totally positive « € O and abbreviate Y = Y(a) and Yy = Vp(«)
for the algebraic stacks over Z constructed above. Define j and ¢y by the requirement that the
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diagram

is cartesian.

2.2 Green currents
Let M g = [H\M] be a Q-uniformization of M, define Q-schemes

Y=YxuM Mo = Mo xpy M

and let ¢ : Y — M and ¢ : My — M be the projections to the second factors. By Lemma 2.1.3 the
scheme Y is a disjoint union of reduced zero dimensional components, and we define

Co =Y ¢ly) € Z3(M). (22)

yey

As Cg is H-invariant it may be identified, using [16, Lemma 4.3], with a cycle Cg € ZJ%/Q (M)q)
which is independent of the choice of Q-uniformization of M.

The remainder of §2.2 is devoted to the construction of a Green current for Cg. In order to
construct such a current we will use the Q-uniformizations of M which come from the theory of
canonical models of Shimura varieties. Let Nm : B* — F'* denote the reduced norm on B. Define
a real algebraic group S = Resc/rG, and pick a z € Go(R) with 22 = —1. The point z determines
a map of R-algebras C — By ®g R by a + bi — a + bz, which in turn determines a map of real
algebraic groups h, : S — Go/r. Let Xo denote the Go(R)-conjugacy class of any such map (all are
conjugate by the Noether-Skolem theorem). We may also view h, as map S — G g and let X be
the G(R)-conjugacy class of h,. The set X is naturally identified with the subset of X consisting
of those maps S — G g which factor through the subgroup Gog. The isomorphism of R-algebras
(3) determines an isomorphism

B®gR = (By®gR) x (By®gR) (23)

which in turn determines an injection G(R) — Go(R) x Go(R) and an injection X — Xy x X
taking the subset Xo C X bijectively onto the diagonal. If we fix an isomorphism By ®g R = M>(R)
then we may identify the set Xy with the complex manifold C \ R in the usual way [37, Example
5.6]. The resulting complex manifold structure on Xy is independent of the choice of isomorphism
By ®g R = M>(R). The topological space Xy has two connected components, say Xy = XO+ UX,,
and the injection X — Xy x X identifies

X2 (Xg x XHu (X, x Xp). (24)

The groups Go(R) and G(R) act on Xy and X, respectively, through conjugation. In particular the

complex manifold X x G(Ay) admits a left action by G(Q) (acting on both factors) and a right
action (on the second factor) by the maximal compact open subgroup U™ C G(Ay).

Fix a normal compact open subgroup U C U™?* small enough that the algebraic stack of ®~1-

polarized QM abelian fourfolds over Q with level U structure is a scheme, M, so that there is a
Q-uniformization of M

Mg = [H\M]
where H = U™#*/U. By Shimura’s theory [38, 37| there is an isomorphism of complex manifolds
M(C) =2 G(Q)\X x G(Ay)/U. (25)
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To (briefly) make the isomorphism (25) explicit fix a point (z,g9) € X x G(Af) and use strong
approximation to factor ¢ = yu with v € G(Q) and u € U™, The point v~ !z € X determines (in
fact, is) a map of real algebraic groups S — G/g. Setting A = Op, the group G(R) acts by right
multiplication on A ®7 R, and the induced Hodge structure

S — Autp(A ®7 R)

determines a complex structure on the real vector space A ®z R. Recall the alternating pairing
Y A XA — Z of §2.1. It follows from [38, Lemma 1.1] that either ¢ or —1, depending on the
connected component of X containing v~ 'z, determines a ® ~!-polarization A of the complex torus
A = (A ®z R)/A with its left Op-action, and, in the notation of §2.1, the isomorphism of left
Op-modules
v AP 2 A > Tal(4)

is a U level structure on A = (A, ). The isomorphism (25) then identifies the double coset of (z, g)
with the isomorphism class of the triple (A, A, v). Similarly one can show that

Mo((C) = Go(Q)\XO X Go(Af)Umax/U.

Let Vp and V denote the trace zero elements of By and B, respectively, with Go(Q) and G(Q)
acting on V) and V by conjugation . Then V is endowed with the G(Q)-invariant F-valued quadratic
form Q(7) = —72, and 1} is endowed with the Go(Q)-invariant Q-valued quadratic form Qg defined
by the same formula. Each nonzero 7 € Vp®qgR, viewed as an element of Go(R), acts by conjugation
on X with fixed point set

Xo(r)={zeXo|T z=2a}
consisting of two points if Qy(7) is positive and no points otherwise. Assuming that Qo(7) is positive,
let 2 (1) € X and x5 (1) € X, be the two points in Xo(7). Identify V ®g R 2 (Vy ®g R)? using
(23). If 7 = (11, 72) € V ®g R with Q(7) totally positive then we define points 7 (7),27 (1) € X by
z*(r) = (25 (1), 25 (12))
using the isomorphism of (24), and set X (1) = {z7(7), 2~ (7)}. If Q(7) is not totally positive then
set X(7) =0.

Given a positive parameter u € R Kudla has defined (see Proposition 7.3.1 and (7.3.42) of [31];

these functions were first constructed in [26]) a symmetric Go(R)-invariant Green function g9 (21, z2)

for the diagonal Xo C X x X, identically zero off of the subset X C Xy x Xj. For each 79 € Vj®gR
with Qo(79) > 0 define a function &y(7p) on Xy by

S0)(2) = D 90y (@ 2)-
Z‘GX()(’T())

The function £y(7p) is a Green function for the O-cycle Xo(m9) on Xy. Now suppose 7 € V ®g R
with Q(7) totally positive and write (71, 72) for the corresponding element of (Vy ®g R)?. Define
functions £!(7), £2(7) in the variables (21, z2) € Xo x X by

¢4 (1) (21, 22) = &o(71)(21) (1) (21, 22) = &o(72)(22)-

These functions are Green functions for the divisors Xo(71) x Xo and Xo x Xo(72) (respectively) on
Xo x Xp. It follows that the star product [45, I1.3] of Green functions on Xy x Xy

E(m) = €(r) x (1)

is a Green current for the 0-cycle Xo(m1) x Xo(72) C Xo X Xp, and restricting to a current on X
yields a Green current for the O-cycle X (7).
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Now fix a totally positive v € F' ®g R and write v'/? for the totally positive square root of v.

Define an Op-lattice in V by L =V N Op and (1,1)-current on X

Z(a)= Y €',
TEL
Q(1)=a

For simplicity we abbreviate 2, = E,(«). It follows from the Gy(R)-invariance of the Green function
9%(21, z2) that

V() =€&(v-7)
for any v € G(R) and 7 € V. From this and the stability of L under I'™®* one sees that =,
is I'™**-invariant. Viewing =, as a current on the subset X x {1} C X x G(Ay) and using the
factorization G(Af) = G(Q)U™** of strong approximation we see that =, extends uniquely to a

left G(Q)-invariant and right U™**-invariant current on X x G(As), which then descends to an
H-invariant current on M (C). If for each 7 € V' we define

Qr) ={g € G(Ay) | 7 € gOpg™"}
then there is a bijection of zero dimensional complex manifolds

Y(©)=G@Q)\ || (X(r)xQm)/U (26)
TeEV
Q(r)=a

for which the map ¢ : Y — M is induced by the evident map
X(1) x Q1) = X x G(Ay).

Here the action of G(Q) permutes the summands in the disjoint union through the conjugation
action of G(Q) on V. Indeed, suppose we are given a triple (7,z,¢g) with 7 € V, Q(7) = «, and
(x,g9) € X(1) x Q(7). We again factor g = yu with v € G(Q) and v € U™, so that (7,z,g) and
(v 'r,7 tx,u) have the same image in the right hand side of (26). To (7,z,g) we associate the
quadruple (A, \,v,t,) in which (A, \,v) is the ®~!-polarized QM abelian fourfold over C with U

level structure attached to (x, g) as above, and ¢, is the trace zero endomorphism of A
to @ (A X7 R)/A — (A X7, R)/A
defined by t,(b) = b- (y'7). Note that the - is multiplication in B.
If we define an infinite formal sum on X

D:Z Zm

Tel zeX(r)

Q(1)=a

then D, viewed as a formal sum on X x {1}, extends uniquely to a left G(Q)-invariant and right
U™a_invariant formal sum on X x G(Af) whose associated 0-cycle on M (C) is (22). Comparing D
with the definition of Z, and using the fact that £(v'/?7) is a Green current for the O-cycle X (7)
shows that Z, is a Green current for Cg € Z*(M sq).

The quadratic form Qo determines a bilinear form [s1, s3] = —Tr(s1s2) on Vj, where Tr is the
reduced trace on By. For any T € ¥(«) let Vo(T') C Vo x Vi be the set of pairs (s1,s2) for which
(20) holds. Given any (s1,s2) € Vo(T) set

T =811 + Sewog €V

and let 71,72 € V) ®g R be defined as above. Define Ly = Vo N Op, and Lo(T") = (Lo x Lo) N Vo(T').
Let v = (v1,v2) under the isomorphism (3) and let 7' € ¥(«) be nonsingular. Then {s1, s2} is a
linearly independent set, as is {71, 72} which implies that the O-cycles Xo(71) and Xo(72) on X
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have no common components. Hence the star product 50(1;1/ 27'1) * &) (v%/ 27'2) is a Green current for
the empty cycle on Xj.

PROPOSITION 2.2.1. Assume that F(\/—a)/Q is not biquadratic, so that, by Lemma 2.1.5, ¥(«)
contains no singular matrices and Y, g = . Then

e 1 Z 1 1/2 1/2

d “:’U = — —_—

egoo (Z ) 9 Tez( ) |Stab(81, 82)| Xo 50 (Ul Tl) * &-0 (UQ 7—2)
(81,82)€F6nax\Lo(T)

where stab(si, s2) is the stabilizer of (s1, s2) in T,

Proof. Formally one has

R ) — 1 Mol
et 20 = ) 0
1 / w(ely, 1/2 2, 1/2
- (€ (07) 5 (0 2)
RLERTIPY )
Q)=
1
ey L [ @EE) )
2105 ol rel\L ¥ X0
Q(T)=a
1 1/2 1/2
= max 60 T *50 Vg T2
> :FOLGFZO\L | 6ol )+ 60(0y" )
Qr)=a

where I'g = I'NTH*** for any sufficiently small subgroup I' C I'™#* of finite index. These calculations
require some caution, as the definition of pullback of currents is slightly subtle. Recall from §1.3
that to define i*Z, we first replace the Green current =, on I'\X by an equivalent Green form
of logarithmic type along (the pullback to I'\X of) the O-cycle Y(a)(C). Such a form exists by
[45, 11.3.3], but the argument given there makes use of the compactness of I'o\ Xo. As we cannot
apply this argument to currents on X, we in fact do not even have a definition of the current
i (fl(viﬂv’l) * 52(11;/272)) on Xo. We avoid this issue by making use of the methods of [18, §2.1.5].
For each ¢ > 0 one can construct from Kudla’s Green function g0 a smooth T'g-invariant (1, 1)-form
we on X which is supported on the hyperbolic tube of radius e around X, satisfies lim._.o[we] = dx,
as currents on X, and such that for each P € Xy the restriction of w. to Xo x {P} (as well as
to {P} x Xy) converges to the current ép on Xy. The integral in the second line of (27) is then

interpreted as the limit as € — 0 of the current £ 1(1)%/ 27-1) * 52(1);/ 27'2) evaluated at the smooth form
we. If we now define a smooth (1, 1)-form

Qe = Z Y we

’yEFo\F

on I'\X then lime.o[2] = dry\ x, as currents on I'\ X, and the integral in the first line of (27) is
equal to the limit as ¢ — 0 of the value of the current =, on the form €).. From this the second
equality of (27) is clear. It is now an easy exercise in the definition of the star product to verify that
if we are given Green functions of logarithmic type ag and by for disjoint divisors on X and define
a = miag and b = w5by (in which 71,7 : X — X are the two projections) then

/Xi*(a*b):/X(i*a)*(i*b):/Xoao*bo
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(compare with [18, p. 159]). Taking

ao =&’ n) by = Eo(vy*m)
yields the final two equalities of (27).
We have now established
e 1 2
deg  (i"Z,) = 5 [Fmax . / &o(v ) * 50(1)2/ T2).

er \L

The I'g-invariant function
LoxLy— Ly®zO0p =2 L

defined by (s1, s2) +— s1w1 + sewe restricts to a ['p-invariant bijection

U Lo(@) = {reL|Q()=a},

TeX(a)

and the proposition follows easily.

2.3 Cycle classes at primes of good reduction

Let p be a prime at which By is unramified. Fix a Z,-uniformization M7 = [H\M] of M and
define Z,-schemes Y, My, and Y; by (14). Let ¢ : Y — M be the projection.

PROPOSITION 2.3.1. The scheme Y is at most one-dimensional. In particular
K} (M) = F?K} (M).

Proof. The horizontal components of Y are all Zariski closures of points of the (zero-dimensional)
generic fiber Y)q,, and so are of dimension one. We must therefore show that Y/Falg has dimension
at most one. One can easily show that the Serre-Tate canonical lift gives an injection from the set
of ordinary points of Y (F alg) to the finite set Y(W(Falg)) and so it suffices to show that the locus
of nonordinary points of Y/ alg 1S of dimension at most one. As the map Y — M is finite, we are
now reduced to proving that the nonordinary locus of M Jmale is of dimension one. We give only a
sketch of the proof; the idea is to reduce the question to the setting of Hilbert-Blumenthal surface
where it follows from calculations of Goren and others [1, 2, 3, 20]. Briefly, an abelian variety A
over F;lg is ordinary if and only if the Verschiebung Ver : Lie(A®) — Lie(A) is an isomorphism
of ]Fglg—modules. Thus the nonordinary locus of M JFaE is defined locally by a single equation, the
determinant of the Hasse- Witt matriz encoding the action of Verschiebung on Lie algebras.

Fix a nonordinary point z € M(F3®) and denote by (A,)) the D !-polarized QM abelian
fourfold determined by x. Let R be the completion of the local ring of M /Falg at z. By the Serre-Tate

theory the functor of deformations of the QM-abelian surface (A, \) to local Artinian F}, g—adgebras
with residue field Fglg is isomorphic to the functor of deformations of the associated polarized p-
Barsotti-Tate group (A, Ap) of height eight and dimension four with its action of Op ®p, O, =
M>(OFp), and this functor is pro-represented by R. Here we have set Op ), = O ®z Z,. Using the
action of the idempotents in M>(OF,;) to decompose A, one can identify this deformation functor
with the deformation functor of a quasi-polarized p-Barsotti-Tate group (B,,n,) of height four and
dimension two equipped with an action of Op,. This is exactly the type of deformation problem
considered by Goren et. al. in their study of local rings of Hilbert-Blumenthal surfaces.

When p is inert in F' then contemplation of the possible slope sequences shows that B, is
supersingular. One can apply Zink’s theory of displays [51] of connected p-Barsotti-Tate groups
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exactly as in [19, Chapter 6] or [20] to show that R is a power series ring in two variables over
]Fglg, while the determinant r € R of the Hasse-Witt matrix of the universal deformation is nonzero.
The quotient ring R/(r) is therefore of dimension one as desired. When p is ramified in F' then
again B, is supersingular. In this case the Fglg—algebra R may not be smooth, but one can deduce
from calculations of [1] that the quotient of R by the determinant of the Hasse-Witt matrix has
dimension one. When p splits in F' then the idempotents in Op,, = 7Z,, x Z,, further split (B, 7,) into
a product of two polarized p-Barsotti-Tate groups Hi x Hs each of height two and dimension one.
The formal deformation ring R splits as the completed tensor product R = R; @leg Ry of the formal
deformation rings of H; and Hs, and the determinant of the Hasse-Witt matrix of the universal
deformation is a pure tensor 71 ® ro. If H; = (Q,/Zp) X e is ordinary then R; & F&&[[z;]] by
the theory of Serre-Tate coordinates, and r; € R. If H; is the unique connected p-Barsotti-Tate
group of dimension one and height two over F?,lg then again Zink’s theory of displays shows that
R; = F2%[[z;]] and r; is a uniformizing parameter of R;. From this we deduce that the quotient of
R by the determinant of the Hasse-Witt matrix has dimension one. O

Suppose F is a coherent Oy-module. We denote by cl(F) € CHZ (M) the class determined by
R« [F] € F?K} (M) under the Gillet-Soulé isomorphism (9). Note that the finiteness of ¢ : Y — M
implies R¥$,F = 0 for all k > 0, and so we have simply Ro.[F] = [¢.F]. As cl(Oy) is H-invariant
Lemma 1.1.2 shows that cl(Oy) arises as the flat pullback of a class

Cy € CH}, 1z, (Myz,)- (28)
LEMMA 2.3.2. The homomorphism (12) takes C, to the cycle Cg xq Q) of (22).

Proof. The construction F — cl(F) from coherent sheaves to cycle classes is compatible with flat
base change, so we may compute the image of C, in

CH%’/QP (Myq,) = Z%’/@p (Myq,)

by repeating the construction of C, with Z, replaced by Q,. As Y)q, is zero dimensional and reduced
it is a disjoint union of field spectra. One easily checks that the composition

Ros  191-Y/0Q 2 ~ 72
Ko(Yyg,) — F"Ky 7 (M)g,) — CHY/QP (M)q,) = ZY/QP(M/QP)

takes
[F] — Z lengthy,,) (Fy) - ¢(y)
yGY/Qp
and the claim follows. O
DEFINITION 2.3.3. A coherent Oy-module F is skyscraper-free at a closed point y € Y if
Homop, , (k(y), Fy) = 0.

That is to say, y is neither an embedded point of F nor an irreducible component of sppt(F).

LEMMA 2.3.4. A coherent Oy-module F is skyscraper-free at y if and only if the stalk F, is either
trivial or a one-dimensional Cohen-Macaulay Oy, ,-module.

Proof. Fix a closed point y € Y in the support of 7. By Proposition 2.3.1 the Oy y-module F, has
dimension at most one, and hence is Cohen-Macaulay of dimension one if and only if depth(F,) > 1.
The condition depth(Fy) > 1 is equivalent to Homo,,  (k(y), Fy) = 0. O

By mild abuse of notation we denote again by deg, the composition

9 9 deg,,
CHZ, (Mp) — CH2,,(Mp) =2 Q. (29)

ver
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LEMMA 2.3.5. Suppose that F is a coherent Oy-module which is skyscraper-free at each closed
point y € Yy, and assume that the support of the coherent Oy,-module j*F has dimension zero.
Then, recalling the pullback i* of (10),

deg,,(i"cl(F)) = Z lengtho, (7% Fy).
yEYn(F3%)
Proof. Suppose we are given coherent Opr-modules Gy, Go such that G; ®p,, G2 is supported in

dimension zero. Define the Serre intersection multiplicity [44, Chapter V] at a closed point x € M
by

IE™° (G1,G2) = > (~1)lengthy,, Tory ™ (G1.4, Go.o).

>0

Lemma 2.3.4 implies that F, is trivial or a one-dimensional Cohen-Macaulay Oy,,-module for every
closed point y € Yj, and it follows that at every closed point x € My the stalk (¢.F), is either trivial
or a one-dimensional Cohen-Macaulay Oy -module. For a closed point « € My the local ring Oy, o
is regular, hence Cohen-Macaulay, and so (abbreviating Og, = ixOn,) O,z is @ two-dimensional
Cohen-Macaulay Ojyz-module. Applying the corollary of [44, p. 111] we find

TOI“fM’z((qﬁ*f)m OMo,x) =0
for all £ > 0, and so
15010 (0T, Ongy) = lengthe (04T )2 ®0,, OMoz)-

By examination of the construction of (9) the composition

deg
F?Kg" (Mo) — CHF, (Mo) — Q

is given by
G]— Y lengtho,, (G
€ Mo (F3'8)
Putting this all together gives
deg,(i"cl(F)) = Y IZT (¢uF, Onsy)
€ Mo(F3'*)
= Z lengthoy&y(}"y PO 6() (’)ij(y))
yEYo (F5'®)

and the claim follows. O

We now examine the local rings of Y at closed points of Yy. Let W = W(Fglg) denote the ring
of Witt vectors of FZlg , and denote by Art the category of local Artinian W-algebras with residue
field F3'®. Let ® be a Barsotti-Tate group of dimension one and height two over F42. Thus & is
isomorphic to the p-divisible group of an elliptic curve. Abbreviate O = Of ®z Z,. The Z,-basis
{w1, @2} of O determines an injection O — M»(Z,), and we define

B = &) x &

with the action of O induced by the map O — My(Zp). Thus for any F;lg—algebra R we have
B*(R) = &j(R) ®z, O. Let D be the functor on Art which classifies deformations of &*. More
precisely, for an object R of Art let D(R) be the set of isomorphism classes of pairs (8, p) in which
& is a Barsotti-Tate group over R with an action of O and

p . QS* — ®/F;lg

25



BENJAMIN HOWARD

is an isomorphism of Barsotti-Tate groups over Fglg respecting O-actions. Let 7 € End(®*) be
an endomorphism of &* which commutes with the action of O. For each object R of Art let
D,(R) C D(R) to be the subset consisting of those deformations for which the endomorphism 7
lifts: that is to say, those deformations (&, p) € D(R) for which there exists a (necessarily unique)
7 € End(®) which commutes with the action of O and satisfies

Top=porT

as elements of Hom(&*, & /]leg>.

PROPOSITION 2.3.6. The functor D is pro-represented by a W-algebra R™V isomorphic to a power
series ring in two variables over W, and D, is pro-represented by R™ /.J, for some ideal J, C R"™,

Proof. The first claim follows from work of Rapoport [41] and Deligne-Pappas [13], who have de-
termined the non-smooth locus of Hilbert-Blumenthal schemes. Briefly, by the Serre-Tate theorem
the functor D is represented by the completion of the local ring of a Hilbert-Blumenthal scheme of
relative dimension two over W. The smoothness of the local ring at this point is a consequence of
the fact that

Lie(&") = Lie(®) ®z, O
is free of rank one over Fglg ®z, O, and so satisfies the Rapoport condition of [49]. See especially

[49, Remark 3.8]. The representability of D, follows from [43, Proposition 2.9]. O

PROPOSITION 2.3.7. Suppose that & is isomorphic to the Barsotti-Tate group of an ordinary elliptic
curve. Then the ideal J C R"™" can be generated by two elements.

Proof. This follows from the theory of Serre-Tate coordinates as in [19, Theorem 4.2] or [22, Theorem
8.9]. If we define rank one O-modules

P=lm@&" (F2)[pF] Q= lim Hom(&", 1)
then there is a canonical isomorphism of functors on Art
D = Homgz, (P ®0 Q, fip>)-

The endomorphism 7 of & induces an O-linear endomorphism z +— tp(z) of P and an O-linear
endomorphism z — tg(z) of @, and there is an isomorphism

D’T = Homzp((P 6) Q)/I7 :u’poo)
where I is the Z,-submodule of P ®¢ @

I={tp() 0y -z ®tgly) |z € Pye Q).

After choosing an appropriate Zy-basis of P®o Q we find that D = ps x 1, for some 0 < s, < o0.
The claim follows. O

PROPOSITION 2.3.8. Suppose that &) is isomorphic to the Barsotti-Tate group of a supersingular
elliptic curve. Then the ideal J, C R™V can be generated by two elements.

Proof. We modify the argument of [50, Proposition 5.1], and use Zink’s theory of displays [51] in
order to avoid the messy language of formal group laws (and formal group cohomology) in dimension
two. Denote by & the universal deformation of &* over R™V, and let m denote the maximal
ideal of R™V. Thus the endomorphism 7 of &* lifts to an O-linear endomorphism of & over
R"W/ J, (which we again denote by 7), but not over

R = R"™WY/mJ,.
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Let a = J;/mJ; be the kernel of the surjection
R — RuniV/JT

so that m - a = 0. To the Barsotti-Tate group &V over RV Zink’s theory attaches a universal
display (P, Q, F,V~1)"" gver R"™V, and we denote by (P, Q, F, V') the reduction of the universal
display to R. For our purposes, we need only know that P is a free module of rank four over the Witt
vectors W(R) with an action of O, that Q@ C P is an O ®z, W (R)-submodule with the property
that P/Q is annihilated by the kernel Ip of W(R) — R, and that

Q/IrP P/Q
are each free of rank two over R. We claim that, in addition, Q/IrP is generated as an O ®z, R-
module by a single element. Indeed, let (F§, Q§, F, Vb_l*) and (P*,Q*, F*,V~1*) be the displays
of & and &*, respectively. Then, letting Iza: denote the kernel of W — F2'% we have
p

(Q/IrP) ®p Filt = Q* [ Igaie P* 22 (Q5/ Lgmie F) @3, O.

As Qp/Igwe Py is free of rank one over F2'8, we see that (Q/IrP) ®p F4® is free of rank one over
P

0 ®z, Fglg. By Nakayama’s lemma it follows that QQ/IzP is generated by a single element over
@) Rz, R.

By Zink’s theory [51, Definition 72] the obstruction to lifting the endomorphism 7 from R"™V /.J.
to R is given by a nontrivial homomorphism of O ®z, R-modules

Obst : Q/IrP — a®pr P/Q.
Let v generate Q/IrP as an O ®z, R-module. If we pick an R-module basis {e1,e2} C P/Q then
Obst('y) =a1®e +as ey

for some a1, a9 € a, and the composition

Ob
Q/IrP =% a @k P/Q — (a/(ar,a2)) ®r P/Q
is the trivial map. This implies [51, (119)] that 7 can be lifted from an endomorphism over R /.J,
to an endomorphism over R/(ai,az2), and therefore (ai,a2) = a. Thus J,/mJ, is generated as an
R"™V"_module by two elements, and so Nakayama’s lemma implies that the ideal .J, is also generated
by two elements. O

COROLLARY 2.3.9. Let y be a closed point of Yy. The structure sheaf Oy is skyscraper-free at y.

Proof. As above let W denote the ring of Witt vectors of Fglg and choose a point z € Y,y lying
above y. By Lemma 2.3.4 and standard results in commutative algebra (e.g. Theorem 17.5 and
the corollary to Theorem 23.3 of [35]) it suffices to prove that the completed local ring OQ/w%
is Cohen-Macaulay of dimension one. The geometric point Spec(k(z)) — Y,y corresponds to a
triple (A, )\, t,) with A = Ag ® Op for some QM abelian surface Ay over k(z) = ]Fglg. Using the
splitting Op, @z Z, = M>(Z,) the Barsotti-Tate group of Ag splits as &} x &, and the Barsotti-
Tate group of A splits as &* x &*. As the Barsotti-Tate group of any deformation of A admits
a similar splitting into two isomorphic deformations of &*, it follows from the Serre-Tate theorem
that the formal deformation space of the pair (A, \) is isomorphic to Spf(R"V), while the formal
deformation space of the triple (A, \,t,) is isomorphic to Spf(R™V) for a suitable 7 € Endp(&*)
(the polarization A lifts uniquely to any deformation of A by the Corollary to [49, Theorem 3] or
by [6, p. 51]). In other words OiA’/w,z &~ RUMY, Thus Propositions 2.3.6, 2.3.7, and 2.3.8 imply that

O vy = Wlls1. s2l)/(f1. f2) (30)
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for some power series fi, fo € W|[s1, s2]]. We know from Proposition 2.3.1 that the ring on the left
hand side of (30) has dimension at most one, and it follows from (30) that (’)Q/W . is Cohen-Macaulay

of dimension exactly one (by, for example, Exercise 6.3.4 and Corollary 8.2.18 of [34]). O

ProPOSITION 2.3.10. If'Yj is zero dimensional then the class C), satisfies

deg,(i"Cp) = Z lengthoyo’y((’)yo,y).
veYo ()

Proof. Set F = Oy in Lemma 2.3.5 and combine with Corollary 2.3.9. O

3. Construction of cycles at primes of bad reduction

Throughout §3 we fix a prime p at which By is ramified, and a totally positive a € Op. By Hypothesis
A the prime p splits in Op, say as pOr = p1p2. Our goal is to construct and examine a cycle class

(Myz,).

The definition used in (28) breaks down for p | disc(By) as the algebraic stack Y(a),z, may have
vertical components of dimension two. Our modified construction will make use of calculations of
Kudla-Rapoport [29] (and of Kudla-Rapoport-Yang [30, 31] for the case p = 2).

The following notation will be used throughout §3. Abbreviate Y = Y(a) and Yy = Vo(«). Let
W = W (F3'%) be the ring of Witt vectors of F3%. Denote by Nilpy, (resp. Nilpy,) the category of
Zp-schemes (resp. W-schemes) on which p is locally nilpotent. Let AZ} denote the prime-to-p finite
adeles of Q. Let U C U™®* be a normal compact open subgroup which factors as U = U,U? with
Up = U," and UP C G(Ai’c). Let M denote the algebraic stack over Z, whose objects are triples
(A, \,v) in which (A, )) is a D !-polarized QM abelian fourfold over a Z,-scheme S and v is a level
U structure on (A, \). Define Y, My, and Yp, by (14) and assume that UP is chosen small enough
that the algebraic stack M (and hence also Y, My, and Yp) is a scheme. Set H = U™**/U so that
Mz, = [H\M]. Let M and Y denote the formal completions of M and Y along their special fibers.
As in §2.1 we have the cartesian diagram

Cp € CH3,

/Zp

yoﬂ/\/lo

J l iz
y — M
and similarly with M, Mg, YV, and ) replaced by M, My, Y, and Yj.

3.1 The Cerednik-Drinfeld uniformization

We first describe some simple generalizations of the Cerednik-Drinfeld uniformization of My. As in
§2.1 let

Ap =T](OB, @2 Z4)
t#p

be the restricted topological product, and define AP in the same way, replacing By by B. Fix a
principally polarized QM abelian surface (Af, A§) over Fglg, let Af be the abelian surface underlying
Aj), and choose an isomorphism

Vi AB — TaP(A})
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of left @%O—modules, where TaP(Ag) is the prime-to-p adelic Tate module of Afj, in such a way that
the Weil pairing
Ta”(Ag) x TaP(Ag) — ZP(1)

induced by Aj agrees with the pairing (19) up to a (Zp)x—multiple. Define a ®~!-polarized QM
abelian fourfold

(A*, )\*) = (Aé ® Op, /\3 (= OF)
Letting A* denote the abelian fourfold underlying A*, 1§ induces an isomorphism
V' AP — TaP(A¥)
of left @%—modules which is a U-level structure on (A*, \*). Define totally definite quaternion
algebras over Q and F', respectively,
Bo = End°(A}) B =End’(A*).

Let Gy C G be > the algebraic groups over Q defined in the same way as Go C G, but with By and
B replaced by By and B.

Let & denote the p-divisible group of A equipped with its action of Op,®zZ,. For any object S
of Nilpy, with special fiber S Jpnies denote by b, (S) the set of isomorphism classes of pairs (&¢, po)
P

in which & is a special formal Op, ®z Z,-module of dimension two and height four over S in the
sense of [7, §I1.2], and

p[) S HOI’H(@S X]F;Ig S/F;lg, 60 XS S/Fglg) ®Zp Qp

is a height 2m quasi-isogeny of p-divisible groups over S Jmae respecting the action of Op, ®z Z,. By
p
a theorem of Drinfeld [7, Théoreme I1.8.2] there is a formal W-scheme b,,, whose functor of points
is S+ b, (9), and we set
Xo= || bm-

meZ
The group Go(Q,) acts on Xy by

v (60700) = (607100 © ’7_1)7

taking the component b, to the component b, _orq,Nm(y)- The isomorphism (16) provides an iso-
morphism B ®q F' = B, and so, as p splits in F, an isomorphism

G(Qp) = {(z,y) € Go(Qp) x Go(Qp) | Nm(z) = Nm(y)}.

This determines an action of G(Q,) on

X = |_| (bm Xw bm)

MEZ
There is a unique isomorphism
Lo :§0®QA[} —>BO®QAZ}

of A?—modules such that for every prime £ # p and every g € By ®g Q, the diagram

V*
By ®g Q¢ — Tay(A}) @z, Qe

'Lo(g)i lg'
Vg

By ®@g Q¢ —— Tay(Af) ®z, Qo
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commutes, where the vertical arrow on the left is z — z - 1,o(g). The function o satisfies (o(gh) =
to(h)o(g). Let

L:E@QA’} —>B®QA7}
be the F' ®q Az;—module map obtained by tensoring ¢y with F. There are induced isomorphisms
to : Go(A}) — GgP(AY) and ¢ : G(A}) — G°P(AY) where op denotes the opposite group. For any
compact open subgroup C' C G (A’}) define

C=:Y0)c G(AI}).
PRrOPOSITION 3.1.1. There is an isomorphism of formal W -schemes
My = G(Q)\X x G(AD)/T".

Proof. This follows from the general p-adic uniformization results of [5, 8, 43], although in this simple
case the proof is a straightforward imitation of the proof of the Cerednik-Drinfeld uniformization
as in [7]. We describe the isomorphism on leg—valued points. First let us show show that there is a
single Op-linear isogeny class of QM abelian fourfolds over JFglg. Let A = (A,i) be a QM abelian
fourfold over Fglg with p-divisible group & = A[p>]. As p splits in F there is a decomposition
® = &' @ &2 in which O acts on & through the map Op — Oryp, = Zp, and a corresponding
decomposition of the Lie algebra

Lie(A) = Lie(&') @ Lie(?).

The Kottwitz condition on the action of Op on Lie(A) implies that each &’ has dimension two and
is a special formal Op, ®z Z, module in the sense of [7, §I.2]. By [7, Proposition I1.5.1] each &'
has height four, and so is isogenous to the square of the p-divisible group of a supersingular elliptic
curve by [7, §111.4]. Now let F be a finite field of ¢ = p* elements chosen large enough that A, all
simple isogeny factors of A, and all endomorphisms of A are defined over F. Let A’ be a simple
isogeny factor of A defined over F and let 7 € End(A’) be the g-power Frobenius endomorphism.
As the slopes of the p-divisible group of A’ are all 1/2, the argument of [7, Proposition III.2] shows
that 72/q is a root of unity in the field Q(7), and so by enlarging the field F we have 72 = ¢q. By
the Honda-Tate theory A’ is a supersingular elliptic curve. Thus A is isogenous to the fourth power
of a supersingular elliptic curve, and so any two QM abelian fourfolds are isogenous. The argument
of [38, Remark 5.3] shows that this isogeny can be chosen to be Op-linear.

Now suppose we are given a ©~!-polarized QM abelian fourfold (A, ) over F3®. The claim
is that an Op-linear quasi-isogeny p € Hom(A* A) ®o, F can be chosen in such a way that
pY oXop = \*. Arguing as in [7, §II1.4] or [49, Proposition 1.3] the polarization module P of A*,
defined as the Op-module of all ¢ € Hom(A*, A*) such that

(a) ¢ is Op-linear

(b) ¢ =¢"

(c) ¢poi(b*) =1i(b)Y o for all b € Op,
is projective of rank one, with the subset of polarizations P™ C P forming a positive cone (this is
also stated without proof on [6, p.54]). Therefore A* and p¥ o Ao p differ by the action of the group of
totally positive elements of F*. Write p¥ o Xop = A\*0i(3) with 3 € F* totally positive. Viewing B
as an F-algebra we may pick b € B of reduced norm (3. As B is the centralizer of B in End(A*)®zQ
it is stable under the Rosati involution determined by A\*, and the Rosati involution induces the

main involution on B (the only positive involution of a totally definite quaternion algebra). It follows
that

pvo)\op:bvo)\*ob
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and so replacing p by pob~! gives p¥ o Ao p = \*.

We now make the isomorphism of the proposition explicit on geometric points. Fix a triple
(A, v) € M(F2%) and (denoting by A the abelian scheme underlying A) let p : A* — A be an
Op-linear isogeny chosen so that pY o X o p is an integer multiple of \*. Attached to p: A* — A is
an Op ®z Zy,-linear isogeny of p-divisible groups p : &* — & which, using the splittings

B* = B x B =6l x6?
induced by Op ®z Z, = (Op, ®z Zp)Q, determines an element
(67p) = ((61’p1)7 (627/)2)) € %O(Fglg) X %O(Fglg)‘

As the polarizations A\ and A\* each have degree prime to p, the equality p¥oXop = mA* with m € Z
implies that deg(p') = deg(p?), and so the pair (&, p) lies in %(F;lg). There is a unique (up to right
multiplication by U) g € é(A?) for which the diagram

Ap — 2 TaP(A%)

l-b(g‘l) J{P

Ap —>TaP(A)

commutes. The isomorphism of the proposition then takes the triple (A, \, ) to the double coset
of ((&,0),9))-

The inverse function is constructed as follows. Starting from ((@, 0), g) we may act on the left by
an element of G(Q) to assume that p : &* — & is an isogeny (as opposed to merely a quasi-isogeny)
and that left multiplication by t(g~!) stabilizes AP. There is then a unique choice of QM abelian
fourfold A = (A, i) over leg’ @%—linear isomorphism v : AP — TaP (A), isomorphism A[p>*] = &,
and extension of p to an isogeny p : A* — A for which the above diagram commutes. Define a
quasi-polarization A € Hom(A4, AY) ®z Q by p¥ o Ao p = A\*. The claim is that there is a positive
integer multiple of A which is a ® ~!-polarization of A. If such a multiple exists, it is clearly unique.
First pick any positive integer m large enough that mA is a polarization, and consider the induced
polarization m\ : & — &*. Using the splitting & = &! x &2 and [7, Lemme I11.4.2] we see that the
kernel of mA has the form &![p®] x &2[p®2] for some integers a; and ag, but from the fact that p'
and p? have the same degree one deduces that a; = as. Thus after dividing m by a power of p we
may assume that mA is a polarization of degree prime to p. Recalling that the pairing

P AP x AP — 7P
of §2.1 agrees with the pairing induced by v*, the isogeny A*, and the Weil pairing on Ta?(A*), one
can show that the pairing on AP induced by v, the polarization m\, and the Weil pairing on Ta”(A) is
exactly m-Nm(g)-1. Choosing a positive integer k prime to p and satisfying ord,(k) = ord,(Nm(g~1))
for every prime ¢ # p, we deduce that (m/k)® C Op and that mA has kernel A[(m/k)D]. It follows
that kX is a ®!-polarization of A. ]

DEFINITION 3.1.2. Suppose X is a finite set of prime ideals of O and let
Ofpy ={x € F|ordg(z) >20Vq ¢ X}

be the ring of Y-integers in Op. If A is a QM abelian fourfold over a Z,-scheme S and 7 € End’(A),
we say that 7 is integral away from 3 if 7 lies in the image of the inclusion

End(A) ®0, Oryx — End’(A).

Define set-valued functors on Nilpy;, as follows. For S an object of Nilpy, let 9t(S) be the set
of isomorphism classes of quadruples (A, \,v,t,) in which (A, \,v) € M(S) and t, € End°(A) is
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trace-zero, integral away from {p1, p2}, and satisfies Q(t,) = a. For k € {1,2} we let MM*(S) c M(S)
be the subset of quadruples (A, \, v,t,) for which ¢, is integral away from pj. There are evident
morphisms

ml (31)

and the square is cartesian. Fix a connected object S of Nilpy, and let Vi and V be trace zero
elements of By and B, respectively. If for each 7 € V' we define

O(7) ={g € G(AR) | AP - 1(g7'rg) € AP}

then Proposition 3.1.1 generalizes to a uniformization

M=GQ\ || (xx9n)/T") (32)
776?
Q(r)=a
where @ is the quadratic form Q(7) = —72. On geometric points the isomorphism is defined as

follows. Given a quadruple

(A, N\ v, to) € M(FAE)
fix, as in the proof of Proposition 3.1.1, an Opg-linear isogeny p : A* — A for which p¥ o Ao pis an
integer multiple of \*. Let

((8,p), 9) € X(F™%) x G(AT)
be the pair associated to p and (A, \,v) as in the proof of Proposition 3.1.1 , and define
T=p Lotyopec End’(A%).

Then 7 is trace zero and satisfies Q(7) = —a, and the condition that t, be integral away from
p is equivalent to the condition that g € Q(7). The isomorphism (32) now takes the quadruple
(A, \,v,t,) to the point on the right hand side of (32) corresponding the pair ((&,p),g) lying in
the component of the disjoint union indexed by 7.

For every 19 € V| ®q Qp, viewed as a quasi-endomorphism

70 € End(®§ x5 S /F;Ig) ®z, Qp,
let By, (70)(S) C hm(S) be the subset consisting of those pairs (&g, pg) for which the quasi-endomorphism
po o100 " € End(o x5 S e @2, @y
lies in the image of the (injective) reduction map

End(@o) — End(@o Xg S/leg).

The set valued functor h,,(79) on Nilpy; is represented by a closed formal subscheme of b, (see
[29, §2] and [43, Chapter 2| for details) and we set

Xo(70) = |_| bim(70)-
meZ
For each 7 € V let (71,72) be the image of 7 under the isomorphism
Vag Q= (Vo &g Q) X (Vo ®g Q). (33)
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Define closed formal subschemes of X by

%1(7—) = |_| (bm(Tl) Xw hm) :{2(7—> = |_| (hm Xw bm(7-2))

MEZ meZ

As with the isomorphism of functors (32), the functor 9* is represented by the closed formal
subscheme of 9

mt = GQ)\ | | ( Q(r)/W). (34)
Gl

If we now set X(7) = X(71) Xx X(72) then there is a diagram

.
/

x(r
¥ — Spf(W)

X2(r
in which the square is cartesian, and an isomorphism of functors

w=GQ\ | ] ( Q(r)/T").
_TEV
Q(r)=a

LEMMA 3.1.3. For any x € " the local ring Ogn . is regular and

dim Omk’m < dim Ogmw. (35)

Proof. The regularity of the formal scheme X is clear from its construction (and from the construc-
tion of b, as in [7, Chapter I] or [29, §1]), and so the regularity of 9 follows from the uniformization
(32). Using the uniformizations (32) and (34), to prove the inequality (35) it suffices to prove

dim O%k(‘r),x < dim O%,x

for every closed point z € X¥(7). For such an x, dim Oz, = 3 while the explicit local equations for
the closed formal subscheme b,,(7;) < b, computed by Kudla-Rapoport [29, §3] (and, for p = 2,
by Kudla-Rapoport-Yang in the appendix to [30, §11]) show that Ok (r),» has dimension at most
2. O

3.2 The construction of C,

Continue with the notation of the previous subsection. We have defined formal schemes 9t and
I over W which represent particular functors on Nilpyy,. The definitions of these functors extend
verbatim to functors on Nilpzp, and presumably these functors are represented by formal schemes
over Z,. However, we will avoid this issue by keeping track of additional descent datum. Let Frob :
W — W be the continuous Zjy-algebra isomorphism whose reduction modulo pW is the absolute
Frobenius x — aP. Define a formal W-scheme 9tF°P as the pullback of 9t by Frob, so that

mFrob % m

L

Spf(W) 2222 Spf (W)
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is cartesian. If for any r € Z" we set W,, = W/p"W then the W,-scheme I /W, carries a universal

quadruple (A, \, v, t,) which we may pull back by Frob to yield a quadruple (AP \Frob ;,Frob Frob)

over the scheme E)JT%‘}E By the universal property of 91 this quadruple determines a morphism of

W,.-schemes E)ﬁ%‘}? — My, which is easily seen to be an isomorphism. Letting r — oo we obtain

a canonical isomorphism of formal W-schemes 9P =~ 9. If § is a coherent Ogp-module we say
that § is Frob-invariant if this isomorphism identifies the pullback Frob*§ with §. Similarly we may
speak of Frob-invariant coherent sheaves on 9t* or Y w, and Grothendieck’s theory of faithfully flat
descent [4, Chapter 6] implies that there is a canonical bijection between Frob-invariant coherent
Oy/w—modules and coherent Oy-modules.

Let §* be a Frob-invariant coherent Ogy-module, which we view also as a Frob-invariant coherent
Ogn-module annihilated by the ideal sheaf of the closed formal subscheme 90t*. Tt follows from (31)
that the Frob-invariant coherent Ogyp-module TorfSm (F',3?) on M is annihilated by ideal sheaf of

the formal subscheme lA//W — M for every £ > 0. Thus we may view Torff’:Tt (F',32%) as a Frob-
invariant coherent O?/W—module and also, by formal GAGA [14, Theorem 8.4.2] and faithfully flat

descent, as a coherent Oy-module. Thus we may define
def
B @6y, §71 S Y (=1 [Tory™ (3", 8%)] € Ko(Y). (36)
£20
Our next goal is to prove that the class (36) is supported in dimension one, in the following sense.

DEFINITION 3.2.1. Let S be a Noetherian scheme and [F] € K (S). We will say that [F] is supported
in dimension m if [F] lies in the kernel of the localization map

Ko(S) — Ko(Spec(Os,y))
defined by [F] — [F,] for every point n € S with dim {n} > m.

LEMMA 3.2.2. Suppose D is a local Noetherian domain and N1 and Ny are finitely generated torsion
D-modules with Ny of finite length. Then

Z(—l)zlengthDTor?(Nl,Ng) =0.
>0

Proof. The proof is based on that of [29, Lemma 4.1]. Let
cw— DM - D™ 5 N;—0

be a finite resolution of N; by free D-modules of finite rank. As N is torsion we must have
S (—=1)'n; = 0. As Ny has finite length, the alternating sum of the lengths of the homology modules
of

..—)Dnl ®DN2—>DRO®DN2—>O
is equal to

> (=1)" -lengthp (D™ @p Ny) = lengthp(Nz) - Y (=1)"n; = 0.

i>0 i>0

O]

PROPOSITION 3.2.3. For k € {1,2} let §* be a Frob-invariant coherent Ogy.-module. The class (36)
is supported in dimension one.

Proof. Let k € Y be the generic point of any two-dimensional component, so that Oy, is Artinian
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and x € Y/, . Choose a point n € Y,y above £ and consider the commutative diagram

Ko(Y) Ko(Spec(Oyx)) ——7Z

| TN

Ko(Y)w) — Ko(Spec(Oy,,, ) — 7

in which the arrows are as follows: the left and middle vertical arrows are flat pullback of coherent
sheaves, the upper and lower horizontal arrows on the left are localization, the horizontal arrow
in the upper right is the isomorphism [F] — lengthony (F), and the horizontal arrow in the lower
right is defined similarly. Thus to check that a class [F]| € Ky(Y") is supported in dimension one it
suffices to check that [F] satisfies

lengthoy/wm (f/W,n) =0

for every two-dimensional component {n} € Y . As the residue field of 7 has characteristic p we

may identify n with a point of the formal scheme ?/W- Lemma 3.1.3 implies that Ogy, is regular of
dimension one, and so is a discrete valuation ring; the same lemma implies that Omkm, and hence
also &’;, is a finite length Ogy ,-module. Applying Lemma 3.2.2 we find

O
Z(—l)e lengthom’n (Torz 9""(3117,33)) =0.
£>0
This implies lengthoy/wﬁn(gl ®ém &%) = 0, completing the proof. O

LEMMA 3.2.4. Suppose [F]| € Ko(Y) is supported in dimension one. Then the image of [F| under
the homomorphism

Ro. - Ko(Y) — K{ (M)
of (8) lies in F2K{ (M).

Proof. Lemma 1.2.2 implies that [F] lies in the image of Ko(Z) — Kq(Y") for some closed subscheme
Z — 'Y of dimension one. But then R¢,[F] lies in the image of

KZ (M) = F’KZ(M) — F?K{ (M).
O

We now have a machine for producing elements of CH%-(M). If [F] € Ko(Y) is supported in
dimension one we define, using Lemma 3.2.4,

cl(F) € CHZ (M)

to be the image of R¢,[F] under the map F2K} (M) — CH3 (M) induced by the isomorphism (9).
In particular, if §* is a Frob-invariant coherent Ogyr-module for k € {1,2} then we may form, using
Proposition 3.2.3,

A(F' @8, §°) € CHY (M). (37)

The issue is which coherent sheaves to choose, and we make the obvious choice §¥ = Ogp. Applying
the construction (37), define

Cp = l(Ogn @8, Oyz) € CHY-(M).

The group H = U™ /U acts on 9t and 9* by permuting U-level structures, and the cycle class
C) is H-invariant by construction. By Lemma 1.1.2 C), arises as the flat pullback of a cycle class

Cp € CH3, 1z, (Myz,)- (38)
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PROPOSITION 3.2.5. The homomorphism (12) takes C,, to the cycle Cg xqQ, constructed from (22).

Proof. First suppose that we have a closed point xg € Xg and a 79 € Vg ®g Qp. In the language
of [29] the point xz( is either ordinary or superspecial. Let Ry denote the completion of the local
ring Ox, 5, under the topology induced by its maximal ideal, and let Ny denote the completion of
the stalk Oy (ry),z- Let Po denote the quotient of Ny by its maximal W-torsion submodule. Kudla-
Rapoport [29, §3] and Kudla-Rapoport-Yang (in the case p = 2; see the appendix to [30, §11])
determine the structure of Ny, and hence also Py, quite explicitly. If z¢ is ordinary then Ry = W|[s]]
and either Py = 0 or Py = W{[s]]/(s). If z¢ is superspecial then Ry = W{[s,t]]/(st — p) and either
Py=0or
Py = W([s,t]]/(st — p, s+ ap + ut)

for some a,u € W with u a unit.

Now fix a closed point x € X contained in both X!(7) and X2(7), let R be the completed local
ring of Ox at z, let N* be the completed stalk of Oxr(r) at z, and let P* be the quotient of N* by
its maximal W-torsion submodule. The geometric point

Spf(k:(x)) - X — :{0 XW X()

determines an ordered pair of points (21, x2) of Xo, and we consider separately the four possibilities
for the pair of points appearing. First suppose both points are ordinary. Then

R = W([s1, s2]] P! = R/(s1) P%2 = R/(s9).
Using the projective resolution
0—-R-5R—P —0
of P; we find that the R-modules Torf(Pl, P?) are equal to the homology modules of the complex
0— R/(s2) = R/(s2) — 0
and therefore
Tor®(P', P?) =0 VI>0. (39)
Next suppose that 1 is ordinary and xo is superspecial. Then
R W[[Sl,SQ,tQH/(SQtQ —p) Pl gR/(Sl) P2 gR/(SQ‘FCLQ}?‘FUgtg)
and using the same projective resolution of P; as in the ordinary/ordinary case we find that
Torl*(P!, P?) is given by the homology of
0— R/(SQ +as + UQtQ) SN R/(SQ + a9p + u2t2) — 0.

Again we see that (39) holds. Obviously the case of 1 superspecial and z, ordinary is similar.
Finally suppose that x; and xy are both superspecial. Then

R=Wl([s1,t1, 52, 82]]/(s1t1 — p, sat2 — p) P* 2 R/(sy, + arp + uts)
for some a € W*. Using the projective resolution
0 R Sifartuli n  pl_

of P! one again verifies (39). We deduce that in all cases, whenever £ > 0 the R-module Tor*(N', N?)
is W-torsion. Using the p-adic uniformizations (32) and (34) it follows that

O
Tor, o (Omlw, Oz )

is W-torsion for all £ > 0 and all closed points z € 9.
Fix £ > 0 and abbreviate
T = TOI'?W (Ogﬁl, OgnQ)
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viewed either as a coherent Oy-module or a coherent O};/W—module. A closed point y € Y is

contained in the special fiber of Y, and so may be viewed as a point of Y. For any point x € }A’/W
above y, the previous paragraph shows that 7, is W-torsion, and it follows that 7, is Z,-torsion.
As this holds for all closed points y € Y, it holds for all points y € Y, including those contained
in the generic fiber. But if y € Y lies in the generic fiber then 7, is a Q,-vector space, and hence
7, = 0. Thus the pullback 7)q, of 7 by Y,qp, — Y has trivial stalks, and so is trivial. In particular
[7] lies in the kernel of the flat pullback Ko(Y) — Ko(Y)qg,) and so the class

(Ov] = [Ognt ®05 One] = [Torg™ (Ognr, O )]

has the same image as [Ogn ®ém Ogpe] under Ko(Y') — Ko(Y)q,)- The claim now follows exactly
as in the proof of Lemma 2.3.2. 0

3.3 Computing the pullback

We assume throughout §3.3 that Yj,q, = (). Continuing with the notation of the previous sub-
sections, our next task is to compute deg,(i*C}) where i* is the pullback of (10) and deg, is the
composition (29). Let u : Yo — Spec(Zp) be the structure map. The assumption that Yy,q, = 0
implies that for any coherent Oy,-module F the higher direct image R4, F is a torsion Zy-module,
and so there is a push-forward

Rpv. - Ko(Y0) — K{" (Spec(Z,))
defined by

Rp[F] = ) (- D[R F).
>0

The composition of the push-forward with the isomorphism Kép }(Spec(Zp)) = 7, defined by [G] —
lengthy, (G) defines the Euler characteristic x : Ko(Yo) — Z

X(F) = (—1)‘lengthy, (R 1. F).
£>0

Let J/\/[\o and lA/O denote the formal completions of My and Y along their special fibers, respectively.
Define formal W-schemes (k € {1,2})
_ 77 E_ 77 k
mo—MO/W X]T/[\/Wm Sﬁo—MO/W xﬁ/wi)ﬁ
so that there is an isomorphism

}/}O/W = Mo Xom ?/W

N

Yo w /9370 — My,w
g

ill W}LICh the square is cartesian.Eor each (s1,$2) € Vi we view T = s1w1 + Sow9 as an element of
V 2Vy®g F and let (11,72) € (Vo ®g Qp)? denote the image of 7 under (33). If we define

90(317 82) = Q(T) N éo(Az})
37

and a diagram
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then, as in the discussion surrounding [29, (8.17)], there is a Cerednik-Drinfeld style uniformization

My = éo(@)\ |_| (3’:0 X Qo(sl, SQ)UmaX’p/Up) . (40)
(SL,SQ)EVO
Q)=

One obtains a similar uniformization of 9 by replacing Xo with Xo(7x), and a uniformization of
Yo,w by replacing Xo with Xo(71) Xz, Xo(72).

Define a homomorphism Ky(Y) — Kq(Yp) as follows. If F is a coherent Oy-module then, by
pulling back to Yy and passing to the formal completion, we may view JF as a o-invariant coherent

Ogp-module annihilated by the ideal sheaf of the closed formal subscheme ?/W — 9. Foreach ¢ > 0
the coherent Ogp-module ToréQsm (F, Ogn,) is Frob-invariant and is annihilated by the ideal sheaf of

the closed formal subscheme EA/O yw — M, and so by formal GAGA and faithfully flat descent may
be viewed as a coherent Oy,-module. Thus we may define
def
[F @by, Oyl = D _(=1)" [Tord™ (F, O, )] € Ko(Yp),
£>0

and one checks that [F] — [F ®ém Os,] defines a map Ko(Y) — Ko(Y0).

ProrosiTION 3.3.1. If [F] € Ko(Y') is supported in dimension one then the class [F ®(L9m Osm, ] 1s
supported in dimension zero and

deg,, (i*cl(F)) = X(F ©8,, Om,) (41)
where i* is the pullback of (10) and deg,, is the composition (29).
Proof. Using Lemma 1.2.2 we are reduced to the case where F is supported in dimension one in

the usual sheaf-theoretic sense. To show that [F ®ém Os,] is supported in dimension zero we must
show that it lies in the kernel of

Ko(Yp) — Ko(Spec(Oy, k) = Z
for every k € Yy satisfying dimm = 1, where the isomorphism is
9] — lengtho, (9).

As we assume that Yy,q, = () such a k must lie in the special fiber of Yy, and thus we may view &

as a point of the formal completion l?o. Given a point n € 370 yw lying above £ the hypothesis that
F is supported in dimension one implies that Fyy,, is a finite length (’)?/W n—module, and Lemma

3.2.2 then shows that

O
Z(—l)zlengthomn (Tore m’"(]:/W,m Oimom)) = 0.
>0

Exactly as in the proof of Proposition 3.2.3 it follows that
lengtho,  ([F R Omy)) = 0.

This completes the proof of the first claim.

It remains to prove (41). Let KO(Y) C Ko(Y) be the subgroup of classes supported in dimension
one, and similarly let Ko(Yp) C Ko(Yy) be the subgroup of classes supported in dimension zero.
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There is a commutative diagram

Ko(Y) Ko(Yp)

quS* lR(ﬁ()*

F2KY (M) —"> F2K} (My)

L

CHZ (M) CHY, (Mo)

in which the top horizontal arrow is [F] — [F ®ém Ogn,| and the middle horizontal arrow is the
pullback of §1.2, given by

(9] = 6 ©8,, Oty = Y _(=1)[Tory™ (G, Ousy)]-

>0

Thus the left hand side of (41) is equal to the image of [F ®(L9 Osy,] under the composition

Ko(Yo) 220, F2KY0 (M) — CHZ, (My) =22 Q.
Using Lemma 1.2.2 to reduce to the case in which G is a skyscraper sheaf supported at a closed
point of Yj one checks that this composition is simply [G] — x(G), completing the proof. O

Given Frob-invariant coherent Ogyr-modules 3k for k € {1,2}, define
(@)
[80 ©6u, S0l = D (=1)[Tor, " (35, 35)] € Ko(Y0)
€0

as in the construction (36). This class is supported in dimension zero, by imitating the proof of
Proposition 3.2.3.

LEMMA 3.3.2. We have the equality of Euler characteristics
X (O @6y, Ome) @6y, Omo) = X(Oopt @6y Oomz)-
Proof. Elementary homological algebra shows that
(Oom @6y, Oonz) @y, Oy
= (0o @y, Omy) By, (Oane @by, Omy)
in the derived category of locally free quasi-coherent Ogp-modules. From this it follows that
X (O @64, Ogz) @5, Oomy)

— Z 1)ty (Tor, Omo (Torom (Ogn1, Oy ), Tor " (Oge, Oy ).
i,5,0
We claim that
0 otherwise

TOI‘S)W (Ogﬁl, O%) & {

for all i > 0 (and similarly for Ogpz). When i = 0 this is clear from 9! xgn 9y = M. When i > 0
it suffices to check the vanishing at stalks of the sheaf on the left. Using the uniformization (32) we
are then reduced to proving the vanishing of

Ot x
TOI',i bm Xy bm (Ohm(Tl)
39
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for every 71 € Vo ®g Qp. Here we view by, as a closed formal subscheme of b, Xy b, using the
diagonal embedding, and hence view Oy, , as a coherent Oy, p,,-module. The key observation is
that the flatness of b,,, — Spf(W) implies the flatness of the first projection 7 : by Xw b — b
Choosing a resolution

P* = O, (m)
of Oy, () by locally free quasi-coherent Oy, ,-modules the pullback complex

T P® — Oy, (1)

Xw bm
is a locally free resolution of Oy, (r)xyp,,- Using this resolution to compute the left hand side of
(42) and using the isomorphism

I

(miP) ®OthWhm Obm P
for any quasi-coherent Oy, -module P, (42) follows.
Combining the previous two paragraphs we are now left with
O
X((Og @6, Ogre) @6, Oamy) = > (—1) x(Tor, " Oy, Ogyz2))
1

as desired. O

COROLLARY 3.3.3. We have

deg, (i*Cp) = X(Ogyy ®é§m0 Omz)-
Proof. Combine Proposition 3.3.1 and Lemma 3.3.2. O

We now turn to the calculation of the right hand side of the equality of Corollary 3.3.3, which
we reduce to calculations of Kudla-Rapoport-Yang. Let Tr be the reduced trace on Bg. Define a
Q-valued bilinear form on V)

[s1,s2] = —Tr(s182)
and for each T' € Symy(Z)Y let Vo(T) C Vi x Vg be the set of pairs (s1, s2) such that (20) holds. It
follows from [32, Theorem II1.3.1] that the group Go(Q) acts transitively on Vo(T') by conjugation.
Define a Z[1/p]-lattice Ly C Vg

Lo ={ve Vo | Af-w(v) C AR}
and let Lo(T) = Vo(T) N (Lo x Lo). Define also a discrete subgroup
To = {7 € Go(Q) | Af - 10(7) = AF}

and note that Ty acts on Ly and on Lo(7T) by conjugation.

Let Qy(70) = —7¢ be the quadratic form on V) associated to [, ]. Suppose that T' € Symy(Z)Y
is nonsingular, and that s1,s2 € Vi ®g Q, satisfy both Q(sx) € Z, — {0} and the relation (20).
In particular this implies that s; and sg are linearly independent. Letting y : b, — Spf(WW) denote
the structure map, a theorem of Kudla-Rapoport [29, Theorem 6.1] (and using the appendix to [31,
Chapter 6] for the case p = 2) shows that for any m € Z the integer

def O
€p<T) =< Z (—1)k+elengthWR£,u*Tork hm (Obm(81)7 Ohm(32)>
k,£>0
depends only on the isomorphism class of the rank two quadratic space
(Zp ® Zp, T) = (Zps1 + Zps%éo)

and not on sq, s themselves (and all W-modules appearing in the sum have finite length). Fur-
thermore ey (7") is independent of m by the argument following [29, (8.40)]. In the notation of [31,
Chapter 6.2] we have v,(T) =2 - ep(T).
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For each T' € ¥(«a) define Z(T) = Z(T) g, XMz, M. The decomposition (21) induces an
analogous decomposition of Yy, and hence an isomorphism

Ko(Yo) = @ Ko(Z(T)) (43)
TeX(a)
For any [G] € Ko(Yp) let x7(G) denote the Euler characteristic of the projection of [G] to the
summand Ko (Z(T)).

PROPOSITION 3.3.4. Assume that F(y/—a)/Q is not biquadratic, so that Yy,q, = () and ¥(a)
contains no singular matrices by Lemma 2.1.5. If T € X(«) satisfies (20) for some s1,s2 € Vi then

1 _
] X7 (O @b, Oomg) = ep(T) - [T\ Lo(T).

Proof. The proof is based on that of [29, Theorem 8.5]. Abbreviate [§r| for the projection of
[Oom ®é§m0 Ogyz] to the summand of (43) indexed by T and let

Yy — Spec(Zy)
be the structure map so that

X7 (Ogyy ®égﬁ0 Ogyz) = lengthy, (RpuSr).

Let Z(T) denote the formal completion of Z(T) along its special fiber. After formal completion
and base change to W the morphism Z(T') — My admits a factorization

Z(T)/W — Mo(T') — Mow
in which the open and closed formal subscheme My(T") of My is defined, following (40) and [29,
(8.17)], as
Mo(T) = Go(@)\ || (X x Qosr, s)T""/T7).
(sl,sz)EVQ(T)
The closed formal subscheme Z(T) yw — Mo(T) is obtained by replacing Xo with
%0(7’1) Xxo %0(7’2)
as in the comments following (40), where (11, 72) € (Vo®gQj)? is the image of 7 = sy1 +s9t02 € V.
under (33) . Similarly we define
SD?S(T) = ég(@)\ |_| (:{O(Tk) X Qo(sl, SQ)Umaxp/Up)
(Sl,SQ)GVO(T)

so that there is a diagram

MmG(T)
~ /
2T Mo (T) —— My
~.
M (T)

in which the square is cartesian. We have the equality in Ko(Z(T))
O.
[S7] = Z(—l)g[TOrg ot (OE)J%(T)v Omg(T))]~
=0
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Fix one pair (s1,52) € Vo(T). As all such pairs are conjugate by Go(Q) with stabilizer Q* (using
the linear independence of {s1, s2}) there are isomorphisms

Mo (T') = Q*\ (Xo x Qo(s1,82)TF/T”)
= (ho L b1) x (Qb\Qo(Sl,Sz) ot ot )
where Q° = {x € Q* | ord,(z) = 0}. For the second isomorphism we have used the fact that the
action of z € Q* on Xy takes by, isomorphically to b, _20:q,(z)- Under these identifications we have
ME(T) == (ho(m) U b1 (7)) x (Q\Q(s1, 52)T™7 /T )
and it follows that lengthy (Ru.§r) is equal to
lengthy (Ru.§r) = 1Q\Qo(s1,82)T [T

O
X [ Z (—1)k+élengthka,u,*T0re " (Oho (11), Oy (72))
k,£>0

+ Z (_1)k+elengthWRkM*Torfhl (Obl (7_1)7 th (7_2))
k(>0

=2 |Q\Qo(s1,52)T " JT”| - e,(T)

where we have used the equality Z,s1 + Zpss = Z,71 + Z,72 of lattices in Vo ®gq Qp for the final
equality. It now suffices to prove

2 |Q\Qo(s1,52)U"F JU”| = |H| - [To\Lo(T)|- (44)
By strong approximation any element of Qg(s1,s2)U " has the form ~yu with

v € Go(Q) N Q(s1, s2)

? The element v then satisfies

(v ts1,7 ts2) € Lo(T)

Frmax

and u e U

and we have a well-defined function

Q\Qo(s1,52)0" " JU" — To\Lo(T)

which takes the double coset of yu to I'g - (Y !s1,7 1s2). The surjectivity of this function follows
easily from the transitivity of Go(Q) on Vo(T). The fiber over T'g- (7~ 1s1,7 1s2) is in bijection with
{F1P\YU P /TP, and (44) follows. O

max,p

4. Pullbacks of arithmetic cycles

4.1 Construction of arithmetic cycles

Throughout §4.1 we fix @« € Op and v € F ®q R, both totally positive, and let v = (v1,v2) be
the corresponding element under the isomorphism (3). Abbreviate ) = Y(«) and Yy = Jo(«) as in
earlier sections. For each prime p let

Cp € CH3,, (Myz,)

be the cycle class (28) if p does not divide disc(By), or the cycle class (38) if p does divide disc(By).
Let Cg € ZJ%/Q (M q) be the cycle constructed in §2.2 with Green current =, = Z,(a). By Lemmas

2.3.2 and 3.2.5 each triple (Cg, =v,Cp) is a local cycle datum of codimension two with support on Y
in the sense of §1.3, and it is easy to see that C;*" = 0 for any prime p with the property that ) has
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no components supported in characteristic p. Hence (Cg, Z,,C,) is a global cycle datum. Applying
the construction of (13) to (Cg, Zy,Cs) yields an arithmetic cycle class

~

P(a,v) = P(a, o)™ + 3 P(a)ier € CH (M)
p

in which Y(a,v)h" is the Zariski closure of Cg endowed with the Green current =, and f(a);er is
the image of C; under the map (11).

For the remainder of §4.1 we assume that F'(v/—a)/Q is not biquadratic. By the final claim of
Lemma 2.1.5 the stack ) g is empty, and so (15) allows us to compute the arithmetic degree along

My of the arithmetic cycle class 37(04,1)) in terms of the global cycle datum (i*Cq,i*=,,7*C,) of
codimension two supported on ). Indeed, (15) tells us that

degpg V(e v) = deg o (i*Ey) + Y deg,(i*Cy) - log(p) (45)
p prime
where, slightly abusing notation, deg, is the composition

CHZ, (M CH2, (Mo ) <
yo/zp( O/Zp)_) ver( O/Zp)*‘”Q-

For every T € Symy(Z)Y and symmetric positive definite v € Ms(R) Kudla, Rapoport, and
Yang have defined (see §3.6 of [31] and Chapter 6 of loc. cit.) an arithmetic zero cycle

~

Z(T,v) € CHa (M)

in the R-arithmetic Chow group as defined in [31, §2.4]. Futhermore, when det(7") # 0 they define
a finite set of places Diff (T', By) of Q with the property

Z(T)(F}®) # 0 = Dff(T, Bo) = {p} (46)
for each finite place p. When T’ € Sym,(Z)V is nonsingular and |Diff (T, By)| > 1 then Z(T,v) = 0
by definition. Recall that det(T) # 0 for every T' € ¥(«) by Lemma 2.1.5 and our hypothesis that

F(v/—a)/Q is not biquadratic.
Recalling our fixed Z-basis {w1, w2} of OF set

R= <w1 wf) (47)

wy WY

and abbreviate
v=~R (“1 > 'R. (48)
V2

According to [31, §2.4] the R-arithmetic Chow group admits an arithmetic degree isomorphism
— 2
deg : CHx(M) =R

defined in exactly the same way as the arithmetic degree constructed in §1.3 for arithmetic Chow
groups with rational coefficients.

LEMMA 4.1.1. We have

dego (i"Zy) = > deg Z(T,v).
TeX(w)
Diff(T,Bg)={co}

Proof. Return to the notation of §2.2. For any nonsingular T' € Symy(Z)" we have Diff(T, By) =
{00} if and only if the matrix T is represented by the quadratic space Vj. Assume that this is the
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case. For each pair (s1,s2) € Vo(T) set
T=s81w1+ w2 €V =2Vy®q F
and write (11, 72) for the image of 7 under V ®g R = (V) ®g R)?. The matrix

12
u:R( ! 1/2)
V2

1/2 1/2
o2l

¢ 71, vy’ “72). Therefore the real number v (T, v) of [31,

satisfies v.= u - ‘u and (s1,s2) -u = (
Corollary 6.3.4] is given by

1
2

and does not depend on the choice of (s1,s2) € Vo(T'). But then by definition (see [31, (6.3.2)]) we
have

Voo(T, V) = N fo(vi/le) * 50(1);/27'2)
0

— 1 1/2 1/2
deg Z(T,v) = 4
€g ( JV) Z 9. |Stab(31, 52)| /}( go(vl 7—1) * 50(/02 TQ) ( 9)
(81,82)€F6"ax\L0(T) 0
where stab(si, s2) is the stabilizer of (s1, s2) in I'f***. When Diff(T', By) # {oo} the sum on the right
hand side of (49) is empty, and so the claim follows from Proposition 2.2.1. O
LEMMA 4.1.2. If p { disc(By) then
deg,,(i*Cp) log(p) = Z deg Z(T,v).
TeX(a)

Diff(T',Bo)={p}

Proof. As p t disc(By), Proposition 6.11 and Corollary 6.1.2 of [31] imply that for every T' € ¥(«)
with Diff (T, By) = {p}

— 10g(p) h
Z(T = E — ] hs p
deg ( ) V) l | A UtZ(T) (Z)| engt O;(T),z (OZ(T),Z)
2€Z(T)(F2%)

where the sum is over the isomorphism classes of objects in Z(T") (Fglg) and O%I(T),z is the strictly
Henselian local ring of Z(T') at z. On the other hand, as we assume that F(y/—a)/Q is not bi-
quadratic Lemma 2.1.5, the decomposition (21), and [31, Theorem 3.6.1] imply that Yz, is zero
dimensional. Thus we may apply Proposition 2.3.10 to obtain

deg,(i*Cp) = Z A

sh
I lengthO;hw (O%.y)

uty, (y
yEVo(F3%) |
(by dividing both sides of the equality of Proposition 2.3.10 by |H|). Combining this with the
decomposition (21) and using (46) we arrive at the desired equality. O
LEMMA 4.1.3. Suppose p | disc(By). Then
deg,(i"Cp)log(p) = Y. deg Z(T,v).
TeX(a)

Proof. Return to the notation of §3. By Corollary 3.3.3 we have
deg,, (i*Cy) = X(Ognt @6y, Onp)-

For cach T' € ¥(«) either Diff (T, By) # {p} or Diff(T, By) = {p}. In the former case Z(T)(F52) = §.
In the latter case the matrix T is represented by the quadratic space V of §3.1, and so the hypotheses

44



INTERSECTION THEORY ON SHIMURA SURFACES

of Proposition 3.3.4 are satisfied. Therefore
1 " = =
i deg,, (i*Cp) = > ep(T) - [Lo\Lo(T)].

TeX(a)
Diff(T,Bo)={p}

By [31, Theorem 6.2.1] we have, for any T" appearing in the sum,
deg Z(T,v) = ,(T) - [To\Lo(T)| - log(p)

which completes the proof. O

THEOREM 4.1.4. Suppose we are given « € O and v € F ®q R, both totally positive. If the
extension F'(y/—a)/Q is not biquadratic then

deg g V(ov) = ) deg Z(T.v)
TeX(a)
where v is defined by (48).
Proof. This is immediate from the decomposition (45), Lemmas 4.1.1, 4.1.2, and 4.1.3, and, by
definition of Z(T,v), the implication
IDiff(T, By)| >1 = Z(T,v) =0

for each nonsingular T' € Sym,(Z)". O

4.2 A genus two Eisenstein series

Let J, be the 2n x 2n matrix

I,
Jn—<_In )

Recall our fixed basis {w1, @2} for the Z-module O and let {w), @y } be the dual basis relative to
the trace form (z,y) — Trp/g(xy). The F-vector space Vi = F' 2 comes equipped with the standard
F-valued symplectic form (v, w)r = 'w.Jyv, while the Q-vector space Vg underlying Vp is equipped
with the symplectic form

(v, w)g = Trp/g{v, w)F.

U ) ) =)

of Vg the symplectic form (v, w)q is given by (v,w)g = ‘wJav. In this way we obtain a homomor-
phism

With respect to the Q-basis

Spy(F) = Sp(Vr) — Sp(Vp) = Sp,(Q)

) (" )

which is given explicitly by

(¢ o)~ (")

where R is defined by (47) and

[eYIS]
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for x € F. If To(M) C Spy(Z) is the usual subgroup of matrices congruent modulo M to <; :)

then
Sp1(F)NTo(M) = {(Z Z) € Spl(F)’ a,dc Op,bec® ! ce M@}

The group Sp, (F') acts in the usual way on the product of two upper half planes h; x h; via the
embedding

Spl(F) — SLQ(R) X SLQ(R)
defined by A +— (A, A?). Similarly the rank two symplectic group Spy(Q) acts in the habitual

manner on the Siegel half-space ha of genus two. If we let Sp;(F) act on ha through the above
homomorphism Sp, (F) — Sp,(Q) then the embedding of complex manifolds

b1 X b1 = b2 (11,72) = R <Tl - ) 'R (50)
2

respects the actions of Sp; (F).
To the quaternionic order Op,, Kudla [26] attaches a Siegel Eisenstein series of weight 3/2

52(7_"97B0) = Z 52,T(Ta57B0)
T€Sym,(Q)
where 7 = u+iv € ha and s € C. See [31, (5.1.44)] for the precise definition. The Eisenstein series
satisfies a function equation which forces & 7 (7,0, By) = 0 for every T', and one of the main results
of Kudla-Rapoport-Yang [31, p.12 Theorem B] is the equality

d
%52,T(7—a S, BO)‘

for every T € Sym,(Q), in which ¢7 = 2™ T(T7) and

deg Z(T,v)-q"

s=0 =

Z(T,v) € CH (My)

is the arithmetic cycle class appearing in §4.1 and defined in [31, Chapter 6]. When T ¢ Sym,(Z)"
both sides of the stated equality are 0. In particular if we denote by ¢2(7) Kudla’s g-expansion

ba(r)= Y. deg Z(T,v) q"
TeSym,(Z)V
then &(7,0, By) = bo (1) is a (non-holomorphic) Siegel modular form of weight 3/2 for the congru-
ence subgroup I'og(4m,) C Spy(Z) where
1 if disc(By) is odd

me = disc(By) - { 1/2 if disc(By) is even.

It follows that the pullback of 52 to b1 x by is a Hilbert modular form of parallel weight 3/2 for the
congruence subgroup

{(‘CZ Z) ESLQ(F)]a,de(’)p,bGQ_l,CEALmO@}. (51)

LEMMA 4.2.1. The pullback of qAﬁg to b1 x by has Fourier expansion

¢2(7‘1,7’2) = Z ( Z deg Z(T,V)) . qo‘

acO0fp TeX(a)
where we have set ¢® = 2™ . 2mim20° The positive definite matrix v defined by (48) with vy and
vy the imaginary parts of 71 and T, respectively, is the imaginary part of the image of (11, T2) in bs.
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Proof. If we set T = R <T1 . > R then for every a € Op and T € X(a) we have
2

Te(TT) = an + a’m.

It follows now from Sme(Z)V = Uaco, Z(a) that

7_1’ 7_2 E E deg Z T V) 27ria7'1 627rioz"7'27
a€OF TeX(a)

proving the claim. O

COROLLARY 4.2.2. Suppose a € Op is totally positive and that F(v/—a)/Q is not biquadratic.
Then the o Fourier coefficient of gbg(n, To) is

degMoy(a,v) = Z deg Z(T,v)
TeX(a)

where v = (v1,v2) € R x R is the imaginary part of (11, 72) and v is defined by (48).

Proof. This is immediate from Lemma 4.2.1 and Theorem 4.1.4. O
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