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Abstract. These are notes for a six lecture mini-course at the Morningside

Center of Mathematics. The goal of the lectures is to describe the calcula-
tion of the arithmetic degree of certain moduli spaces of CM elliptic curves

first obtained by Kudla-Rapoport-Yang in the article “On the derivative of an

Eisenstein series of weight one.”

0. Introduction

In a long series of papers Kudla [11, 12, 13, 14], Kudla-Rapoport [15, 16, 17],
and Kudla-Rapoport-Yang [18, 19, 20] have given examples of relations between
the geometry of some simple moduli spaces of abelian varieties with extra structure
and the derivatives of Fourier coefficients of Eisenstein series. The purpose of these
notes is to describe one such relation in great detail: that of [18]. This is the
simplest case of those listed above, but already this example displays many of the
characteristic ideas of the general program.

Briefly, the set up is as follows. Let K be a quadratic imaginary field with ring
of integers OK and discriminant dK . The nontrivial Galois automorphism of K is
denoted x 7→ x. For any prime ideal p ⊂ OK let Fp be the residue field OK/p. For
every m ∈ Z+ there is a course moduli space Zm whose points correspond to triples
(E, κ, j) in which E is an elliptic curve over an OK-scheme, κ : OK −→ End(E) is an
action of OK on E (a complex multiplication), and j ∈ End(E) is an endomorphism
of degree m which satisfies

κ(x) ◦ j = j ◦ κ(x)
for all x ∈ OK . Given such a triple (E, κ, j) with E defined over a field k, the
subring of End(E) generated by OK and j is an order in a quaternion algebra,
which implies that char(k) > 0 and E is supersingular. The scheme Zm is zero-
dimensional and of finite type over OK , and so one may define its arithmetic degree

deg(Zm) =
∑

p

log(|Fp|)
∑

x∈Zm(Falg
p )

length(OZm,x)

where the sum is over all primes p of OK . Under the additional assumption that
−dK is prime, the main result of [18] is that there is a nonholomorphic modular
form of weight 1

E∗(τ, s) =
∞∑

m=−∞
am(v, s) · e2πimτ

(depending on a parameter s ∈ C) whose functional equation

E∗(τ,−s) = −E∗(τ, s)
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forces E∗(τ, 0) = 0. Here τ lies in the upper half plane and v = Im(τ). In particular
a′m(v, 0) = 0. Kudla-Rapoort-Yang prove, by explicit calculation of both sides, that

(1) deg(Zm) = a′m(v, 0).

In these notes we will focus on the computation of the left hand side of (1).
Our calculations follow broadly the methods of [18], but with some significant
differences. To compute the arithmetic degree one must combine two separate
calculations. First one must count the number of geometric points |Zm(Falg

p )| for
every prime p of OK , and then one must compute the lengths of the local rings
length(OZm,x). The counting of geometric points is done by first proving that
the cardinality |Zm(Falg

p )| has a natural expression as an infinite product of local
integrals, and then evaluating these local integrals. Because our arguments (unlike
those of [18]) make explicit use of this product expansion, there is no need to restrict
to the hypothesis that −dK is prime in the calculation of the left hand side of (1).
The second calculation, the length of the local rings, is the more difficult. This
calculation was originally done by Gross [5], using formal group cohomology, as one
of the ingredients of the proof of the Gross-Zagier theorem [6]. This method does
not generalize easily to other situations; our calculations will instead be based on
Zink’s theory of displays [22, 33]. In these notes we will say almost nothing about
the calculation of the right hand side of (1), beyond the definition of the modular
form E∗(τ, s). Of course these analytic calculations can be found in [18].

For a positive integer m let R(m) denote the number of ideals m ⊂ OK of norm
m. For any prime ` let R`(m) denote the number of ideals of OK,` = OK ⊗Z Z` of
norm m. Thus

R(m) =
∏
`

R`(m).

For every prime ` let e` be the ramification degree of any prime of K above ` and
let f` be the residue degree of any prime of K above `. If ` is nonsplit in K then
e`f` = 2, and if ` is split in K then e`f` = 1. Let Af = Q̂ denote the ring of finite
adeles of Q.

1. Special endomorphisms of CM elliptic curves

1.1. A course moduli space. Suppose we are given a field F and a ring homo-
morphism OK −→ F . A CM elliptic curve (E, κ) over F is an elliptic curve E over
F together with an action OK −→ End(E) such that the induced action of OK
on the F -vector space Lie(E) is through the structure morphism OK −→ F . More
generally:

Definition 1.1.1. If S is any scheme over Spec(OK) then a CM elliptic curve over
S is a pair (E, κ) in which E −→ S is an elliptic curve and OK −→ End(E) is an
action such that the induced action of OK on the OS-module Lie(E) is through the
structure morphism OK −→ OS .

Remark 1.1.2. A good introduction CM elliptic curves over fields is Silverman’s
book [30]. A more thorough reference is Shimura’s book [29]. The definitive refer-
ence for elliptic curves over general schemes is the book of Katz and Mazur [10].
Hida’s book [8] is also a good resource.

We define the space of special endomorphisms of (E, κ)

L(E, κ) = {j ∈ End(E) : κ(x) ◦ j = j ◦ κ(x) ∀x ∈ OK}
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and set
V (E, κ) = L(E, κ)⊗Z Q.

We make L(E, κ) into a left OK-module via the action x · j = κ(x) ◦ j. The Z-
module L(E, κ) is equipped with a canonical quadratic form j 7→ deg(j), and the
degree satisfies

deg(x · j) = NmK/Q(x) · deg(j)
for all x ∈ OK .

For any m ∈ Z+ let Zm be the functor on the category of OK-schemes which
assigns to a OK-scheme S the set Zm(S) of isomorphism classes of triples (E, κ, j)
in which (E, κ) is a CM elliptic curve over S and j ∈ L(E, κ) satisfies deg(j) = m.
The functor Zm is not representable, but it is coarsely representable by a scheme
(also denoted Zm) of finite type over Spec(OK). This can be proved using the
techniques of [10] as in [18, Proposition 5.1].

Suppose that we have a CM elliptic curve (E, κ) over C (after fixing a homo-
morphism OK −→ C). As the endomorphism ring of any elliptic curve over C is
either Z or an order in a quadratic imaginary field, the map κ : OK −→ End(E) is
an isomorphism. This clearly implies that L(E, κ) = 0. Now suppose that p is a
prime ideal of OK and that we have a CM elliptic curve (E, κ) over Falg

p . If E is
ordinary then again the map κ : OK −→ End(E) is an isomorphism and so again
L(E, κ) = 0. If E is supersingular then things are more interesting. In this case
End(E) is a maximal order in a quaternion algebra which is nonsplit exactly at p
and ∞. That is, if we set

H = End(E)⊗Z Q
then for any place ` 6∈ {p,∞} we have H⊗Q Q`

∼= M2(Q`), while for ` ∈ {p,∞} the
ring H ⊗Q Q` is the unique 4-dimensional central simple division algebra over Q`.
The Noether-Skolem theorem [4, Theorem 3.14] implies that any two embeddings
of K into H are conjugate by an element of H×. In particular the embedding
x 7→ κ(x) of K into H is conjugate to the embedding x 7→ κ(x), so there is a
j ∈ H× such that

κ(x) = j · κ(x) · j−1

for every x ∈ K. Of course, this simply says j ∈ V (E, κ) and so the dimension of
V (E, κ) as a K-vector space is at least one. On the other hand the K-subspaces
κ(K) and V (E, κ) in H intersect trivially, and it follows that

(2) H = κ(K)⊕ V (E, κ)

and dimK(V (E, κ)) = 1. This discussion is summarized by the following proposi-
tion.

Proposition 1.1.3. If (E, κ) is a CM elliptic curve over C then V (E, κ) = 0. If
(E, κ) is a CM elliptic curve over Falg

p then

dimK(V (E, κ)) =
{

0 if E is ordinary
1 if E is supersingular.

Corollary 1.1.4. For any m ∈ Z+ and any prime p ⊂ OK the set Zm(Falg
p )

contains only supersingular points.

Recall the Hilbert symbol (see for example [27]): let v be a place of Q and
suppose a, b ∈ Q×v . We write

(a, b)v = 1
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to mean that ax2 + by2 = z2 has a nontrivial solution with x, y, z ∈ Qv. If no
nontrivial solution exists then we write (a, b)v = −1. There are other useful char-
acterizations of the Hilbert symbol. One is (a, b)v = 1 if and only if a is a norm
from Qv(

√
b). Another is (a, b)v = 1 if and only there is an isomorphism(

a, b

Qv

)
∼= M2(Qv).

Here
(
a,b
Qv

)
is defined (see the exercises to [4, Chapter 4]) as the 4-dimensional Qv

algebra generated by two elements i and j subject to the relations

i2 = a j2 = b ij = −ji.

For each m ∈ Z+ define a finite set of rational primes

Diff(m) = {` <∞ : (−m, dK)` = −1}.

Remark 1.1.5. As (−m, dK)∞ = (−1,−1)∞ = −1 the product formula∏
`≤∞

(−m, dK)` = 1

of [27, Chapter 3.2] implies that Diff(m) has odd cardinality.

Remark 1.1.6. If ` is a rational prime which is split in K then

Q`(
√
dK) ∼= K ⊗Q Q`

∼= Q` ×Q`.

Certainly this implies that −m is a norm from Q`(
√
dK), and so (−m, dK) = 1.

Therefore ` split in K implies that ` 6∈ Diff(m).

1.2. The counting formula of Kudla-Rapoport-Yang. The goal of these lec-
ture notes is to prove the following theorem. Part (a) is easy. Part (b) is due (at
least under the hypothesis that −dK is prime) to Kudla-Rapoport-Yang [18]. Part
(c) is due to Gross [5] (see also [18, Theorem 5.11]) and was one of the essential
ingredients in the proof of the Gross-Zagier theorem [6].

Theorem 1.2.1 (Kudla-Rapoport-Yang, Gross). Suppose m ∈ Z+ and that

Diff(m) = {p}

for some prime p (necessarily nonsplit in K). Let p be the unique prime of OK
above p.

(a) For every prime q 6= p of OK we have

Zm(Falg
q ) = ∅.

(b) If r is the number of distinct prime factors of −dk then

|Zm(Falg
p )| = |O×K | · 2

r−1 ·R(mpep−2).

(c) The local ring of every point x ∈ Zm(Falg
p ) is Artinian of length

length(OZm,x) = 1 +
ordp(mdK/p)

fp
.

If instead |Diff(m)| > 1 then Zm = ∅.
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Proof. Part (a) is Corollary 1.4.2. Part (b) is Theorem 2.3.4. In Theorem 3.10.2
we will provide a complete proof of part (c) under the assumption that either (i) p
is unramified in K or (ii) p 6= 2. We emphasize that (c) is true (and was proved by
Gross) without restriction on p. The final claim is Corollary 1.4.3. �

The arithmetic degree of Zm is defined as

deg(Zm) =
∑

p

log(|Fp|)
∑

x∈Zm(Falg
p )

length(OZm,x)

where the sum is over all primes p of OK .

Theorem 1.2.2. Suppose m ∈ Z+ and Diff(m) = {p}. Then

deg(Zm) = |O×K | · 2
r−1 ·R(mpep−2) · (fp + ordp(mdK/p)) · log(p).

If |Diff(m)| > 1 then deg(Zm) = 0.

Proof. This is a restatement of Theorem 1.2.1. �

1.3. Eisenstein series. Let us briefly indicate the connection between deg(Zm)
and Fourier coefficients of Eisenstein series. For the entirety of this subsection we
assume that q = −dK is prime (because this hypothesis is imposed throughout
[18]). For every place ` ≤ ∞ of Q define a quadratic character χ` : Q×` −→ {±1} by
χ`(x) = (x, dK)` and define χ : A× −→ {±1} by

χ =
∏
`≤∞

χ`.

For any

γ =
(
a b
c d

)
∈ Γ = SL2(Z)

define

Φ−(γ) =


χq(a) if q | c

iq−1/2χq(c) if q - c.
For τ = u+ iv in the upper half complex plane and s ∈ C we set

(3) E(τ, s) = vs/2
∑

γ∈Γ∞\Γ

Φ−(γ)
(cτ + d)|cτ + d|s

where Γ∞ = {γ ∈ Γ | c = 0} is the stabilizer of the cusp ∞. If we set

Λ(s, χ) = π−
s+1
2 Γ

(
s+ 1

2

)
L(s, χ)

and define the normalized Eisenstein series

E∗(τ, s) = E(τ, s) · Λ(s+ 1, χ) · q
s+1
2

then E∗(τ, s) satisfies the functional equation

−E∗(τ, s) = E∗(τ,−s).
In particular E∗(τ, 0) = 0.

There is another way to define the Eisenstein series (3). For every finite place `
of Q define a Q`-quadratic space

(C`, Q`) = (K`,−NmK/Q)
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and let S(C`) be the space of locally constant compactly supported functions on C`.
Define a particular φ` ∈ S(C`) by

φ`(x) = 1OK,`
(x).

At the archimedean place ∞ of Q we define a real quadratic space

(C∞, Q∞) = (K∞,NmK/Q)

and let S(C∞) be the space of Schwartz functions on C∞. Define a particular
φ∞ ∈ S(C∞) by

φ∞(x) = e−πQ∞(x).

The collection of local quadratic spaces {(C`, Q`)} satisfies∏
`≤∞

hasse`(C`, Q`) = −1,

and so is an incoherent family in the sense of Kudla.
Let ψ : Q\A −→ C× be the unramified additive character characterized by ψ(x) =

e2πix for x ∈ R. For every ` ≤ ∞ the group SL2(Q`) acts on the space S(C`) via
the Weil representation ωψ, and we define for g ∈ SL2(Q`)

Φ`(g) = (ωψ(g)φ`)(0).

Every g ∈ SL2(Q`) admits an Iwasawa decomposition

g =
(

1 b
1

)
·
(
a

a−1

)
· k

with a ∈ Q×` , b ∈ Q`, and k an element of the maximal compact subgroup K` ⊂
SL2(Q`) defined by

K` =
{

SL2(Z`) if ` <∞
SO2(R) if ` =∞.

For s ∈ C and g ∈ SL2(Q`) define

Φ`(g, s) = χ`(a) · |a|s+1
` · Φ`(k).

Now for g ∈ SL2(A) set
Φ(g, s) =

∏
`≤∞

Φ`(g, s)

and define an adelic Eisenstein series for g ∈ SL2(A)

E(g, s) =
∑

γ∈B(Q)\SL2(Q)

Φ(γg, s)

where B(Q) ⊂ SL2(Q) is the subgroup of upper triangular matrices. Given a
τ = u+ iv in the upper half plane set

gτ =
(

1 u
1

)
·
(
v1/2

v−1/2

)
∈ SL2(R) ⊂ SL2(A).

The Eisenstein series of (3) is then equal to

E(τ, s) = v−1/2E(gτ , s).

Kudla-Rapoport-Yang compute the Fourier expansion of E∗(τ, s), and find that

E∗(τ, s) =
∞∑

m=−∞
am(v, s) · e2πimτ
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in which am(v, s) is given by the following proposition.

Proposition 1.3.1. The constant term a0(v, s) is equal to

q(s+1)/2Λ(s+ 1, χ) · vs/2 − q(1−s)/2Λ(1− s, χ) · v−s/2.
If m 6= 0 then there is a product decomposition

am(v, s) =
∏
`≤∞

am,`(v, s)

in which the local factors are as follows.
(a) If ` 6= q then

am,`(v, s) =
ord`(m)∑
k=0

(
χ`(`)`−s

)k
.

(b) If ` = q then

am,`(v, s) = qs/2 ·
(

1− χq(m)q−s(1+ordq(m))
)
.

(c) If ` =∞ then

am,`(v, s) = −2πs/2e4πmvv−s/2

Γ(s/2)

∫
u>max{0,2mv}

e−2πuus/2(u− 2mv)
s
2−1 du.

Proof. See [18, §2]. �

Evaluating everything at s = 0 gives the following

Proposition 1.3.2. Assume m 6= 0.
(a) If ` <∞ then

am,`(v, 0) = e`R`(m).
(b) If ` =∞ then

am,`(v, 0) =
{
−2 if m > 0

0 if m < 0.

Proof. For ` < ∞ this is an easy calculation using Proposition 1.3.1. For ` = ∞
see [18, Proposition 2.6]. �

Exercise 1.3.3. Suppose p ∈ Diff(m). Show that am,p(v, 0) = 0 and

d

ds
am,p(v, 0)

∣∣
s=0

= ep log(p)Rp(mpep−2) · 1 + ordp(m)
2

.

Proposition 1.3.4. Suppose m > 0 and let a′m(v, 0) be the derivative of am(v, 0)
at s = 0. If Diff(m) = {p} then

a′m(v, 0) = −|O×K | ·R(mpep−2) · (fp + ordp(mdK/p)) · log(p).

If |Diff(m)| > 1 then a′m(v, 0) = 0.

Proof. Combining Proposition 1.3.2 with Exercise 1.3.3 gives

a′m(v, 0) = a′m,p(v, 0) ·
∏
6̀=p

am,`(v, 0)

= −2 · log(p) ·
(
1 + ordp(m)

)
·R(mpep−2)

= −2 · log(p) ·
(
fp + ordp(mq/p)

)
·R(mpep−2)

as desired. �
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Proposition 1.3.4 implies that for m > 0 the central derivative a′m(v, 0) is inde-
pendent of v. Combining Proposition 1.3.4 with Theorem 1.2.2 gives the following
elegant result of Kudla-Rapoport-Yang (still assuming that −dK is prime): for
every m ∈ Z+

deg(Zm) = −a′m(v, 0).

1.4. The support of Zm. In this subsection we will prove part (a) of Theorem
1.2.1. Fix an m ∈ Z+ and recall from Remark 1.1.6 that every prime of

Diff(m) = {` <∞ : (dK ,−m)` = −1}
is nonsplit in K.

Proposition 1.4.1. Let p be a prime of OK lying above a rational prime p. If
Zm(Falg

p ) 6= ∅ then Diff(m) = {p}.

Proof. Fix a point (E, κ, j) ∈ Zm(Falg
p ). By Corollary 1.1.4 we know that E is a

supersingular elliptic curve, and so H = End(E) ⊗Z Q is the rational quaternion
algebra nonsplit precisely at p and ∞. That is

H ⊗Q Qv 6∼= M2(Qv) ⇐⇒ v ∈ {p,∞}.
We use the embedding κ : K −→ H to view K as a subalgebra of H. Consider
j + j∨ ∈ H. On the one hand j + j∨ ∈ Z (any endomorphism of E which is
self-dual is multiplication by an integer). On the other hand for any x ∈ K we have

x(j + j∨) = xj + xj∨

= xj + (x)∨j∨

= xj + (jx)∨

= jx+ (xj)∨

= jx+ j∨x

= (j + j∨)x.

But we already said that j + j∨ ∈ Z so commutes with every x ∈ K. We deduce
that j + j∨ = 0. In particular

m = deg(j) = j ◦ j∨ = −j2.

If we set δ =
√
dK ∈ K ⊂ H then we find that the Q-algebra H is generated by

two elements δ, j which satisfy the relations

δ2 = dK j2 = −m δj = −jδ
and so there is an isomorphism of quaternion algebras

H ∼=
(
dK ,−m

Q

)
.

But we know that H is nonsplit precisely at p and∞, and so for every place ` ≤ ∞
of Q

(dK ,−m)` =
{

1 if ` 6= p,∞
−1 if ` = p,∞.

In other words Diff(m) = {p}. �

Corollary 1.4.2. If Diff(m) = {p} then there is a unique prime p ⊂ OK above p,
and Zm(Falg

q ) = ∅ for every prime q 6= p.
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Proof. If Zm(Falg
q ) 6= ∅ then the proposition shows that Diff(m) = {q} where

q = q ∩ Z. Therefore p = q, and as both p and q are nonsplit in K we must have
p = q. �

Corollary 1.4.3. If |Diff(m)| > 1 then Zm = ∅.

Proof. As Zm is of finite type over Spec(OK), if Zm is not the empty scheme then
there is some prime p of OK for which Zm(Falg

p ) 6= ∅. But of course the proposition
then implies that |Diff(m)| = 1. �

2. Counting geometric points

In this section we will prove part (b) of Theorem 1.2.1. The method of proof is not
essentially different from the method used in [18], but our proof will exploit a feature
which is never explicitly stated in [18]. Namely that the cardinality |Zm(Falg

p )| has
a natural factorization as a product of local factors. Thus our proof of Theorem
1.2.1 part (b) will proceed in two steps: first the existence of a factorization

|Zm(Falg
p )| =

|O×K |
2
·
∏
`

O`(E, κ,m).

in which each O`(E, κ,m) is local orbital integral, and then the calculation of the
orbital integral for every prime `.

2.1. Class groups and algebraic groups. Let Pic(OK) be the ideal class group
of K. Fix an embedding K −→ C and suppose that (E, κ) is a CM elliptic curve
over C. Then there is an OK-stable lattice Λ ⊂ C and an OK-linear isomorphism
of complex tori

E(C) ∼= C/Λ.
If a is any fractional OK-ideal then there is an isomorphism of groups

a⊗OK
(C/Λ) ∼= C/aΛ

defined by a ⊗ z 7→ az. If we denote by a ⊗ E the elliptic curve over C whose
complex points are C/aΛ then the above isomorphism reads

a⊗OK
E(C) ∼= (a⊗ E)(C).

In this way the group Pic(OK) acts on the set of all (isomorphism classes of) CM
elliptic curves over C.

Exercise 2.1.1. Prove that the action of Pic(OK) on the set of isomorphism classes
of CM elliptic curves over C is simply transitive.

Now suppose (E, κ) is a CM elliptic curve over any OK-scheme S and a is a
fractional OK-ideal. We define a functor from the category of S-schemes to the
category of OK-modules by

T 7→ a⊗OK
E(T ).

A fundamental fact, due to Serre and described in [1, §7], is that this functor is
represented by an elliptic curve over S which we denote by a⊗ E. In other words
a⊗ E is defined by the relation

(a⊗ E)(T ) ∼= a⊗OK
E(T )
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for every scheme T −→ S. As OK naturally acts on a ⊗ E we obtain a new CM
elliptic curve over S

a⊗ (E, κ) = (a⊗ E, κ).

The isomorphism class of a ⊗ (E, κ) depends only on the image of a in Pic(OK),
and so for any scheme the above construction defines an action of Pic(OK) on the
set of isomorphism classes of CM elliptic curves over S.

Let T and T 1 be the algebraic groups over Q whose functors of points are given
by

T (A) = (K ⊗Q A)×

T 1(A) = {x ∈ T (A) : xx = 1}

for any Q-algebra A. In particular T (Af ) = K̂× and T 1(Af ) ⊂ T (Af ) is the
subgroup of elements of norm 1. Define

U = Ô×K ⊂ T (Af )

and note that there is an isomorphism

T (Q)\T (Af )/U ∼= Pic(OK)

defined by t 7→ a, where a is the fractional OK-ideal defined by tÔK = aÔK .

Exercise 2.1.2. Define a homomorphism

ρ : T −→ T 1

by ρ(x) = x/x. Prove that if k is a field of characteristic 0 then the sequence

1 −→ k× −→ T (k) −→ T 1(k) −→ 1

is exact (hint: first assume that k is algebraically closed, then use Hilbert’s theorem
90 for the general case).

Exercise 2.1.3. Repeat the previous exercise with k = Af (hint: see [23, Corollary
8.1.1] for the adelic version of Hilbert’s Theorem 90). Deduce that ρ induces an
isomorphism of groups

(4) T (Q)\T (Af )/U ∼= T 1(Q)\T 1(Af )/ρ(U).

Fix a prime p which is nonsplit in K and let p be the prime of OK above p.
Let (E, κ) be a supersingular CM elliptic curve over Falg

p , and recall that K acts
on V (E, κ) by x · j = κ(x) ◦ j. Restricting this action to T 1(Q) ⊂ K× gives
an action of T 1(Q) which identifies T 1(Q) with the special orthogonal group of
V (E, κ). In particular the stabilizer in T 1(Q) of any nonzero vector is trivial, and
for any m ∈ Q× the set

{j ∈ V (E, κ) : deg(j) = m}

is either empty or is a simply transitive T 1(Q)-set. Define an action of T (Q) on
V (E, κ) by

t • j = ρ(t) · j = κ(t) ◦ j ◦ κ(t)−1.
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2.2. Reduction to orbital integrals. Let p be a prime which is nonsplit in K

and let p be the prime of K above p. Fix an m ∈ Z+ and let Z(Falg
p ) be the set of

isomorphism classes of CM elliptic curves over Falg
p , so that

(5) |Zm(Falg
p )| =

∑
(E,κ)∈Z(Falg

p )

∑
j∈V (E,κ)
deg(j)=m

1bL(E,κ)(j)

where 1bL(E,κ) is the characteristic function of L̂(E, κ) ⊂ V̂ (E, κ). By fixing one

CM elliptic curve (E, κ) over Falg
p and using the fact that

Pic(OK) ∼= T (Q)\T (Af )/U

acts simply transitively on the set of all CM elliptic curves (see Corollary 3.7.7) we
may rewrite (5) as

(6) |Zm(Falg
p )| =

∑
a∈Pic(OK)

∑
j∈V (a⊗E,κ)

deg(j)=m

1bL(a⊗E,κ)(j).

In the inner sum t ∈ T (Af ) and a ⊂ K are related by tÔK = aÔK .
For every fractional OK-ideal a there is a natural OK-linear quasi-isogeny

f : E −→ a⊗ E

given on points by P 7→ 1⊗ P , and this quasi-isogeny induces an isomorphism

(7) End(E)⊗Z Q ∼= End(a⊗ E)⊗Z Q

defined by j 7→ f ◦ j ◦ f−1.

Exercise 2.2.1. Deduce from [1, Lemma 7.14] that the isomorphism (7) carries the
OK-submodule

κ(a) ◦ End(E) ◦ κ(a−1) ⊂ End(E)⊗Z Q
isomorphically to End(a⊗ E), and carries

κ(a) ◦ L(E, κ) ◦ κ(a−1)

isomorphically to L(a⊗ E, κ).

If t ∈ T (Af ) satisfies tÔK = aÔK then the above lemma may be rewritten as

L̂(a⊗ E, κ) = κ(t) ◦ L̂(E, κ) ◦ κ(t)−1

= t • L̂(E, κ)

as ÔK-lattices in V̂ (E, κ). We now rewrite (6) as

|Zm(Falg
p )| =

∑
t∈T (Q)\T (Af )/U

∑
j∈V (E,κ)
deg(j)=m

1t•bL(E,κ)(j)

=
∑

t∈T 1(Q)\T 1(Af )/ρ(U)

∑
j∈V (E,κ)
deg(j)=m

1t·bL(E,κ)(j)

where the second equality follows by replacing t by ρ(t) and using (4). If V (E, κ)
does not represent m then clearly |Zm(Falg

p )| = 0. Suppose then that there is some
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j ∈ V (E, κ) such that deg(j) = m. As noted earlier, the action of T 1(Q) on the set
of all such j is simply transitive, and if we fix one such j then

|Zm(Falg
p )| =

∑
t∈T 1(Q)\T 1(Af )/ρ(U)

∑
γ∈T 1(Q)

1t·bL(E,κ)(γ
−1 · j)

=
∑

t∈T 1(Q)\T 1(Af )/ρ(U)

∑
γ∈T 1(Q)

1γt·bL(E,κ)(j)

= |T 1(Q) ∩ ρ(U)| ·
∑

t∈T 1(Af )/ρ(U)

1t·bL(E,κ)(j).

One checks that

T 1(Q) ∩ ρ(U) ∼= (T (Q) ∩ U)/{±1} = O×K/{±1}

leaving us with

(8) |Zm(Falg
p )| =

|O×K |
2
·

∑
t∈T 1(Af )/ρ(U)

1t·bL(E,κ)(j).

For any prime ` abbreviate

L`(E, κ) = L(E, κ)⊗Z Z` V`(E, κ) = V (E, κ)⊗Q Q`.

Definition 2.2.2. Suppose (E, κ) is a CM elliptic curve over Falg
p . For any prime

` define the local orbital integral

O`(E, κ,m) =
∑

t∈T 1(Q`)/ρ(U`)

1L`(E,κ)(t−1 · j)

where j ∈ V`(E, κ) satisfies deg(j) = m. If no such j exists then set O`(E, κ,m) = 0.
As the action of T 1(Q`) is transitive on the set of all such j this definition does not
depend on the choice of j.

Proposition 2.2.3. If (E, κ) is any CM elliptic curve over Falg
p and m ∈ Z+ then

|Zm(Falg
p )| =

|O×K |
2
·
∏
`

O`(E, κ,m).

Proof. If V (E, κ) does not represent m then by the Hasse-Minkowski theorem there
is a place ` ≤ ∞ of Q such that V`(E, κ) does not represent m. As deg is positive
definite and m > 0, certainly V∞(E, κ) represents m. Therefore there is some prime
` <∞ for which V`(E, κ) does not represent m. This implies that O`(E, κ,m) = 0
and so both sides of the stated equality are 0. If V (E, κ) does represent m then
the desired equality is just a restatement of (8). �

2.3. Calculation of orbital integrals. Let m be a positive integer. Fix a prime
p which is nonsplit in K and let p be the prime of K above p. Let (E, κ) be a
supersingular CM elliptic curve over Falg

p .

Proposition 2.3.1. Suppose ` 6= p. There is an OK,`-linear isomorphism of qua-
dratic spaces

(OK,`,−NmK/Q) ∼= (L`(E, κ),deg).
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Proof. The `-adic Tate module T` = Ta`(E) is free of rank one over OK,`. If we fix
an isomorphism of OK,`-modules T` ∼= OK,` then

End(E)⊗Z Z` ∼= EndZ`
(T`) ∼= EndZ`

(OK,`).
If we let j0 ∈ EndZ`

(OK,`) be defined by j0(x) = x then

EndZ`
(OK,`) = OK,` ⊕OK`

· j0
and L`(E, κ) = OK,` · j0. For any xj0 ∈ L`(E, κ) we have

deg(xj0) = −(xj0)2 = −xxj2
0 = −NmK/Q(x)

where the second equality follows from the proof of Proposition 1.4.1. Thus x 7→ xj
provides the desired isomorphism. �

Proposition 2.3.2. There is an OK,p-linear isomorphism of quadratic spaces

(9) (OK,p, βp ·Nm) ∼= (Lp(E, κ),deg)

for some βp ∈ Zp satisfying

ordp(βp) = 2− ep.

Proof. Set H = End(E)⊗Z Q and use κ : OK −→ End(E) to view K as a subalgebra
of H. By the discussion surrounding (2) there is a decomposition of Kp-vector
spaces

Hp = Kp ⊕Kp · j
for any j ∈ Vp(E, κ). If we choose j to be a OK,p-generator of Lp(E, κ) then x 7→ xj
defines an isomorphism of quadratic spaces (9) with βp = j2 = −deg(j). As there
is an isomorphism of quaternion algebras

Hp
∼=
(
dK , βp

Qp

)
we must have (dK , βp)p = −1.

In order to determine ordp(βp) we exploit the fact that End(E) ⊗Z Zp is the
unique maximal order in Hp, and is the valuation ring of the discrete valuation
deg. In other words j ∈ Hp lies in End(E) ⊗Z Zp if and only if deg(j) ∈ Zp.
Suppose first that p is unramified in K. The condition (dK , βp)p = −1 is equivalent
to ordp(βp) ≡ 1 (mod 2). If ordp(βp) ≥ 3 then deg(j/p) ∈ Zp, and so j/p ∈
Lp(E, κ). This contradicts j generating Lp(E, κ) as an OK,p-module, and so we
must have ordp(βp) = 1. Now suppose that p is ramified in K and let $ ∈ OK,p be
a uniformizing parameter. If ordp(βp) > 0 then deg($−1j) ∈ Zp, and so $−1j ∈
Lp(E, κ). Again this contradicts j generating Lp(E, κ) as an OK,p-module, and so
we must have ordp(βp) = 0. �

Proposition 2.3.3. Let ` be any prime. If the quadratic space V`(E, κ) represents
m then

O`(E, κ,m) = e`R`(mpep−2).

Proof. Fix a j ∈ V`(E, κ) such that deg(j) = m. We identify L`(E, κ) ∼= OK,`
as in Propositions 2.3.1 and 2.3.2. Thus mβ−1

` = NmK/Q(j) where β` = −1 if
` 6= p, and βp is as in Proposition 2.3.2. We must find a set of coset representatives
S ⊂ T 1(Q`) for

(10) Q×` \T (Q`)/U` ∼= T 1(Q`)/ρ(U`)
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and compute
O`(E, κ,m) =

∑
s∈S

1OK,`
(s−1 · j).

Suppose first that ` is inert in K. Then Q×` \K
×
` /U` = {1} gives a complete set

of coset representatives for the left hand side of (10), and applying ρ gives the coset
representatives {1} for the right hand side of (10). We now see from NmK/Q(j) ∈ Z`
that

O`(E, κ,m) = 1OK,`
(j) = R`(mβ−1

` ).
Suppose next that ` is ramified in K and let $ ∈ OK,` be a uniformizing param-

eter. Then Q×` \K
×
` /U` = {1, $} gives a complete set of coset representatives for

the left hand side of (10), and applying ρ gives the coset representatives {1, u} for
the right hand side of (10), where u = $/$ ∈ O×K,`. Again using NmK/Q(j) ∈ Z`
we see that

O`(E, κ,m) = 1OK,`
(j) + 1OK,`

(u · j) = 2 ·R`(mβ−1
` ).

Finally suppose that ` is split in K and fix an isomorphism K`
∼= Q`×Q`. Then

Q×` \K
×
` /U` = {(`k, 0) : k ∈ Z}

gives a complete set of coset representatives for the left hand side of (10), and
applying ρ gives the coset representatives {(`k, `−k : k ∈ Z} for the right hand side
of (10). In this case, writing j = (j1, j2) ∈ Z` × Z` we find

O`(E, κ,m) =
∞∑

k=−∞

1Z`×Z`
(`kj1, `−kj2)

= 1 + ord`(j1) + ord`(j2)

= 1 + ord`(mβ−1
` )

= R`(mβ−1
` ).

�

Theorem 2.3.4. If Diff(m) = {p} then

|Zm(Falg
p )| = |O×K | · 2

r−1 ·R(mpep−2)

where r is the number of distinct prime divisors of dK .

Proof. Let E be a supersingular CM elliptic curve over Falg
p , so that H = End(E)⊗Z

Q is a quaternion division algebra nonsplit precisely at p and ∞. The condition
Diff(m) = {p} is equivalent to

(dK ,−m)` =
{

1 if ` 6= p,∞
−1 if ` = p,∞

and so there is an isomorphism

H ∼=
(
dK ,−m

Q

)
.

Choose elements δ, j ∈ H satisfying

δ2 = dK j2 = −m δj = −jδ.
We now embed K −→ H by

√
dK 7→ δ. It may not be the case that OK [j] ⊂ End(E),

but End(E) is a maximal order in H and OK [j] is contained in some maximal order
OH ⊂ H [32, Proposition I.4.2]. Replacing E by an isogenous elliptic curve we may
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then assume that OH = End(E) (see exercise 2.3.5 below). We therefore obtain
a supersingular elliptic curve (E, κ) and a j ∈ V (E, κ) satisfying deg(j) = m.
Proposition 2.2.3 asserts that

|Zm(Falg
p )| =

|O×K |
2
·
∏
`

O`(E, κ,m)

and so the claim follows from Proposition 2.3.3. �

Exercise 2.3.5. Let E be a supersingular elliptic curve over Falg
p and set H =

End(E)⊗Z Q. If OH ⊂ H is any maximal order, show that there is an elliptic curve
E′ over Falg

p which is isogenous to E and satisfies End(E′) ∼= OH . Hint: read the
discussion surrounding [26, Proposition 3.3].

3. Lengths of local rings

In this section we prove part (c) of Theorem 1.2.1 under the hypothesis that p
is either odd or unramified in K. This formula is due to Gross [5], whose proof
was based on formal group cohomology. We will give a very different proof which
is based instead on Zink’s theory of displays [33] (see also Messing’s Bourbaki talk
[22]).

3.1. Some notation. Fix a prime p which is nonsplit in K and let p be the prime
of K above p. Let

W = W (Falg
p )

be the ring of Witt vectors of Falg
p . For the theory of Witt vectors see Rabinoff’s

notes [24]. As a topological ring W is isomorphic to the integer ring of the com-
pletion of the maximal unramified extension of Qp, and W comes equipped with a
canonical isomorphism W/pW ∼= Falg

p . The ring W also comes equipped with two
continuous functions

F, V : W −→W

denoted x 7→ xF and x 7→ xV , respectively. The function F is the unique continuous
ring automorphism which induces the absolute Frobenius x 7→ xp on W/pW , and
F is the unique additive map which satisfies (xV )F = px. The subring

Zp2 = {x ∈W | (xF )F = x}
is isomorphic to the integer ring of the unramified quadratic extension of Qp.

LetW be the integer ring of the completion of the maximal unramified extension
of Kp and denote by

(11) i : OK −→W.

the inclusion. Equivalently we could define

W =
{
W if p is inert in K
W ⊗Z OK if p is ramified in K.

If p is unramified in K then i is the unique ring homomorphism which lifts the
reduction-mod-p map OK −→ Fp −→ Falg

p ; furthermore i(x)F = i(x) and the induced
map OK,p −→W has image Zp2 . If p is ramified in K then i(x) = 1⊗ x.

Let ART be the category of Artinian local W-algebras R equipped with an
isomorphism R/mR

∼= Falg
p . For every object R the unique maximal ideal mR ⊂

R contains p and satisfies mk
R = 0 for k � 0. In particular p in nilpotent in
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R. A morphism in ART is a ring homomorphism f : S −→ R which satisfies
f(mS) ⊂ mR and induces the identity Falg

p −→ Falg
p on residue fields. By virtue of

the homomorphism (11) every object R of ART is naturally an OK-algebra, and
we denote by

(12) i : OK −→ R

the structure map.

3.2. Local rings and deformations.

Definition 3.2.1. Let S −→ R be a surjective morphism in ART and suppose E
is an elliptic curve over R. A deformation (or lift) of E to S is an elliptic curve Ẽ
over S equipped with an isomorphism Ẽ/R ∼= E. Here and elsewhere, we use the
notation

Ẽ/R
def= Ẽ ×Spec(S) Spec(R)

for base change.

The same notion of deformation applies to any mathematical entity for which
there is a reasonable notion of base change through a surjective morphism S −→ R.
In particular we may also talk about deformations of CM elliptic curves over R,
triples (E, κ, j) ∈ Zm(R), and (later) about deformations of p-Barsotti-Tate groups
and displays over R.

Fix m ∈ Z+ and let Zm be the restriction of the functor Zm from OK-schemes
to W-schemes. Thus Zm is (coarsely) representable by the base change

Zm = Zm ×Spec(OK) Spec(W).

Fix a point z ∈ Zm(Falg
p ) corresponding to a triple (E, κ, j) in which (E, κ) is a

CM elliptic curve over Falg
p and j ∈ L(E, κ) is a special endomorphism of degree m.

Let R be an object of ART and suppose we are given a deformation (Ẽ, κ̃, j̃) of
(E, κ, j) to R. The deformation (Ẽ, κ̃, j̃) corresponds to a point z̃ ∈ Zm(R) whose
image under the reduction map

Zm(R) −→ Zm(Falg
p )

is the point z, and so we have a commutative diagram of W-schemes

Spec(Falg
p )

��

z

$$IIIIIIIII

Spec(R)
z̃

// Zm.

As R is local the arrow z̃ factors uniquely as

Spec(R) −→ Spec(OZm,z) −→ Zm,

and so to the deformation (Ẽ, κ̃, j̃) we attach a homomorphism of localW-algebras
OZm,z −→ R. As R is Artinian this map extends uniquely to a homomorphism on
the completed local ring ÔZm,z. This construction establishes a bijection

(13) {deformations of (E, κ, j) to R} ∼= HomW(ÔZm,z, R).
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Remark 3.2.2. If Zm were actually a fine moduli space then it would be obvious
that (13) is a bijection, but as Zm is only a course moduli space there is actually
something to prove. For us it will suffice to simply say that the bijectivity of (13)
is a consequence of [18, Corollary 5.2].

3.3. Barsotti-Tate groups and the Serre-Tate theorem. We recall the basic
properties of p-Barsotti-Tate groups, mostly to fix notation. The main references
are Shatz’s survey [28] and Tate’s original article [31]. Let R be an object of ART .

Suppose G is a finite flat (commutative) group scheme over R. As any scheme
which is finite over an affine scheme is itself affine, we have G = Spec(A) for some
finite flat (hence free) R-algebra A. The order of G is defined to be rankR(A).
By [3, Corollary 7.6] the ring A decomposes as a product A ∼= A0 × · · · × Ak of
finitely many local R-algebras. Among these local factors there is one which is
distinguished: the identity element id ∈ G(R) is a morphism id : Spec(R) −→ G
which corresponds to an R-algebra homomorphism

ε : A −→ R.

There is a unique factor A0 in the above direct product such that ε factors through
the projection A −→ A0. If we set G0 = Spec(A0) then the closed subscheme
G0 −→ G is in fact a closed subgroup scheme, called the connected component of
the identity. If G0 = G, i.e. if A is a local ring, then we say that G is connected.
For each factor Ai in the above product there is an idempotent ei ∈ A for which
Ai = Aei. For each i we obtain an injective ring homomorphism R −→ Ai defined by
r 7→ rei. As each Ai contains a natural subring isomorphic to R, the R-algebra A
contains a natural subring Aet = R× · · · ×R (the maximal étale subalgebra of A).
If we set Get = Spec(Aet) then the inclusion Aet −→ A determines a homomorphism
of finite flat group schemes G −→ Get. We say that G is étale if G = Get, i.e. if
A ∼= R× · · · ×R. A fundamental result is that the sequence of group schemes, the
connected-étale sequence

0 −→ G0 −→ G −→ Get −→ 0

is exact.
A p-Barsotti-Tate group (or p-divisible group) G = lim−→Gk of height h over R is

an inductive system

(14) G0
i0−→ G1

i1−→ G2
i2−→ · · ·

in which each Gk is a finite flat group scheme over R of order kh, and for every
k ≥ 0 the map ik is a closed immersion making the sequence

0 −→ Gk
ik−→ Gk+1

pk

−→ Gk+1

exact. Given a p-Barsotti-Tate group G = lim−→Gk we define two new p-Barsotti-Tate
groups

G0 = lim−→G0
k Get = lim−→Get

k

by taking connected components and maximal étale quotients at each finite step
Gk. We say that G is connected if G = G0, and say that G is étale if G = Get.
For every k there is an R-algebra Ak such that Gk = Spec(Ak), and the maps in
(14) correspond to maps Ak+1 −→ Ak. Define the affine coordinate ring of G to
be A = lim←−Ak. As k varies the maps ε : Ak −→ R fit together into a single local
R-algebra homomorphism ε : A −→ R.
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Definition 3.3.1. Let G be p-Barsotti-Tate group over R with affine coordinate
ring A. A derivation of A is an R-linear map d : A −→ R which satisfies

d(ab) = ε(a)d(b) + ε(b)d(a)

for all a, b ∈ A. The Lie algebra of G, denoted Lie(G) is the R-module of all
derivations of A.

A fundamental result of Tate asserts that any connected p-Barsotti-Tate group
over R is formally smooth in the following sense.

Theorem 3.3.2 (Tate). Let G be a connected p-Barsotti-Tate group over R and
let A be its affine coordinate ring. Then A ∼= R[[X1, . . . , Xd]] for some d ≥ 0.

Exercise 3.3.3. Let A be the affine coordinate ring of a p-Barsotti-Tate group G
over R and let I = ker(ε : A −→ R). Construct an isomorphism of R-modules

Lie(G) ∼= HomR(I/I2, R),

Exercise 3.3.4. Prove that for any p-Barsotti-Tate group G over R there is an
isomorphism of R-modules Lie(G) ∼= Lie(G0).

Exercise 3.3.5. Let G be a p-Barsotti-Tate group and let A0 be the affine coordinate
ring of G0. By Tate’s theorem A0 ∼= R[[X1, . . . , Xd]] for some d. Prove that Lie(G)
is a free R-module of rank d.

Definition 3.3.6. The dimension of a p-Barsotti-Tate group G over R is

dim(G) = rankRLie(G).

To any elliptic curve E over R there is an associated p-Barsotti-Tate group

Ep∞ = lim−→E[pk]

of height 2 and dimension 1.

Remark 3.3.7. If the reduction of E to Falg
p is ordinary then E0

p∞ and Eet
p∞ are each

of height 1. If the reduction of E to Falg
p is supersingular then E0

p∞ = Ep∞ and
Eet
p∞ = 0. Thus Ep∞ is connected if and only if the reduction of E is supersingular.

Any f ∈ End(E) determines an f ∈ End(Ep∞).

Theorem 3.3.8 (Serre-Tate). Suppose that E is an elliptic curve over Falg
p . The

rule Ẽ 7→ Ẽp∞ defines an bijection

{deformations of E to R} −→ {deformations of Ep∞ to R}.

For any f ∈ End(E) the rule (Ẽ, f̃) 7→ (Ẽp∞ , f̃) defines an bijection

{deformations of (E, f) to R} −→ {deformations of (Ep∞ , f) to R}.

Proof. See [21] or [9]. �
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3.4. Dieudonné modules. We use slightly different conventions for Dieudonné
modules than what is found in much of the literature. In order that our con-
ventions agree with those of Messing and Zink [22, 33], we adopt the covariant
conventions for Dieudonné modules rather than the contravariant conventions used
by Demazure [2]. Nonetheless, [2] remains our main reference for this subsection.

A Dieudonné module over Falg
p is a triple (D,F, V ) in which D is a free W -module

module of finite rank, and F, V : D −→ D are additive homomorphisms which satisfy
FV = V F = p and

F (x ·m) = xF · F (m)

V (xF ·m) = x · V (m)

for all x ∈ W and m ∈ D. The height of D is rankW (D), the Lie algebra of D is
the Falg

p -vector space
Lie(D) = D/V D,

and the dimension of D is the Falg
p -dimension of Lie(D). We usually just say “let

D be a Dieudonné module” and omit explicit reference to F and V .
One can construct Dieudonné modules as follows. Given a rational number

0 ≤ λ ≤ 1 write λ = s/t with gcd(s, t) = 1 and define a Qp-vector space

Bλ = Qp[x]/(xt − ps).

Let F, V : Bλ −→ Bλ be the Qp-linear maps determined by

V (m) = x ·m

and F = pV −1. Set Dλ = W ⊗Zp Bλ and extend F and V to Qp-linear maps
Dλ −→ Dλ by

F (x⊗ b) = xF ⊗ F (b) V (xF ⊗ b) = x⊗ V (b).

One can construct a Dieudonné module by choosing any W -lattice in Dλ which is
stable under the operators F and V , as in the following exercise.

Exercise 3.4.1. Choose any β0, . . . , βt−1 ∈W which satisfy

ordp(βi+1) ≤ ordp(βi) ≤ ordp(βi+1) + 1

and ordp(β0)− ordp(βt−1) = s. Show that the W -sumodule

D = SpanW {βi ⊗ xi : 0 ≤ i < t} ⊂ Ds/t
is stable under both F and V and so is a Dieudonné module.

Proposition 3.4.2. Let D be a Dieudonné module over Falg
p . There is a unique

sequence of rational numbers 0 ≤ λ1 ≤ · · · ≤ λk ≤ 1 for which

D ⊗Zp
Qp
∼=
⊕

1≤i≤k

Dλi

in a way respecting the actions of W , F , and V on both sides. If λi = si/ti then
D has dimension

∑
si and height

∑
ti.

Proof. See [2, Chapter IV]. �

Definition 3.4.3. The rational numbers (counted with multiplicity) {λ1, . . . , λk}
are the slopes of D.
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Theorem 3.4.4. There is a covariant equivalence G 7→ D(G) from the category of
p-Barsotti-Tate groups over Falg

p to the category of Dieudonné modules over Falg
p .

This equivalence satisfies

dim(G) = dim(D(G))
height(G) = height(D(G))

Lie(G) ∼= Lie(D(G)).

Furthermore G is étale if and only if all slopes of D(G) are equal to 0, and G is
connected if and only if all slopes of D(G) are nonzero.

Proof. See [2, Chapter IV]. �

Remark 3.4.5. One may restate the final claim of Theorem 3.4.4 as follows: a
p-Barsotti-Tate group G over Falg

p is connected if and only if V is topologically
nilpotent on D(G).

Exercise 3.4.6. Let π ∈ Zp be a uniformizing parameter and consider the Dieudonné
module D = W with operators

F (x) = πxF V (xF ) =
p

π
x.

Show that D has dimension 0 and height 1, and that D does not depend on the
choice of π. By classifying all F and V stable W -lattices in D0, show that D is
the unique Dieudonné module of dimension 0 and height 1. Deduce that D ∼=
D(Qp/Zp).

Exercise 3.4.7. Let π ∈ Zp be a uniformizing parameter and consider the Dieudonné
module D = W with operators

F (x) =
p

π
xF V (xF ) = πx.

Show that D has dimension 1 and height 1, and that D does not depend on the
choice of π. By classifying all F and V stable W -lattices in D1, show that D is the
unique Dieudonné module of dimension 1 and height 1. Deduce that D ∼= D(µp∞).

Remark 3.4.8. If E is an elliptic curve over Falg
p then D(Ep∞) has dimension one

and height two. The only possible slopes are {0, 1} and {1/2}. The first occurs
when E is ordinary, the second occurs when E is supersingular.

Definition 3.4.9. Define the supersingular Dieudonné module Dss as follows. Fix
a uniformizing parameter π ∈ Zp. As a W -module Dss is free on two generators
{e1, e2}. The operators F and V on {e1, e2} are determined by

F (e1) = e2 F (e2) = πe1

and
V (e1) =

p

π
e2 V (e2) = pe1.

Exercise 3.4.10. Prove that Dss is does not depend on the choice of π, and that
Dss is the unique Dieudonné module of slopes {1/2}.

Exercise 3.4.11. Prove that the endomorphism ring of Dss is

End(Dss) ∼=
{(

a πb
bF aF

)
: a, b ∈ Zp2

}
.
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3.5. Displays. In order to study the deformation theory of p-Barsotti-Tate groups
we need an equivalence of categories, in the spirit of Theorem 3.4.4, which holds
over more general rings than Falg

p . The correct category is provided by Zink’s theory
of displays [22, 33].

Fix an object R of ART and let W (R) be the ring of Witt vectors of R (for
Witt vectors see Rabinoff’s notes [24]). There is a canonical surjection W (R) −→ R
whose kernel we denote by

IR = ker(W (R) −→ R).

The ring W (R) is equipped with a ring endomorphism

F : W (R) −→W (R)

and an isomorphism of additive groups

V : W (R) −→ IR

(denoted x 7→ xF and x 7→ xV , respectively) which are related by (xV )F = px.
Note that in general the operators F and V do not commute.

Definition 3.5.1. A display over R is a quadruple (P,Q, F, F1) in which P is a
free W (R)-module of finite rank, Q ⊂ P is a W (R)-submodule, and F : P −→ P
and F1 : Q −→ P are additive maps which satisfy

F (x · a) = xF · F (a) F1(x · b) = xF · F1(b)

for all x ∈ W (R), a ∈ P , and b ∈ Q. The quadruple (P,Q, F, F1) is required to
satisfy the following addition properties:

(a) IRP ⊂ Q,
(b) P/Q is a free R-module,
(c) P is generated as a W (R)-module by F1(Q),
(d) F1(xV · a) = x · F (a) for all x ∈W (R) and all a ∈ P .

By abuse of notation we will sometimes say “let P be a display” and suppress the
data Q, F , and F1 from the notation. The Lie algebra of P is the free R-module

Lie(P ) = P/Q,

the dimension of P is rankR(Lie(P )), and the height of P is rankW (R)(P ).

Remark 3.5.2. Zink writes V −1 instead of F1. To see why, look at Exercise 3.5.4.
Also, what we call a display is called a 3n-display in [33]. The “3n” stands for
not-necessarily-nilpotent. Our notation and definition agree with Messing’s article
[22].

Definition 3.5.3. A CM display over an object R of ART is a pair (P, κ) in which
P is a display over R of height two and dimension one, and κ : OK −→ End(P ) is
an action such that the induced action of OK on Lie(P ) is through (12).

Exercise 3.5.4. Given a Dieudonné module D over Falg
p the operator V defines a

bijection D −→ V D, and we may attach to D the display (D,V D,F, V −1). Show
that the construction

(D,F, V ) 7→ (D,V D,F, V −1)

defines an equivalence between the category of Dieudonné modules over Falg
p and

the category of displays over Falg
p .
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Example 3.5.5. We may apply the construction of Exercise 3.5.4 to the supersin-
gular Dieudonné module Dss of Definition 3.4.9. The associated display over Falg

p

is (Pss, Q, F, F1) in which Pss is the free W -module on two generators {e1, e2}, Q is
the submodule spanned by {πe1, e2}, F : Pss −→ Pss satisfies

F (e1) = e2 F (e2) = πe1

and F1 : Q −→ Pss satisfies

F1(πe1) = e2 F1(e2) =
π

p
e1.

By Exercise 3.4.11 the endomorphism ring of Pss is

End(Pss) ∼=
{(

a πb
bF aF

)
: a, b ∈ Zp2

}
.

Given a morphism S −→ R in ART and a display P over S one can define the
base change P/R as in [33, Definition 20]. In particular if S −→ R is a surjection and
we start with a display P over R, then it makes sense to talk about deformations
of P to S, as in Definition 3.2.1.

Definition 3.5.6. Let R be an object of ART and let P be a display over R. By
Exercise 3.5.4 the base change P/Falg

p
corresponds to a Dieudonné module D over

Falg
p . We say that the display P is nilpotent if the operator V on D is topologically

nilpotent.

Theorem 3.5.7 (Zink). Let R be an object of ART . There is an equivalence
G 7→ P (G) between the category of connected p-Barsotti-Tate groups over R and
the category of nilpotent displays over R.

Proof. This is [33, Theorem 9]. �

If S −→ R is a morphism in ART and G is a connected p-Barsotti-Tate group
over R then Zink’s equivalence of categories induces a bijection

{deformations of G to S} ∼= {deformations of P (G) to S}.

When combined with the Serre-Tate theorem we obtain the following result. Let
(E, κ) be a CM elliptic curve over R whose reduction to Falg

p is supersingular, and
let P = P (Ep∞) be the associated display over R. There is canonical bijection

(15) {deformations of (E, κ) to S} ∼= {deformations of (P, κ) to S}.

Furthermore if j ∈ End(E) and endomorphism then there is a corresponding endo-
morphism j ∈ End(P ) and a canonical bijection

(16) {deformations of (E, κ, j) to S} ∼= {deformations of (P, κ, j) to S}.

3.6. Crystalline deformation theory. Given a surjective morphism S −→ R in
ART and a nilpotent display P over R it is typically difficult to determine all
deformations of P to S. However for certain special surjections S −→ R Zink has
an elegant theory which describes such deformations in a very concrete way.

Definition 3.6.1. Suppose S is a ring and a ⊂ S is an ideal. A divided power
structure on a is a collection of functions

γ• = {γn : a −→ a}n∈Z+
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satisfying the following properties for all m,n ∈ Z+, s, t ∈ S, and x, y ∈ a:

(17) γn(sx) = snγ(x)

(18) γm(x) · γn(x) =
(m+ n)!
m!n!

· γm+n(x)

(19) γn(x+ y) = γn(x) +

(
n−1∑
i=1

γn−i(x)γi(y)

)
+ γn(y)

(20) γm(γn(x)) =
(mn)!

(n!)mm!
· γmn(x).

Remark 3.6.2. The axioms for a divided power structure are intended to encode
the idea that γn(x) behaves like xn/n!, and the motivation for defining a divided
power structure in the first place is so that one can imitate the construction of the
exponential function in situations were the expression xn/n! doesn’t make sense.
For example if one has the additional property that γn = 0 for n � 0 then the
function

exp(x) = 1 +
∞∑
i=1

γn(x)

defines an isomorphism of groups a −→ 1 + a (see [21, p.79]).

Example 3.6.3. For any n ∈ Z+ we have pn/n! ∈ pZ. Thus if S is any ring there is
a canonical divided power structure on the ideal pS defined by

γn(px) =
pn

n!
· xn.

Definition 3.6.4. A PD-thickening is a surjective morphism S −→ R in ART
together with a divided power structure γ• on the ideal a = ker(S −→ R). We
further require that the restriction of γ• to a∩ pS agree with the canonical divided
power structure of Example 3.6.3.

The following three examples are the only examples of PD-thickenings we will
ever need.

Example 3.6.5. Suppose S −→ R is a surjective morphism in ART whose kernel
a = ker(S −→ R) satisfies a2 = a. Then we may equip a with the trivial divided
powers defined by

γ1(x) = x

and γn(x) = 0 for n > 1. This makes S −→ R into a PD-thickening.

Example 3.6.6. Suppose p is unramified in K and let m = pW be the maximal ideal
of W. For any k ∈ Z+ the surjection

W/mk −→ Falg
p

has kernel a = m/mk generated by p, and so the canonical divided power structure
on a is the unique divided power structure making W/mk −→ Falg

p into a PD-
thickening.
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Example 3.6.7. Suppose p 6= 2 is ramified in K and let $ ∈ OK,p be a uniformizer.
Then m = i($) is the maximal ideal ofW. For any k ∈ Z+ the surjectionW/mk −→
Falg

p has kernel a = m/mk generated by i($). By the following exercise the ideal a
is equipped with the divided power structure

γn(i($)x) =
i($n)
n!

· xn,

and this divided power structure makes W/mk −→ Falg
p into a PD-thickening.

Exercise 3.6.8. Prove that for any n ∈ Z+ we have.

ordp(n!) ≤ n− 1
p− 1

(hint: see [7, IV.1.3]). Deduce that if p is odd and ramified in K then for any
uniformizer $ ∈ OK,p

$n/n! ∈ $OK,p.

Remark 3.6.9. As has already been noted, we will only prove part (c) of Theorem
1.2.1 under the hypothesis that either p is unramified in K or p 6= 2. Our methods
break down when p = 2 is ramified in K precisely because of the necessity of p 6= 2
in the preceding exercise.

Suppose R is an object of ART and (P,Q, F, F1) is a display over R. The Hodge
sequence of (P,Q, F, F1) is the short exact sequence of R-modules

0 −→ Q/IRP −→ P/IRP −→ P/Q −→ 0.

Note that P/IRP and P/Q are free R-modules by hypothesis, and in particular
the Hodge sequence splits (noncanonically). From this it follows that Q/IRP is a
projective R-module, and hence also free (as R is local). The submodule

Q/IRP ⊂ P/IRP
is the Hodge filtration of P/IRP . In anticipation of coming events we abbreviate

P(R) = P/IRP

so that the Hodge sequence takes the form

0 −→ Q/IRP −→ P(R) −→ Lie(P ) −→ 0.

Suppose S −→ R is a PD-thickening and P is a nilpotent display over R. Central
to Zink’s deformation theory is the following fact [33, Theorem 44]: given any two
deformations P̃1, P̃2 of P to S there is a canonical isomorphism of S-modules (which
depends on the divided power structure on ker(S −→ R))

(21) P̃1/ISP̃1
∼= P̃2/ISP̃2.

Thus if we define a free S-module of rank height(P )

P(S) def= P̃ /ISP̃

for any deformation P̃ of P to S, the result does not depend on which deformation
we choose, and furthermore satisfies

(22) P(S)⊗S R ∼= P(R).

The rule S 7→ P(S) is the crystal of the display P (more precisely, it is the covariant
Dieudonné crystal of [33, Definition 47]). This rule assigns to every PD-thickening
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S −→ R a lifting of the R-module P(R) to an S-module P(S) (lifting just means
that the relation (22) holds). The isomorphism (21) need not preserve the Hodge
filtration, and so the submodule

Q̃/ISP̃ ⊂ P(S)

does depend on the choice of deformation P̃ . The rule

P̃ 7→ Q̃/ISP̃

therefore defines an interesting function from the set of all deformations of P to
the set of all direct summands L ⊂ P(S) which lift the Hodge filtration of P(R):

L //

��

P(S)

��
Q/IRP // P(R).

To be precise, by a lifting the Hodge filtration of P(R) we mean a direct summand
L ⊂ P(S) such that the isomorphism (21) identifies L ⊗S R ∼= Q/IRP.

The following result is Zink’s version of the Grothendieck-Messing deformation
theory [7, 21].

Theorem 3.6.10 (Zink). As above, let S −→ R be a PD-thickening and let P be
a nilpotent display over R. The function P̃ 7→ Q̃/ISP̃ defines a bijection between
deformations of P to S and liftings of the Hodge filtration:

Q̃/ISP̃ //

��

P(S)

��
Q/IRP // P(R).

Moreover, any endomorphism f ∈ End(P ) induces a canonical S-linear map

fS : P(S) −→ P(S)

such that:
(a) fS lifts the map fR : P(R) −→ P(R) induced by f ,
(b) f ∈ End(P ) lifts to an endomorphism f̃ ∈ End(P̃ ) if and only if

fS(Q̃/ISP̃ ) ⊂ Q̃/ISP̃ .

In other words if P̃ is the deformation corresponding to the lift of the Hodge filtration
L ⊂ P(S) then the endomorphism f lifts to an endomorphism of P̃ if and only if
fS(L) ⊂ L.

Proof. This is [33, Proposition 45]. �

3.7. Deforming CM elliptic curves. If R is any object of ART then let JR be
the kernel of the ring homomorphism

τR : OK ⊗Z R −→ R

defined by τR(x⊗ r) = i(x) · r. Thus there is a short exact sequence of R-modules

0 −→ JR −→ OK ⊗Z R
τR−−→ R −→ 0.
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This sequence is obviously split (R is projective as a module over itself), and so
the R-module JR is a direct summand of a free module. Therefore JR is projective,
and as R is local JR is itself free of rank one. If M is a free R-module of finite
type equipped with an action κ : OK −→ EndR(M) then OK ⊗Z R acts on M in an
obvious way, and so there is a natural OK-stable R-submodule

JRM ⊂M.

Lemma 3.7.1. Suppose M is a free OK ⊗Z R-module of rank one and that L is
an OK ⊗ZR-submodule such that L and M/L are both free R-modules of rank one.
Assume further that the action of OK on the quotient M/L is through the map
(12). Then

L = JRM.

Proof. Let q : M −→ M/L be the quotient map. To say that the action of OK on
the quotient M/L is through the map (12) means that

q((x⊗ r) ·m) = i(x) · r · q(m) = τ(x⊗ r) · q(m).

In particular if j ∈ JR then for any m ∈M we have

q(j ·m) = τR(j) ·m = 0.

Therefore JRM ⊂ L. As M ∼= OK ⊗Z R as OK ⊗Z R-modules, the comments
preceding the lemma show that JRM and M/JRM are each free R-modules of
rank one. Now consider the exact sequence

0 −→ L/JRM −→M/JRM −→M/L −→ 0.

If we fix isomorphisms of R-modules M/JRM ∼= R and M/L ∼= R then the map
M/JRM −→ M/L is multiplication by some r ∈ R. The surjectivity of this map
implies that r ∈ R×, and so the map is also injective. Therefore L/JRM = 0. �

Exercise 3.7.2. Suppose that S −→ R is a surjection in ART . Suppose that M is a
free OK ⊗Z R-module of rank one and M̃ is an OK ⊗Z S-module which is free over
S and satisfies

M̃ ⊗S R ∼= M

as OK ⊗Z R-modules. Then M̃ is free of rank one over OK ⊗Z S.

Let Pss be the supersingular display over Falg
p of Example 3.5.5. In all that

follows κss : OK −→ End(Pss) will denote an action such that the induced action
of OK on Lie(Pss) is through i : OK −→ Falg

p . The action κss makes the crystal
Pss(Falg

p ) into an OK-module.

Exercise 3.7.3. With (Pss, κss) as above, show that the crystal Pss(Falg
p ) is free of

rank one over OK ⊗Z Falg
p .

Proposition 3.7.4. For any object R of ART there is a unique deformation of
(Pss, κss) to R.

Proof. Set Rk = R/mk
R. The natural surjection Rk+1 −→ Rk has kernel

a = mk
R/m

k+1
R .

As a2 = 0, Example 3.6.5 shows that Rk+1 −→ Rk is a PD-thickening. Set

(P0, κ0) = (Pss, κss).
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Let us first try to lift the CM display (P0, κ0) over R0 to a CM display (P1, κ1)
over R1. By Exercise 3.7.3 the crystal P0(R0) is free of rank one over OK ⊗Z Falg

p ,
and by Lemma 3.7.1 the Hodge filtration of P0(R0) is

JR0P0(R0) ⊂ P0(R0).

The action κ0 of OK on P0 induces an action on the crystal P0(R1) (this is part of
Theorem 3.6.10), and we must find all OK-stable lifts of the Hodge filtration

L //

��

P0(R1)

��
JR0P0(R0) // P0(R0).

By Exercise 3.7.2 the crystal P0(R1) is free of rank one over OK ⊗Z R1, and again
applying Lemma 3.7.1 shows that the only choice for L is

L = JR1P0(R1).

We have now shown that (P0, κ0) admits a unique deformation (P1, κ1) to R1, and
furthermore

P1(R1) ∼= P1/IR1P1
∼= P0(R1)

is free of rank one over OK ⊗Z R1. Now repeat the argument to show that (P1, κ1)
admits a unique deformation to R2, and so on. As mk

R = 0 for k � 0, we eventually
find that (P0, κ0) admits a unique deformation to Rk = R. �

Corollary 3.7.5. Let R be an object of ART . If (E, κ) is a supersingular CM
elliptic curve over Falg

p then there is a unique deformation of (E, κ) to R.

Proof. Let P = P (Ep∞) be the display associated to Ep∞ and let κ be the action of
OK on P induced by the action of OK on E. After fixing an isomorphism P ∼= Pss

(which is possible by Exercise 3.4.10) the action κ : OK −→ End(P ) corresponds to
an action κss : OK −→ End(Pss). By (15) there is a bijection between deformations
of (E, κ) and deformations of (Pss, κss), and so the preceding proposition shows
that (E, κ) admits a unique deformation to R. �

Corollary 3.7.6. Fix a place v of Kalg above p. Reduction modulo v defines a
bijection between the set of all CM elliptic curves over Kalg and the set of all CM
elliptic curves over Falg

p .

Proof. Let Cp be the metric completion of an algebraic closure of Qp and fix a
continuous ring embedding W −→ Cp. Given a CM elliptic curve (E, κ) over Falg

p ,
for every quotient W/mk of W we have proved that there is a unique deformation
of (E, κ) to W/mk. We deduce from the discussion following [1, Theorem 3.4] that
there is a unique deformation (Ẽ, κ̃) of (E, κ) toW. From this it follows easily that
(E, κ) has a unique deformation to Cp. By the theory of complex multiplication
(as in [30]) a CM elliptic curve over a field of characteristic zero has a model over
an algebraic extension of Q, and so once we fix an embedding Kalg −→ Cp we find
that this unique deformation is defined over Kalg. �

Corollary 3.7.7. The action of Pic(OK) on the set of all CM elliptic curves over
Falg

p is simply transitive.

Proof. Combine Corollary 3.7.6 with Exercise 2.1.1. �
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3.8. The unramified calculation. Assume that p is inert in K and fix a uni-
formizer π ∈ Zp. Recall that the supersingular display Pss over Falg

p has endomor-
phism ring

End(Pss) ∼=
{(

a πb
bF aF

)
: a, b ∈ Zp2

}
.

Define an action κss : OK,p −→ End(Pss) by

κss(x) =
(
i(x)

i(x)

)
.

Exercise 3.8.1. Suppose that (E, κ) is a supersingular CM elliptic curve over Falg
p

and abbreviate P for the display P (Ep∞). There is an isomorphism of CM displays

(P, κ) ∼= (Pss, κss).

Hint: by the Noether-Skolem theorem any two embeddings Kp −→ End(Pss)⊗Zp
Qp

are conjugate.

Let m = pW be the maximal ideal of W.

Proposition 3.8.2. Let (P̃ss, κ̃ss) be the unique deformation of (Pss, κss) to R =
W/mk. A nonzero endomorphism

j =
(

πb
bF

)
of Pss lifts to an endomorphism of P̃ss if and only if

k ≤ ordp(bbF ) + 2
2

.

Proof. Recall that W = W, as we assume that p is inert in K. By Example 3.6.6
the map R −→ Falg

p is a PD-thickening. Applying [33, Proposition 51] to the trivial
PD-thickening Falg

p −→ Falg
p gives a canonical isomorphism

lim←−Pss(W/piW ) ∼= Pss.

Applying ⊗WR to both sides provides a canonical isomorphism of W -modules

Pss(R) ∼= Pss ⊗W R.

In particular

(23) Pss(R) ∼= Pss/p
kPss.

Under this isomorphism the R-module endomorphism

jR : Pss(R) −→ Pss(R)

corresponds to the reduction modulo pk of j

j : Pss/p
kPss −→ Pss/p

kPss.

Recalling that Q = 〈pe1, e2〉 ⊂ P , it is clear that the Hodge filtration Q/pPss ⊂
Pss/pPss is generated by e2. Thus there is an obvious lift of the Hodge filtration

〈e2〉 //

��

Pss(R)

��
〈e2〉 // Pss(Falg

p ).
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From our explicit choice of κss it is clear that the action of OK on Pss stabilizes the
line We2, and so the isomorphism (23) shows that the action ofOK on Pss(W/pkW )
stabilizes the the submodule 〈e2〉 ⊂ Pss(W/pkW ). In other words we have iden-
tified the (unique) OK-stable lift of the Hodge filtration which corresponds to the
deformation (P̃ss, κ̃ss): it is simply the submodule 〈e2〉 ⊂ Pss(W/pkW ). Thus the
following are equivalent:

(a) j lifts to an endomorphism of (P̃ss, κ̃ss)
(b) j preserves the Hodge filtration of Pss(W/pkW)
(c) the action of j on Pss/p

kPss preserves the W -span of e2.
This last condition is equivalent to the conditions

j(e2) ∈We2 + pkPss ⇐⇒ pbe1 ∈We2 + pkPss

⇐⇒ pbe1 ∈ pkPss

⇐⇒ ordp(bbF ) ≥ 2k − 2.

�

Proposition 3.8.3. Suppose we have a triple (E, κ, j) ∈ Zm(Falg
p ) and set

k =
ordp(m) + 1

2
.

The triple (E, κ, j) deforms to W/mk but not to W/mk+1.

Proof. Let (P, κ) be the CM display over Falg
p corresponding to (Ep∞ , κ), and fix

an isomorphism (P, κ) ∼= (Pss, κss). The endomorphism j corresponds to an endo-
morphism

j =
(
a pb
bF aF

)
of Pss, and the condition that j be a special endomorphism of (E, κ) is equivalent
to the condition a = 0. In particular

m = j ◦ j = pbbF .

Thus

k =
ordp(m) + 1

2
=

ordp(bbF ) + 2
2

and by Proposition 3.8.2 the triple (Pss, κss, j) deforms toW/mk but not toW/mk+1.
By (16) the same is true of (E, κ, j). �

3.9. The ramified calculation. Assume that p is ramified in K and that p 6= 2.
In this case we may choose a uniformizer $ ∈ OK,p satisfying $ = −$. Set π = $2

so that π is a uniformizer of Zp. As the norm map Z×p2 −→ Z×p is surjective there is
a u ∈ Z×p2 such that

$2 = π = p · uuF .
Recall that the supersingular display Pss over Falg

p has endomorphism ring

End(Pss) ∼=
{(

a πb
bF aF

)
: a, b ∈ Zp2

}
.

There is a unique action κss : OK −→ End(Pss) with the property

κss($) =
(

π
1

)
.
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Exercise 3.9.1. Suppose that (E, κ) is a supersingular CM elliptic curve over Falg
p

and abbreviate P for the display P (Ep∞). There is an isomorphism of CM displays

(P, κ) ∼= (Pss, κss).

Let m = i($)W be the maximal ideal of W.

Exercise 3.9.2. Show that for any object R of ART the ideal JR ⊂ OK ⊗Z R is
generated as an R-module by $ ⊗ 1− 1⊗ i($).

Proposition 3.9.3. Let (P̃ss, κ̃ss) be the unique deformation of (Pss, κss) to R =
W/mk. If a, b ∈ Zp2 satisfy aF = −a and bF = −b then the endomorphism

j =
(
a πb
bF aF

)
of Pss lifts to an endomorphism of P̃ss if and only if

k ≤ ordp(a2 − b2π) + 1.

Proof. The map R −→ Falg
p is a PD-thickening by Example 3.6.7. As in Proposition

3.8.2 there is an canonical isomorphism

Pss(R) ∼= Pss ⊗W R

under which isomorphism the R-module endomorphism

jR : Pss(R) −→ Pss(R)

is determined by
jR(x⊗ r) = j(x)⊗ r.

The crystal Pss(R) is generated as an R-module by {e1 ⊗ 1, e2 ⊗ 1}. Using the
relation

κss($) · (e1 ⊗ 1) = (κ($)e1)⊗ 1 = e2 ⊗ 1
we see that e1 ⊗ 1 generates Pss(R) as an OK ⊗Z R-module. As in the proof
Proposition 3.7.4, it follows from Exercise 3.7.2, Exercise 3.7.3, and Lemma 3.7.1
that the unique OK-stable lift of the Hodge filtration

JFalg
p
·Pss(Falg

p ) ⊂ Pss(Falg
p )

to Pss(R) is
JR ·Pss(R) ⊂ Pss(R).

It follows from Exercise 3.9.2 that JR ·Pss(R) is generated as an R-module by

($ ⊗ 1− 1⊗ i($)) · (e1 ⊗ 1) = e2 ⊗ 1− e1 ⊗ i($).

This suggests that we dfine a new R-module basis of Pss(R)

f1 = e1 ⊗ 1
f2 = e2 ⊗ 1− e1 ⊗ i($).

The Hodge filtration of the unique deformation of (Pss, κss) to R is then

(24) Rf2 ⊂ Rf1 ⊕Rf2.

With respect to the basis {f1, f2} the endomorphism jR is given by the matrix

jR =
(
a− bi($) πb− ai($)
−b −a+ bi($)

)
,
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and in order that jR preserve the Hodge filtration (24) we must have

πb− ai($) = 0

as elements of R. In other words j lifts to an endomorphism of (P̃ss, κ̃ss) if and only
if

πb− ai($) ∈ ker(W −→ R) = i($k)W.

This condition is equivalent to

a− bi($) ∈ i($k−1)W ⇐⇒ a2 − b2π ∈ pk−1W

⇐⇒ k ≤ ordp(a2 − b2π) + 1.

�

Proposition 3.9.4. Suppose we have a triple (E, κ, j) ∈ Zm(Falg
p ) and set

k = ordp(m) + 1.

The triple (E, κ, j) deforms to W/mk but not to W/mk+1.

Proof. Let (P, κ) be the CM display over Falg
p corresponding to (Ep∞ , κ) and fix

(see Exercise 3.9.1) an isomorphism (P, κ) ∼= (Pss, κss). The endomorphism j cor-
responds to an endomorphism

j =
(
a pb
bF aF

)
of Pss, and the condition that j be a special endomorphism of (E, κ) is equivalent
to the condition

aF = −a bF = −b.
In particular

m = j ◦ j = πb2 − a2

and so
k = ordp(m) + 1 = ordp(a2 − πb2) + 1.

By Proposition 3.9.3 the triple (Pss, κss, j) deforms to W/mk but not to W/mk+1.
By (16) the same is true of (E, κ, j). �

3.10. Lengths of local rings. As in earlier subsections let p be prime which is
nonsplit in K, let p be the prime of K above p, and fix m ∈ Z+.

Theorem 3.10.1. Assume that either p is inert in K, or that p is odd and ramified
in K. Let m ⊂ W be the maximal ideal and set

k = ep ·
ordp(m) + 1

2
.

For any object R of ART and any (E, κ, j) ∈ Zm(Falg
p ) there is a canonical bijection

{deformations of (E, κ, j) to R} ∼= HomW(W/mk, R).

Proof. Corollary 3.7.5 implies that for every object R of ART there is a canonical
bijection

{deformations of (E, κ) to R} ∼= HomW(W, R)
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(as both sides consist of a single point!). In other words the deformation functor is
pro-represented byW. It follows from [25, Proposition 2.9] imposing additional en-
domorphism data in the deformation problem has the effect of passing to a quotient
of the pro-representing object. That is to say,

{deformations of (E, κ, j) to R} ∼= HomW(W/I,R)

for some ideal I ⊂ W. This ideal is the smallest ideal for which the triple (E, κ, j)
deforms to W/I, and Propositions 3.8.3 and 3.9.4 tell us that I = mk. Indeed, if
we take R = W/mk in the above bijection then the existence of a deformation of
(E, κ, j) to W/mk proves the existence of a W-algebra map W/I −→ W/mk. Thus
I ⊂ mk. On the other hand if we take R =W/mk+1 in the above bijection then the
facto that (E, κ, j) does not deform to R implies that there is no W-algebra map
W/I −→W/mk+1. Thus I 6⊂ mk+1, and we have proved I = mk. �

Theorem 3.10.2 (Gross). Assume that either p is inert in K, or that p is odd and
ramified in K. For every z ∈ Zm(Falg

p ) the local ring OZm,z is Artinian of length

length(OZm,z) = ep ·
ordp(m) + 1

2
.

Proof. By combining (13) with Theorem 3.10.1 we see that for every object R of
ART there is a bijection

HomW(ÔZm,z, R) ∼= HomW(W/mk, R).

Taking R =W/mk yields an isomorphism ÔZm,z
∼=W/mk which shows that ÔZm,z

is Artinian of length k. Using the flatness of the morphism Zm −→ Zm it follows
that ÔZm,z is also Artinian of length k. �
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