SINGULAR MODULI REFINED

BENJAMIN HOWARD AND TONGHAI YANG

1. INTRODUCTION

Let K7 and K5 be nonisomorphic quadratic imaginary fields with discriminants
dy and do, respectively, and set K = Q(v/di,v/da). Let F be the real quadratic
subfield of K, set D = disc(F'), and let ® C Op be the different of F//Q. Let z — T
denote complex conjugation on K and set w; = |(9]X(l |. Let x be the quadratic Hecke
character of F' associated to K, and let o; and o2 be the two real embeddings of
F'. Throughout the introduction we assume that ged(dy, d2) = 1. In particular this
implies that K/F is unramified.

Almost one hundred years ago, to construct a holomorphic modular form of
(parallel) weight 1 for SL2(Op), Hecke constructed the following famous Eisenstein
series

E*(ri,m0,5) = D& <7r‘5321“ (S;2)>2 > x(@)N(a)'**

[a]eCL(F)

3 (v1v2)2
(0.0)(mmy€a JOX (m(r1,72) + n)|m(r1, 72) + n
Here CL(F) is the ideal class group of F', [a] denotes the class of the fractional ideal
a, and
m(m,72) +n = (o1(m)m + o1(n))(o2(m)12 + 02(n)).

Hecke showed that this sum, convergent for Re(s) > 0, has meromorphic contin-
uation to all s and defines a (non-holomorphic) Hilbert modular form of weight 1
for SL2(Op) which is holomorphic at s = 0. The value E*(my,72,0) at s = 0 is
a holomorphic Hilbert modular form of weight 1 (Hecke’s trick). He further com-
puted the Fourier expansion of this holomorphic modular form. Unfortunately, he
missed a sign in the calculation, and it turns out that E*(71,72,0) = 0 identically.
In the early 1980’s, Gross and Zagier took advantage of this fact to compute its
central derivative at s = 0, and found that the Fourier coefficients of the diagonal
restriction to the upper half plane are very closely related to the factorization of
singular moduli ([3]). Their result can be rephrased (see [19, Section 3] or Corollary
1.5 below for more details) in terms of arithmetic intersections as follows: if £ is
the moduli stack of elliptic curves over Z-schemes then the m-th Fourier coefficient
of E*'(1,7,0) is the arithmetic intersection on £ x £ of the m-th Hecke correspon-
dence with the codimension two cycle of points representing pairs (E1, Es) of elliptic
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curves with complex multiplication by Ok, and Og,, respectively. One naturally
asks, for a € F’ what is the arithmetic meaning of the a-th Fourier coefficient of the
central derivative E*/(1, 79, 0) itself, before one restricts to the diagonal 7 = 7?
In another word, is there an arithmetic Siegel-Weil formula ([8], [9]) for this Hecke
FEisenstein series? The purpose of this paper is to answer this question positively.

Let X be the algebraic stack over Z representing the functor which assigns to
every scheme S the category X (S) of pairs (Ei,E3) in which each E; = (E;, ;)
consists of an elliptic curve F; over S and an action k; : Ok, — End(E;). For
(El,Eg) S X(S) let

L(El7 Eg) = HOIH(El, EQ)

be the Z-module of homomorphisms from E; to Es, equipped with the quadratic
form deg. Let [, ] be the bilinear form associated to deg. The maximal order

Ok = Ok, @z Ok,
acts on L(Eq,E3) by
(t1 @ t2) @ ¢ = ka(ta) 0 pory(ty)
(t; € Ok,) making L(E1, Es) into an Og-module. The action satisfies

[t ® 1, 2] = [p1,T @ 3]
for all t € Ok, and it follows that if we view L(E;, E5) as an Op-module then there
is a unique Op-bilinear form
[, Jom : L(E1, Ey) x L(E;, Ey) — ©7!
satisfying [¢1,¢2] = Trpglér, doJem. If degeyy is the Op-quadratic form on
L(E;, E5) corresponding to [, |om then

deg(¢) = Trr/q degom(9)-
For any a € F'* let X, be the algebraic stack representing the functor which assigns
to a scheme S the category X, (S) of triples (Eq, Eg, j) in which (E;,E3) € X(5)
and ¢ € L(Eq,Es) with degay(¢) = a. Tt is clear that X, is empty unless « is
totally postive.
For o € F” totally positive define the Arakelov degree

deg(Xo) =D log(p) > ey’ -length(OF ,)
v el Xo (F35)]

where [X,(S5)] is the set of isomorphism classes of objects in the category X, (S),
(’)ﬁ?mm is the strictly Henselian local ring of X, at x, and e, is the order of the au-
tomorphism group of the triple (E;, Eq, ¢) corresponding to x. Define Diff(v/D, )
to be the set of finite primes p of F' satisfying

Xp(a\/ﬁ) = -1

If b is a fractional Op-ideal we define p(b) to be the number of ideals B C Ok
satisfying N p(9B) = b. If £ is a rational prime we define p,(b) to be the number
of ideals B C Of ¢ satisfying Nk, r,(B) = by. Thus

(L1) p(6) = [ pe(®):
l

For the proof of the following theorem see Section 2.7.
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Theorem 1.1. If o € D' is totally positive and Diff(v/D, o) = {p}, then X, has
dimension zero, is supported in characteristic p = Z N p, and satisfies

1
deg(X,) = 3 -log(p) - ord, (ap®) - p(aDp ).
Otherwise, one has X, = 0.

The functional equation forces E*(71,72,0) = 0, and the central derivative has
a Fourier expansion

E*(r1,72,0) = Y aa(v1,v2)q"
ac® 1

where v; = Im(7;), e(z) = 2™ and ¢* = e(o1 ()1 + 02(a)72).
Theorem 1.2. Suppose that o € F is totally positive. If o € ' and Diff(vVD, a) =
{p}, then an = an(v1,v2) is independent of v;, and

o =2 - ordy (ap®)p(aDp ) log p,
where p is the rational prime below p. Otherwise, one has aq = 0.

Theorem 1.2 is stated in a different form in [3], but without proof. We will give

a sketch of the proof in Section 3 (Theorem 3.5). Combining the above theorems
we obtain the following.

Theorem 1.3. Assume « € F is totally positive. Then X, is a stack of dimension
zero and

4 - deg(X,) = aq
where a,, is the a-th Fourier coefficient of E*'(11,72,0).

In Section 3 we give a slightly different and more conceptional proof of Theorem
1.3, which we now outline. Assume that a € F' is totally positive. In Section 2 we
use Gross’s work on canonical liftings of supersingular elliptic curves [2] to study
the local rings Oi?a,x' These results are summarized in Theorem 3.8, and include
the following theorem.

Theorem 1.4. Fiz a prime p and suppose x € Xo(F3'8). Then Diff(vV'D, a) consists
of a single prime p of F', which lies above p. Moreover

1
length((’)i?ml) = §0rdp (aDp).
In particular, the length of the strictly Henselian local ring is independent of x.

By this theorem, one sees that when X,, is not empty Diff(v/D, a) = {p} consists
of a unique prime, and X, is supported at the rational prime p below p. Moreover,
the theorem implies

! 1
1.2) d X,) = =1 .ord I
(1.2)  deg(Xa) 9 ogp - ord, (a®Dp) Z . Z [Aut(Ey, Eo, )]
(E1,E2)€[X (FA8)] $EL(E1,E2)
degcy(¢)=a

We can view the Hecke Eisenstein series as a special case of an incoherent Eisenstein
in the sense of Kudla [7]. When Diff(v/D, a) = {p}, one can also write a, as (see
Lemma 3.11)

o = Ao (P)ba(p)
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where a,(p) is essentially the central derivative of the local Whittaker function
at p, and b, (p) is the a-coefficient of a coherent Eisenstein series. Now explicit
calculation gives

1
aq(p) = 3 log p - ord, (a®p).

On the other hand, the double sum in (1.2) counts the number of ways to represent
« by lattices in the genus of L(E;, Es) in V(E;, Es). By the Siegel-Weil formula, it
is equal to iba(p). This proves Theorem 1.3. In our case, both the double sum and
1ba(p) are easy to compute directly and are equal to p(a®p~!), thus the explicit
formulae in Theorems 1.1 and 1.2 .

By Theorem 1.3, one sees that the generating function

o) = 3 deg(Xa)-q°
ac® !
a>0
is the holomorphic part of a (non)-holomorphic Hilbert modular form of weight 1
for SLy(OF), namely E*’(71,72,0). One can also view the theorem as an arithmetic
Siegel-Weil formula in the sense of [8] and [9]—giving an arithmetic interpretation
of the central derivative of the incoherent Eisenstein series.

We now explain in what sense Theorems 1.1 and 1.3 are refinements of the earlier
work of Gross and Zagier on singular moduli. For a positive integer m let 7,,, be the
algebraic stack representing the functor which assigns to a scheme S the category
of all triples (E1,Eq, ¢) where (E1,E2) € X(S) and ¢ € Hom(FE1, Es) satisfies
deg(¢) = m. Directly from the moduli problems we have

Tn= || A
ackF
Trp/g(a)=m
Combining this decomposition with the formula for deg(X,) of Theorem 1.1 one
finds (see Corollary 2.45) a formula for deg(7;,). This formula is precisely the main
result of [3]:

Corollary 1.5 (Gross-Zagier). For any positive integer m we have

deg(7,,) = 1 Z Zlongordp(a’Dp)p(a@pfl)

2
ac®™t P plp
Trp/ga=m

a>0
where the middle summation is over those rational primes p which are nonsplit in
both K1 and K. Furthermore, deg(7y,) is equal to the m-Fourier coefficient of
1 o,/
7 E7'(1,7,0).

This work grew out of the authors’ attempts to understand Gross and Zagier’s
work on singular moduli from the perspective of Kudla’s program [7, 8, 9] to relate
arithmetic intersection multiplicities on Shimura varieties of orthogonal and unitary
type to the Fourier coefficients of derivatives of Eisenstein series. On the occasion
of his sixtieth birthday the authors wish to express to Steve Kudla both their
deepest appreciation for his beautiful mathematics, and their deepest gratitude for
his influence on their own lives and work.
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2. MODULI SPACES OF CM ELLIPTIC CURVES

Throughout Section 2 we keep the notation of the introduction, but allow the
possibility that ged(dq,d2) > 1. For any sets Y C X the characteristic function of
Y is denoted 1y.

2.1. CM pairs. Let S be a scheme and R an order in a quadratic imaginary field.
An elliptic curve over S with complex multiplication by R is a pair E = (E, k) in
which E — S is an elliptic curve and x : R — End(E) is an action of R on E.

Definition 2.1. A CM pair over a scheme S is a pair (Eq,Ez) in which E; and
E, are elliptic curves over .S with complex multiplication by Ok, and Og,, respec-
tively. An isomorphism between CM pairs (E}, E}) — (Eq, Es) is a pair (f1, f2) of
isomorphisms of underlying elliptic curves

f12E1—>E1 fg:Eé—>E2
which are Ok, and Ok, linear, respectively.

To understand the moduli space of CM pairs over schemes we use the language
of stacks and groupoids as in [14]. Given a CM pair (E;, E2) over a scheme S
and a morphism of schemes T" — S there is an evident notion of the pullback CM
pair (E1,Ez)/p. Let &' be the category whose objects are CM pairs over schemes.
In the category X an arrow (E{,E}) — (E;,E2) between CM pairs defined over
schemes T and S, respectively, is a morphism of schemes T'— S together with an
isomorphism (in the sense of Definition 2.1) of CM pairs over T

(EllvE/Z) = (ElvEZ)/T~

Thus X is a category fibered in groupoids over the category of schemes. For a
scheme S the fiber X'(5) is the category of CM pairs over schemes, and arrows in
this category are isomorphisms in the sense of Definition 2.1.

Definition 2.2. Suppose k is a field of characteristic p > 0. A CM pair (Eq,E5) €
X (k) is supersingular if the p-divisible groups of the underlying elliptic curves F4
and F are connected. In other words, the underlying elliptic curves F; and Fs are
supersingular in the usual sense.

Suppose S is a scheme. For every CM pair (Eq,Eg) € X(S) we abbreviate
L(I’El7 EQ) = HOII’I(El, EQ)

(where the Hom means homomorphisms between elliptic curves over S in the usual
sense) and

V(E1,E) = L(Ey, Ep) @2 Q.
Assuming that S is connected the Z-module L(E;, Es) is equipped with the positive
definite quadratic form deg(¢), and we denote by

[P1,¢2] = deg(d1 + ¢2) — deg(¢1) — deg(¢2)

= ¢ opa+ ¢y oy
the associated bilinear form. The Q-algebra K = K; ®g K> acts on the Q-vector
space V(E1, Es) by

(2.1) (71 @ x2) @ ¢ = Ka(22) 0 0 K1 (T0).
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By a K-Hermitian form on V(E;, Es) we mean a function
<-, > : V(E1,E2) X V(El,Eg) — K

which is K-linear in the first variable and satisfies {(¢1, ¢2) = (P2, d1).

Proposition 2.3.
(1) There is a unique F-bilinear form [¢1, dpalom on V(Eq1, Eq) which satisfies

[p1, p2] = Tri/q [P1, P2]om
(2) The F-quadratic form

: [(bv ¢]CM

N

degen () =
is the unique F-quadratic form on V(E1, Es) which satisfies

deg(¢) = Trp/q degon ().

(3) There is a unique K-Hermitian form (¢1,d2)cm on V(E1, Eg) which sat-
isfies

(61, P2]em = Trg/p (B1, P2)om-

Proof. Suppose ¢1, ¢ € V(Eq,Es). If 2 = 21 ® x5 € K is nonzero then as elements
of End(E;) we have

[xop1,02] = rKi(z1) ' olr e, po]oki(z1)
By 0 Ka(T2) 0 P 0 K1 (x1) + K1(T1) 0 Py 0 Ka(w2) 0 Py

= [¢1,Te s

Thus for all z € K we have [z  ¢1, 2] = [¢p1,T @ ¢2]. All of the claims now follow
from this property and some elementary linear algebra; in particular from the fact
that if M/L is a finite extension of fields then for any finite dimensional M-vector
space V' the trace Trys,, induces an isomorphism Homy;(V, M) — Homz(V,L). O

Thus the complex multiplication structure on E; and E; endows the set V(E;, Es)
not only with a K-action, but with an F-quadratic form degqy; which refines the
usual notion of degree. For every m € Q define 7, to be the category, fibered
in groupoids over schemes, of triples (Ei,Es, ¢) in which (Eq,E5) is a CM pair
over a scheme S and ¢ € L(Eq, Ey) satisfies deg(¢) = m on every connected com-
ponent of S. Similarly for every a € I define X, to be the category of triples
(E1, Eg, ¢) in which (E;, Eg) is a CM pair over a scheme and ¢ € L(Eq, E3) satis-
fies degepi(¢) = @ on every connected component of S. The categories X, 7,,,, and
X, are algebraic (Deligne-Mumford) stacks, in the sense of [14], of finite type over
Spec(Z) (briefly, one knows that the category & of elliptic curves over schemes is
an algebraic stack of finite type over Spec(Z), and the relative representability of
each of X, 7, and X, over £ xz £ is proved using the methods and results of [5,
Chapter 6]). For every m € Q there is a decomposition

(2.2) T, = |_| X,.

acF
Trp/g(a)=m
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Remark 2.4. For the moment let us write X(dy,ds) (respectively X, (dy,ds) ) in-
stead of X (respectively X,) to emphasize the dependence of X and X, on the
quadratic imaginary fields K; and K. Similarly write Fy, 4, instead of F. It
is clear that the functor (E;,Es) +— (E2,E;) defines an isomorphism of stacks
X(dy,d2) — X(dg,dy). If we identify K1 Qg Ko =2 Ky ®g K7 using z @y — y @z
then we may identify Fy, 4, = F = Fgy,g4,, and for any o € F the functor
(E1, Ez, ¢) — (Eg, E1, ¢") defines an isomorphism of stacks

Xo(dy,dy) = Xo(da, dy).
In this sense the stacks X and X, are each symmetric in d; and ds.

If S is a scheme and C is any one of X, 7,,, or X, then [C(S)] denotes the set of
isomorphism classes of objects in the category C(5).

2.2. The support of X,. Given a € F'* define a nondegenerate Q-quadratic form
Qo on K by
Qa(r) = Trp/g(aaT).

For each place ¢ < oo of Q let hassey(-) be the Hasse invariant on Q-quadratic
spaces and let (-,)y be the usual Hilbert symbol at ¢. Define the local invariant
invg(a) = £1 by

invg(a) = hassey(Kp, Qo) - (=1, —1),
the modified local invariant of «

PV inve(a) if £ < o0
invg(e) = { —invy(a) if £ = oo,

and a finite set of places of Q
Sppt(a) = {¢ < oo | invy (o) = —1}.

Note that the product formula [[,. inve(a) = 1 implies that Sppt(a) has odd
cardinality. a

Lemma 2.5. Suppose that k is an algebraically closed field of nonzero characteris-
tic. If (Eq1,E9) € X (k) is supersingular then for some totally positive § € F* there
is an isomorphism of F-quadratic spaces

(V(E1, E2),degy) = (K, 8- NmK/F)-

Proof. Set p = char(k). As all supersingular elliptic curves over k, and all of
their endomorphisms, are defined over leg, we may assume that k& = F;lg. Let
H = End(E;)®zQ so that H is a quaternion division algebra over Q of discriminant
p. Fix also an isogeny f : By — F. Then ¢ +— f~!o ¢ o f defines an isomorphism
of Q-algebras

End(E>;)®zQ — H

and ¢ — f o ¢ defines an isomorphism of Q-vector spaces
H — V(El, Ez)

In particular V(E;, E5) has dimension 4. Suppose first that d; # ds so that K is
a field. Then the dimension of V(E1,Es) as a K-vector space is 1, and any iso-
morphism of K-vector spaces V(Eq, E2) & K identifies the Hermitian form (-, -)om
on V(Eq,Ez2) with a Hermitian form on K. All such Hermitian forms have the
form (x,y) = Bay for some § € F. As our isomorphism identifies the Q-quadratic
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form Q(z) = Trg/o(B27) on K with the positive definite quadratic form deg on
V(E;, Es), it follows easily that 3 is totally positive.

Now suppose that d; = dy so that FF =2 Q x Q and K = K; x Ky. Fix an
isomorphism K7 = Ky, and call this common field K. Using the fact that any
two embeddings of Ky into H are conjugate (by the Noether-Skolem theorem),
we may adjust the isogeny f in order to assume that f is Ky-linear. Under the
identifications chosen above the embeddings

kit Ko — End(E;) @2, Q=2 H
are equal and action of the orthogonal idempotents in FF = QxQ on V(E;,Es) &2 H
induces a splitting H = HT @ H~ in which H™" is the image of K and
H™ ={be H |Vz € Ky b = bz}.
Each of H* is a one-dimensional Ky-vector space, and it follows that V (E;, Ey) is
free of rank one over K = Ky ®q Ko = Ky x K(. After fixing an isomorphism of

K-modules V(E;,Es) = K, the remainder of the proof is identical to the case of
dy # ds. O

Proposition 2.6. If k is an algebraically closed field of characteristic p > 0, « €
F*, and (E1,Eq, ¢) € X4(k) then

(1) p> 0 and the CM pair (E1,E2) is supersingular,

(2) p is nonsplit in both K1 and K,

(3) there are isomorphisms of quadratic spaces over Q

(K,Qu) = (V(E1,Es),deg) = (H,Nm)

where H is the rational quaternion algebra over Q of discriminant p and
Nm is the reduced norm on H,

(4) Sppt(a) = {p}.
Proof. Suppose that p = 0. As ¢ : E; — E5 is a nonzero isogeny, ki1, ka, and ¢
determine isomorphisms

(2.3) K; 2 End(E;) @2 Q 2 End(F2) ®z Q = K,
which force di = dy. Furthermore there are isomorphisms of Q-vector spaces
End(El) Rz Q = V(Ela E2) = End(EQ) Qz Q7

and so V(Eq, Ey) is 2-dimensional. As K = K; ®g Ko = K; X K3 one of the two
orthogonal idempotents in F' = Q x Q must annihilate V(Eq, E3). Assuming for
simplicity that it is (0, 1) which annihilates V (E;, E3), the F-quadratic form degqy
is simply (deg,0). Of course this contradicts degop(¢) = @ € F*. Thus k has
characteristic p > 0. The existence of the isogeny ¢ implies that the elliptic curves
F4 and Es are either both supersingular of both ordinary. If they are both ordinary
then again (2.3) holds and repeating the above argument gives a contradiction.
Thus (E1, E) is supersingular. In particular

End(E;) ®7 Q = H = End(E»2) ®z Q.

As k; gives an embedding of K; into H, it follows immediately that p is nonsplit in
K;.
By Lemma 2.5 there is an isomorphism of F-quadratic spaces

(V(E1, E2), degcy) = (K, 8- Nmgyr)
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for some B € F* which is determined precisely up to multiplication by an element
of Nmg,p(K*). By hypothesis the quadratic space on the left represents «, and
so there is v € K such that o = - Nmg,p(u). Thus we have an isomorphism of
F-quadratic spaces
(V(E1, Eg),degoy) = (K, NmK/F)
and so also an isomorphism of Q-quadratic spaces
(V(Ela E2)7 deg) = (K7 Qa)'
Fix an isomorphism of Q-algebras H = End(F;) ®z Q. The function f +— fY o ¢
defines an isomorphism of Q-quadratic spaces
(V(E1,Ez),deg) = (H,b" - Nm)

where b = deg(¢p). As the reduced norm H* — QX is surjective there is an

~

isomorphism of Q-quadratic spaces (H,b- Nm) = (H,Nm). It only remains to
prove that Sppt(a) = {p}. Using the isomorphism (K,Q,) = (H,Nm) already
proved we find

invy(a) = hassey(Hy,Nm) - (=1, —1),.
By direct calculation of the Hasse invariant of (Hy, Nm) it follows that

. ] -1 ifl=p,o0
inv(a) = { 1 otherwise.

In particular invy(a) = —1 if and only if £ = p. This completes the proof. |

Corollary 2.7. Suppose a € F* and that X, is nonempty. Then « is totally
positive.

Proof. Suppose that z € X, (k) for some algebraically closed field k. By Proposition
2.6 k has characteristic p and z is a supersingular point. By Lemma 2.5 there is
a totally positive 3 € I’ and a v € K such that o = 3 - Nmg,p(u). Thus a is
totally positive. Il

Corollary 2.8. Suppose o € F*. If Sppt(a) = {p} for a finite prime p then all
geometric points of X, lie in characteristic p and are supersingular. If |Sppt(a)| > 1
or if Sppt(a) = {oo} then X, = 0.

Proof. This is immediate from Proposition 2.6. a

2.3. Group actions. For i = 1,2 define an algebraic group over Q by T;(A4) =
(K; ®gA)* for any Q-algebra A. Let v; : T; — G, be norm v;(t;) = t;t; and define
T(A) = {(tl,tg) € Tl(A) X TQ(A) | Vl(tl) = Vg(tg)}.

Define an algebraic group S over Q by
S(A)={z€ (K®gA)" | Nmg,p(z) =1}.

There is an evident character v : T — G, defined by the relations v (t;) = v(t) =
va(te) for t = (t1,t2) € T(R) and a homomorphism T' — S defined by
t1 ® 1o

v(t)
Let U C T(Ay) be the compact open subgroup

U =T(Ap) N (OF, x O,)

(2.4) t—
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and let V' C S(Ay) be the image of U under T'(Ay) — S(Ay).

Proposition 2.9. If k is a field of characteristic 0, the ring of adeles A, or the
ring of finite adeles Ay then the sequence

1—=k*—>T(k)— Sk)—1
is exact, where k™ — T(k) is the diagonal inclusion and T(k) — S(k) is (2.4).

Proof. Suppose first that k is a field of characteristic 0. Fix an algebraic closure
k& /k and embeddings of E; and Fy into k2. There is then an isomorphism of
k*8-algebras

E; ©g k¥ = 218 x ale
defined by z; ® 1 — (x;,7;) which we use to identify T;(k*8) = G2,(k*#). The
group T(k*®8) is then identified with
T (k™) 2 {(21,22,51,92) € (G, x G,)(K*®) | 2122 = y12}-
Recalling that K = K; ®g K2 we now identify
K @q k™8 =2 k8 x |8 x k18 x e
using the k*&-isomorphism (z ®y) ® 1 — (xy, 7y, 7, Ty). Under this identification
S(k™€) = {(a1, as, by, b2) € G, (k%) | araz = 1 = b1bs}

and the map T(k*8) — S(k*®8) takes the form

xlxwwl)

(xlaanylva) = ( 5 3 )
Y2 Y1 T2 21

Using these explicit formulae one easily verifies the exactness of
1 — G (k*8) = T(k¥8) — S(k*8) — 1,

and the claim follows by taking Gal(k*#/k) cohomology and applying Hilbert’s
Theorem 90.

If & = A then the proof is essentially the same: first choose a finite Galois
extension M /Q which contains both K; and K5 (e.g. take M = K if dy # ds) and
then, as above, use F; ®q Ay = Aps X Ajpr to prove the exactness of

1—AY, - T(Ay) — S(Au) — 1.

The adelic form of Hilbert’s Theorem 90 [10, Corollary 8.1.3] then proves the ex-
actness of

1 - A" - T(A)— S(A) — 1,
and the exactness for £ = A implies the exactness for £ = Ay. O
Corollary 2.10. The homomorphism T — S defined by (2.4) induces an isomor-
phism
T(QN\T(Ay)/U = S(Q)\S(Ay)/V.

Proof. This is immediate from Proposition 2.9 and the observation A; CT(QU.
O
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Suppose (E1,Es) € X (k) with k an algebraically closed field. Define an action of
S(Q) on V(E1, Eg) by restricting the action (2.1) from K* to the subgroup S(Q).
The group T'(Q) then also acts on V(E1, Eg) via the homomorphism 7" — S defined
above, and this action is given by the simple formula
(2.5) tep=ra(tz) opori(ti)
for t = (t1,t2) € T(Q).

Lemma 2.11. If (E1,E,) € X (F2'8) is supersingular then the above action of S(Q)
on V(Eq1,Es) identifies S(Q) with the special orthogonal group of the F-quadratic

form degoy- The same is true if Q is replaced by Qq, F is replaced by Fy, and
V(E1,E3) is replaced by V(E1,Es) Qg Qp for any prime £.

Proof. By Lemma 2.5 it suffices to show that the special orthogonal group of the
F-quadratic space (K,Nmg,p) is S(Q) = {z € K* | Nmg p(xz) = 1}. This is
well-known; for example [6, Corollary V.6.1.3] implies that every orthogonal trans-
formation of (K, Nmp,p) of determinant 1 is K-linear, so is given by multiplication
by an element of S(Q). O

For i = 1,2 let Pic(Ok;,) be the ideal class group of K; and set
I' = Pic(Ok, ) x Pic(Ok,).
Using the isomorphism Pic(O,) & K \ELX / (/Q\Ié and the canonical injection
TQ\T(45)/U — (K{\BY /O, ) x (KZ\ES /OF,)
we identify T(Q)\T'(Ay)/U with a subgroup I'y C I'. To be explicit, I'¢ is the image
of the injection
(2.6) T(Q\T(As)/U =T

which sends (t1,t2) € T(Af) to the pair of ideal classes ([a;],[az]) defined by
0,0k, = t;0k,. For any scheme S the group I' acts on the set [X(S)] on the
right by Serre’s tensor construction [1, Section 7]

(E1, E2) @ ([a1], [a2]) = (E1 @0y, 01, E2 ®0,, a2).

Remark 2.12. The classical theory of complex multiplication implies that the action
of T' on [X(C)] breaks [X(C)] into a disjoint union of four simply transitive orbits.
The orbits are indexed by the set of all ordered pairs (71, m2) in which

m: Ky —C T K9 — C

are embeddings of fields. The isomorphism class of a CM pair (E1, Eg) € X'(C) lies
in the orbit indexed by (71, m2) if and only if the action of K; on the 1-dimensional
C-vector space Lie(E;) is through m; for both ¢ = 1 and i = 2.

Lemma 2.13. Let k be an algebraically closed field. Every x € [X (k)] has trivial
stabilizer in T' and satisfies

Aut;((k)(x) = le{l X 022

Proof. Suppose we have a pair ([a1,az2]) € I and a CM pair (E1, Eo) defined over
k with the property that

(E1,E2) = (E; ®oy, 01,E2 ®0y, a2).
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In particular there is an isomorphism of Of,-modules
Homo, (Ej, E;) = Homo, (Ei, B; ®0,, &;)
and hence, by [1, Lemma 7.14],
Endo, (F;) = Endo, (E;) ®0y. @i
Both as a ring and as an Of,-module Endo, (F;) = Ok,, and so a; = Ok,

as
an Og,-module. Thus a; is a principal ideal. The isomorphism Auty(z) =
O, x Ok, is clear from Auto, (E;) = Ok . O

Proposition 2.14. If ged(dy,d2) =1 then Ty =T.

Proof. For i = 1,2 fix a fractional Og,-deal a;, set a; = Nmg, /g(a;), and define a
quadratic form on the Q-vector space K;

Qi(x) = a; - Nmp, jo(2).
Let W be the Q-vector space K1 @ K5 endowed with the quadratic form

Q(71,72) = Q1(71) — Qa(72).
The claim is that (W, Q) represents 0, and by the Hasse-Minkowski theorem it
suffices to prove this everywhere locally. As W ®g R has signature (2, 2) it clearly

represents 0. Fix a prime ¢ < oo. The quadratic space W, has discriminant
didy € Q) /(Q))? and Hasse invariant

(a1,d1)e - (az, d2)e - (di, —d2)e - (=1, —1)e.
If dyd; is not a square in Q,° then W represents 0 by [12, Chapter IV.2.2]. Thus
we may assume that d; = da up to a square in Q. As q; is the norm of a fractional
ideal in K;, we may factor a; = u; - b; with b; equal to the norm of some element
in K, and u; € Z, . As we assume that ged(dy, da) = 1, at least one of K7 and Ky
is unramified at £. Thus wu; is either a norm from Kfz or a norm from sz,ea and
so either (ul,dl)g =1or (ul,dg)g = 1. But (ul,dl)g = (ul,dg)g as d1 = d2 up to a
square. Thus we have

(a1,d1)e = (uy,dy)e = 1.

The same argument shows that (as,ds)e = 1, and as (dy, —dz)y = 1 is obvious we
find that the Hasse invariant of Wy is (—1, —1),. Again by [12, Chapter IV.2.2] the
quadratic space W, represents 0. Having proved that the quadratic space (W, Q)
represents 0, we deduce that there is an m € Q* which is represented both by @,
and by Q2. Choosing r; € K, such that Q1(r1) = Q2(r2) we see that the fractional
ideal b; = a;r; lies in the same ideal class as a;, and that

Thus we have proved that every element of I" has the form ([b1], [b2]) with b; and
by satisfying (2.7). Now choose ¢; € K satisfying

tiOk; = 00 ;.
The relation (2.7) implies that there is a u € Z* such that

NmKl/Q(tl) =U- NmK2/@(t2).
The hypothesis ged(dy, ds) = 1 implies that

~ ~

Z* = Nmg, o(Ok,) 'Nsz/@(@ﬁa)'
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Factoring u as the product of the norm of some v; ' € @qu and the norm of some
vy € @IX(Q we may then replace t; by t;v; so that (t1,t2) € T(Af). This proves the
surjectivity of (2.6), and completes the proof that 'y =T". O

2.4. Orbital integrals. Fix a prime p and a supersingular CM pair (E;,E3) €
X (Fglg). For every prime ¢ < oo define

Li(E1,Ey) = L(E{,E2)®z7Z
Vi(E1,Eg) = V(Ei,Ez) ®q Q.

Given an o € F)* the orbital integral O(c, E1, Ez) is defined (using the action
(2.5) of T(Q¢) on V4(Eq, E3)) to be

(28) Og(a,El,Eg) = Z 1L4(E1,E2)(t_1 .¢)
t€QN\T(Qe)/ Uy

if there exists a ¢ € Vy(E1, Eq) satisfying degcy(¢) = a. If no such ¢ exists then
set O¢(a, Eq1, Eg) = 0.

Lemma 2.15. The orbital integral O¢(a, E1, Eq) is independent of the choice of ¢
used in its definition. Furthermore if (B}, Ef) € [X(F4'¢)] lies in the same To-orbit
as (E1,Es) then

(2.9) O(a, E1, Ep) = Of(avE/lvE/Q)'

Proof. Combining Lemma 2.11 with the surjectivity (Proposition 2.9) of T'(Q,) —
S(Qg) shows that the group T'(Qy) acts transitively on the set of all ¢ € V;(Eq1, Eg)
for which degcy(¢) = @. The independence of the orbital integral on the choice of ¢
is an immediate consequence of this. For the second claim, fix at = (¢1,t2) € T(Ay).

Set a;, = tié\Ki and
(EllvEIQ) = (El ®0K1 ar, Eg ®0K2 Clg).

There is a K;-linear quasi-isogeny f; € Hom(E;, E}) ®z Q defined by fi(z) =2z ®1
The degree of f; is NmKi/Q(ai)’l, and in particular

(2.10) deg(f1) = deg(/f2).

The isomorphism

(2.11) Vi(E1, Ez) = Vi (EY, E)

defined by ¢ +— fo o po fi ' identifies Ly(E;, EY) with the Z-lattice
te Ly(Eq,Ep) = {ra(ta) o poki(ty) ™ | ¢ € Ly(E1, Ep)}

in V3(E1,Es) (the action e is that of (2.5)). Moreover the isomorphism (2.11)
is Ky-linear and respects the Fy-quadratic form degqy; on source and target (the
isomorphism respects the quadratic form deg by (2.10), and the therefore respects
degey by the uniqueness part of Proposition 2.3) If there is no ¢ € Ly(E;, Eg) such
that degcy(¢) = o then the isomorphism (2.11) implies that both sides of (2.9)
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are 0. If there is such a ¢ then

O¢(a, B, E)) = Z 1o, 5y (s 0 9)
s€Q;\T(Q¢)/Ue
= Z Liar, (&) Ey) (s~ @)
S€Q\T(Q0)/Ue
= O((Oé, El,EQ).

O

Lemma 2.16. Suppose ¢ is a finite prime different from p which is unramified in
at least one of K1 and Ks, and let 6y € FéX be any generator of the Op ¢-ideal Dy.
There is an isomorphism of Fyp-quadratic spaces

(Ve(Er, Eg), degoy) = (Ko, 6, ' - Nm, /5,
which is Kg-linear and takes the Zg-lattice Le(Eq1, Eq) isomorphically to Ok ».

Proof. The existence of the desired isomorphism for some choice of 6, leF s
clear from Lemma 2.5 and the fact that up to isomorphism the only projective
rank one module over Ok, ¢ ®z, O, ¢ = Ok ¢ is Ok . Such a 5[1 is uniquely
determined up to multiplication by a norm from (’)[X(’ ;- To show that 6,0, = Dy
the essential observation is that the Z,-bilinear form [-, -] is a perfect pairing

L@(El,Eg) X L((El,EQ) e Ze.

Indeed, any choice of Z, bases for the Tate modules Ta,(E;) and Tay(Fs) determines
an isomorphism of Zy,-modules

L@(El, EQ) = HOI’IIZ[ (Tag(El),Tag(Eg)) = MQ(Z[)

which takes the quadratic form deg to the quadratic form u - det for some u €
Zy. After adjusting the choice of basis we may assume that u = 1, and the
isomorphism then identifies the bilinear form [¢1, ¢2] on Ly(E1, E2) with the bilinear
form [X,Y] = Tr(XY") on M3(Z;) (where Y +— Y* is the involution satisfying
YY" =det(Y) for all Y). This latter bilinear form is a perfect pairing.

It follows that the OF ¢-bilinear form of Proposition 2.3

[ Jom : Le(E1, Ea) x Ly(Eq, Eo) — D!

is also a perfect pairing, and hence the Fy-bilinear form 5[1TTK@/FZ (2y) on K,
restricts to a perfect pairing

O[ge X O}ge — @e_l.

The hypothesis that ¢ is unramified in either K; or K» implies that K,/F; is
unramified, and so the trace form Trg, ,p, is a perfect pairing O ¢ X Ok ¢ — OF.
It follows that 6O, = ®,. This gives the desired isomorphism for some choice of
d¢ which generates ©y. As K;/F; is unramified any other generator of @, differs
from d; by a norm from OIX“, and if v = Nmg,/p,(v) for some v € OE’E then

multiplication by v~! defines an isomorphism
(Kf’ 64_1 : NmKZ/F/.) = (Kl7 U(SZ_I ’ NmKﬁ/Fz)
which preserves the Z,-lattice Ok . (I
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Proposition 2.17. If ¢ is a finite prime not equal to p which is unramified in at
least one of K1 and Ko then for every a € F'*

O¢(a, E1, Eg) = pe(a®).
Proof. Fix an isomorphism
(Ve(E1,Ea), degeyy) & (Ko, 0," ‘Nmg,/r,)

as in Lemma 2.16. Proposition 2.9 implies that (¢1,t2) — v(t) "1 (t1 ® t2) defines an
isomorphism

(2.12) QN\T(Qe)/Ue — S(Qu)/ Ve

which allows us to rewrite the orbital integral (2.8) as

(2.13) O, By, By) = Y lo,,(s7 - ¢)
SES(@()/V(

where ¢ € K, satisfies Nmg, /5, (¢) = a-d;. If no such ¢ exists then Op(a, Eq, Eg) =
0.
Suppose first that ¢ is inert in both K; and K5, so that

OK7( = Zgz X Zzz OF}g = Z@ X Z@.

In this case Q;\T'(Q¢)/Uy = {1} and (2.13) shows that O(«, E1,E) = 1 if there
is a ¢ € Ky satisfying Nmg, /, (¢) = a-0¢. Otherwise O, E1, Ep) = 0. It follows
that O¢(a, E1, Eq) = pe(a®) as both sides are equal to 1 if ord,, («d,) is even and
nonnegative for both places w of F' above ¢, and otherwise both sides are zero.

Suppose next that ¢ is inert in K; and is ramified in K5. Then F;/Qy is a
ramified field extension and K,;/Fy is an unramified field extension. Again one
has Q\T(Q¢)/U, = {1} and (2.13) shows that O¢(c, E1,Ez) = 1 if there is a
¢ € Ky satisfying Nmg, /g, (¢) = a - §. Otherwise Oy(a, Eq, Ez) = 0. It follows
that O¢(a, Eq1, E2) = pe(a®), as both sides are equal to 1 if ord,, (ady) is even and
nonnegative for the unique place w of F' above ¢, and otherwise both sides are zero.
The case of £ ramified in K7 and inert in K is identical.

Suppose next that ¢ is split in K7 and nonsplit in K5. Fix an isomorphism
Ok, 0 & Zy X Zg and a uniformizer w € Ok, ,. Let o be the nontrivial Galois
automorphism of K, and define

t1 = (l,NszUQZ(w)) S K1><,Z to =w? € K2><,€'
Then Q,\T(Q¢)/U, is the infinite cyclic group generated by ¢ = (t1,t2). Now
identify
Ky = K0 ®q, Kog = Ko X Koy
via (z1,22) @ y — (1Y, z2y°). Then
(2.14) Fp = {(a,b) S K27[ X Kgx | a = b}

and
S(Qy) = {(a,b) € K;e X sz,z | ab=1}.

Using the isomorphism (2.12) and the above generator t € Q,\T'(Q,)/U, we find
that S(Qy)/Vy is the infinite cyclic group generated by (w,w!). It now follows
from (2.13) that

O¢(a, Eq, Eg) = Z Loy, (@'¢1) 1oy, (@ " ¢2)

1=—00
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where (¢1,¢2) € K, x Ky, is any element which satisfies

(P12, p102) = ady

under the identification (2.14). If we let w be the unique place of F' above ¢ then
Oi(o, E1,Eq) = pe(a®) as both sides are 1 + ord, (a®) if ord,(a®) > 0, and
otherwise both sides are zero. The case of £ nonsplit in K; and split in Ky is
identical.

Finally suppose that ¢ is split in both K; and K5 and fix isomorphisms

K1 =Qr x Q Ky = Q x Q.
Define
Pij = (0,0 € Q) x Q.
The group Q,\T'(Q¢)/U; is then isomorphic to the quotient of
{(pap,pea) € K x K |a+b=c+d}

by the subgroup {(pa.p; pe.a) € Ki° x K | a =b = c = d}. If we identify
(2.15) Okt =0 0@ 0K, 0 2Ly X Ly X Lp X Ly
via (21, 22) ® (y1,Y2) — (T1Y1, T2Y2, T1Y2, T2y1) then

Ope={(z1,22,23,24) €Lyp X Ly X Ly X Ly | 21 = 22,23 = 24}

and
S(@g) = {(21,2’2,23,24) (S Zg X Z@ X Z( X Zg | Z1R9 = 1,232:4 = 1}.

The isomorphism (2.12) takes (pa.p, pe.a) to the quadruple (pt, p=¢ p/,p~7) € S(Qy)
where i = ¢c—b =a—dand j =d—0b = a — ¢, and a complete set of coset
representatives for S(Qy)/V; is given by the set {(p®,p~% p?,p~7) | i, € Z}. It now
follows from (2.13) that

O(a, By, Ep) = Z 1z, (@' $1) - 1z, (w0 'ba) - 1z,(w ¢3) - 1z, (w7 bs)

—00<1,j <00

where (@1, 2, ¢z, Pa) € Zp X Ly X Ly X Zg = Op satisfies

(P12, D102, P34, P3da) = ady

under (2.15). If we let wy, ws be the two places of F above ¢ then Oy(a, Eq, Eq) =
pe(a®) as both sides are

(14 ordy, (a®))(1 + ordy, (D))

if ord,, (a®) > 0 and ord,, (a®) > 0, and otherwise both sides are zero. O

Proposition 2.18. For any totally positive o € F* and any prime p

1 1
Z A—(x)|:§ Z HO[(O&,ELEQ)

IE[XQ(FZIg)H utXa(leg) (E1,Ez) {<oo

where the sum on the right is over the supersingular points (Eq, Eg) € [X(Fa'8)]/T.
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Proof. Using Lemma 2.13 for the final equality we have

ZIA;

w€[Xo (F3'%)] by, ey (2)]

= 3 3 A e (9)
|AUt(E1 ’ E2) ‘
(E1,E2)€[X (F2'%)] 0€V (E1,E2)
supersingular egom(P)=a

eI = > > Y LEonsen©)

(E1,E2) ([a1],[a2]) €T ¢€V (E1®a1,E2®az)
degom (¢)=a

in which the outer sum is over the supersingular points (E1,E) € [X (F3'8)]/T.
For every pair of ideal classes ([a1], [a2]) € Tg fix a t = (t1,t2) € T(Af) whose image
under (2.6) is ([a1], [a2]), and set a; = ¢;Ok,. There are quasi-isogenies

fi:Ei—-E ®aq foiEx — Ex®ay
both defined by f;(z) = z ® 1. The isomorphism
V(E1,E2) 2 V(E; ® a1, E2 ® az)
defined by ¢+ fao o f; ! identifies E(El ® a1, Eo ® ag) with the Z-lattice
te L(E1,Ey) = {ra(ta) o po ki(t1) " | ¢ € L(E1, Ep)}
in XA/(El, E-) (the action e is that of (2.5)). This gives the first equality in

Z 1B, 00, E20a,) (@)

([a1];[a2])ETo #€V (E1®a1,E2®az)
degCM(¢):a

Z Z ]‘toZ(El,Eg)(d))

teT(QN\T(Ay)/U €V (Eq,Ez)
degcy(¢)=a

Z Z 1soZ(E1,E2)(¢)'

s€S(Q\S(Af)/V ¢€V(E1,E2)
degcy(¢)=a

(2.17)

Let us assume that there is some ¢g € V(Eq1, Eg) for which degey(¢o) = a. By
Lemma 2.11 the group S(Q) acts simply transitively on the set of all such ¢g. Thus
the above sum may be rewritten as

Z Z Lim Bn)(@) = Z Z 1S.Z(E1,E2)(771¢0)

sES(Q\S(Af)/V ¢€V(E1,E2) sES(QN\S(Af)/V vES(Q)
degcy (¢)=a

= 5@V Y Luzgpy(@)

SES(Af)/V
Wi W
(2.18) = 12 2 I;IOZ(OK,EME2)~
In the final equality we have used

W1W2

IS@NVI=[T@NU)/{+1} = ——
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If no such ¢q exists then both the first and last expression in (2.18) vanish. Com-
bining (2.16), (2.17), and (2.18) completes the proof.
O

2.5. Local calculations I. Fix a prime p. For a positive integer d let F,« C ]F;lg
be the subfield of p? elements and let

Zps = W (Fpa) W = W (Fa'#)

p

be the Witt vectors of F,« and Fglg, respectively. Denote by o : W — W the
continuous ring automorphism of W which reduces to « — aP on the residue field
W/pW = Fglg. Let Q,« be the fraction field of Za.

Hypothesis 2.19. Throughout Section 2.5 we assume that p is inert in both K3
and K5. This hypothesis implies that

Okp = Lp> X Ly Oryp = Zyp X Ly,
but we do not (yet) fix such isomorphisms. This hypothesis also implies that all
CM pairs over Fglg are supersingular.

Fix a supersingular CM pair (Eq,E5) € X(Fglg). The action of Ok, on Lie(E;)
is through some ring homomorphism 7; : O, — Fglg , and as we assume that p is
inert in K; there is a unique ring homomorphism 7; : Ok, — Zj,2 such that 7; is
equal to the composition

Ok, =5 Zyz — Fp2 — Fal8.
Recalling that K = K; ®q, K2 define a Q-algebra homomorphism
p: K —Qp
by p(x1 ®xe) = ma(x2) 71 (x1). Let q be the prime of E such that p factors through
the completion p : Kq — Q2.

Definition 2.20. The prime p of F' lying below q is the reflex prime of the CM
pair (E;,Es) € X(Fglg).

Define another Q-algebra homomorphism

P K — Qe

by p'(x1 ® o) = ma(x2) - m1(T1). Let q' be the prime of K above p such that p’
factors though an isomorphism p’ : O o — Z,2 and let p’ be the prime of F' below
q’. One can check that p # p’.

Let g be a connected p-Barsotti-Tate group of dimension one and height two over
]F;lg. Up to isomorphism there is a unique such g, and g is isomorphic to the p-

Barsotti-Tate group of any supersingular elliptic curve over leg' Fix isomorphisms
of p-Barsotti-Tate groups

(2.19) fiiEip™] — g f2 1 Eo[p™] — g.

Set A = End(g) so that A is the maximal order in a quaternion division algebra
over Q,. Fix an embedding of Z,-algebras Z,> — A. After possibly pre-composing
this embedding with o : Z,» — Z,> we may assume that the restriction to Z,> of
the action of A on Lie(g) is given by the composition

Zy> — Fpe — F}® = Endgais (Lie(g))-
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If we fix a uniformizing parameter II € A with the property that zIl = I1x° for
every T € Z,> then there is a decomposition of Z,-modules

(2.20) A= sz &) Zp2H

which is orthogonal with respect to the quadratic form Nm (the reduced norm on
A). We identify the Z,-modules

(2.21) A= L,(Eq,Ey)
via ¢ — fy ' oo fi and identify A = End(FE;[p™]) via ¢ — f; ' ogo f;.
Lemma 2.21. The isomorphisms (2.19) may be chosen in such a way that the iso-

morphism (2.21) identifies the quadratic form deg on L,(E1, Eo) with the quadratic
form Nm on A, and so that the images of

Ki © Oth — End(Ei [poo]) >~ A
fori=1,2 are both equal to Z,2. With these choices the diagram

(2.22) Ok, p ——> Ly

Ny

A

is commutative, where the vertical arrow is the inclusion Z,> — A.

Proof. By the Noether-Skolem theorem there is an 7; € (A ®z, Qp)* with the
property that mnm;l : Kip — A ®z, Q, has image Q2. Multiplying 7; on the
left by a multiple of IT does not change the image of this embedding, and so we
may assume that 7; € A*. If we then replace f; by 7; o f; then the resulting
ki : Ok, p — A has image Z,>.

By examining the Dieudonné module of g one can show that g admits a princi-
pal polarization g = g" which is unique up to multiplication by Z, . After fixing
such a polarization the resulting Rosati involution on A is equal to the main in-
volution ¢ — ¢ and the automorphism deg(f;) = f; o f; of g lies in ZX C A*
(here we identify E;[p°°] with its dual p-Barsotti-Tate group using the canonical
principal polarization of E;). Under the isomorphism (2.21) the quadratic form deg
on L,(E;,Ey) is identified with the Z,-quadratic form

Qp) = (falogofi)o(fs odofi)

deg(f1) - deg(f2) ™! - Nm(¢)

on A. If we choose a u; € Z;Z such that Nm(u;) = deg(f;)~* and replace f; by
u; o f; then deg(f;) =1, and the isomorphism (2.21) now identifies deg with Nm.

As k; : Ok, p, — A has image Z,2, to prove the commutativity of the diagram
(2.22) it suffices to prove that the reductions

Oxr,p = L2 — Fp2
of x; and m; are equal. This follows from our normalization of the inclusion Z,> —
A, as both reductions agree with the map
P l ~ .
Ok, p — F & = Endgas (Lie(g))

describing the action of Ok, , on the Lie algebra of g (identified with the Lie algebra
of E;[p*] using the isomorphism f;). O
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(From now on we assume that f; and f; have been chosen as in Lemma 2.21.
The isomorphism of Z,-quadratic spaces (2.21) is an isomorphism of O ,-modules
where the action of Ok, = Ok, , ®z, Ok, on A is through

(2.23) (3’31 ®$2)0¢: K)g(.}?g) ~(Z)'/€1<fl).

This action preserves each summand in the decomposition (2.20): the action of
x € Ok, on the summand Z, is through left multiplication by p’(z), and the
action on the summand Zy2II is through left multiplication by p(z). Expressed
differently, if we identify

Okp = Okp X Ok p

then the action of (2/,z) € Ok, on A is through left multiplication by p'(2’) on
the summand Z,> and through left multiplication by p(z) on the summand Z,II.
This shows that A is free of rank one over O, and has 1 + II as a basis. Under
the identification

Okp = Orp X Okp = A

defined by (2/,2) — p/'(2’) + p(2)II the quadratic form Nm on A is identified with
the quadratic form

= Trp, g, (8- Nmy, /()

on Ok, where

B = (1,Nm(II)) € Opp x Opp = Opp.
We have proved the existence of a Ok p-linear isomorphism of Z,-quadratic space
(224) (A,Nm) = (OK7P,T‘I‘FP/Qpﬁ.Npr/Fp).
Proposition 2.22. Let 3 € F) be any element satisfying
(2.25) ord,(8) =1 ordy (8) = 0.
There is an isomorphism of F,-quadratic spaces

(Vo (Eq, Ez),degoy) = (Ky, 8- Nmg, /r,)
which is K,-linear and takes the Z,-lattice L,(E1, Es) isomorphically to Ok .
Proof. Combining (2.21) with (2.24) shows that for some [ satisfying (2.25) there
is an K-linear isomorphism of Q,-quadratic spaces

(Vp(El, EQ), deg) = (Kp, Ter/Qpﬂ . Npr/Fp)

which takes the Z,-lattice L,(E;, E2) isomorphically to O ,. Two quadratic forms
Q21 and Q)2 on a finite free F},-module are equal if and only if the Q)-quadratic forms
Trp, q,@1 and Trr, /g, (2 are equal, and it follows that the above isomorphism is
also an isomorphism of F},-quadratic spaces

(Vo (E1, Ez2), degon) = (K, 8- Npr/Fp)~

This proves the claim for some [ satisfying (2.25). The claim for all 3 satisfy-
ing (2.25) follows (as in the proof of Lemma 2.16) from the fact that E,/F, is
unramified, which implies that the norm map is surjective on units. (I

Proposition 2.23. For any o € F)f
Op(aa E17 EQ) = pp(agpil)'
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Proof. After choosing isomorphisms K, =2 Q2 and K5, = Q2 one sees that

Q\T(@)/Up = {1},
and so by (2.8) the orbital integral O,(a, E1,E3) is 1 if there is a ¢ € L,(Eq1, Eg)
satisfying degey(6) = « and is 0 otherwise. Using the model of Proposition (2.22)
we see that Op(a, E1, E3) = 1 if and only if there is a ¢ € Ok, satisfying

Nmg, /g, () = o,

and after choosing isomorphisms
Kp = Qp2 x Qpe Fp=Qp xQ

we see that such a ¢ exists if and only if ord, (a8~!) is even and nonnegative for
both places w of F above p. Using ord, (a8~!) = ord, (a®p~!) we find that both
sides of the desired equality are 1 if ord,, (a®p~!) is even and nonnegative for both
places w of F' above p, and otherwise both sides of the equality are 0. ([l

Corollary 2.24. Suppose that ged(dy,d2) = 1. For every a € F*
I Oc(a. Er, Ey) = p(aDp™).
<00
Proof. This is clear from Proposition 2.17, Proposition 2.23, and (1.1). (]
Return to the action of K, on A ®z, Q, defined by (2.23). The orthogonal
idempotents (1,0) and (0,1) in
(2.26) By Ry x F2Q, xQ,
act as the projections to the first and second summands, respectively, in
A ®z, Qp = Q2 © Qpe1l,
and the function
Nmew (a + 0IT) = (aa”, b Nm(II)) € Q, x Q,
is an F),-quadratic form (using the identification (2.26)) on A®z, Q, which satisfies
Nm = Trpp/(@p Nmcyg.

Using the isomorphism (2.21) and Lemma 2.21 we see that there is a K,-linear
isomorphism of Fj,-quadratic spaces

(2.27) (Vo(E1, Eg), degeon) = (A ®z, Qp, Nmon)

which takes the Z,-lattice L,(Eq, Ez) isomorphically to A.

Let CLN be the category of complete local Noetherian W-algebras with residue
field Fglg . For any Z,-subalgabra O C A consider the functor Def(g, O) from CLN
to the category of sets which assigns to an object A of CLN the set of isomorphism
classes deformations of g, with its O-action, to A. More formally, to an object A
we assign the set Def(g, O)(A) of isomorphism classes of triples (8, j, p) in which
® is a p-Barsotti-Tate group over A, p : & /s = 8 is an isomorphism from the
special fiber of & to g, and j : O — End(®) is an action of O lifting the action of
OocA ong%Qﬁ/wg.



22 BENJAMIN HOWARD AND TONGHAI YANG

Proposition 2.25 (Gross). The deformation functor Def(g, Z,2) is represented by
W. For any ¢ = a+ bll € A with b # 0 the deformation functor Def(g, Z,2[¢]) is
represented by W/p™W where
ord, (bb7) + 2

5 .
Proof. By [13, Theorem 3.8] the deformation functor Def(g, Z,2) is represented by
the complete local Noetherian W-algebra W. Let & be the universal deformation
of g over W. If we set Wj, = W/p*W and &, = &,w, then according to a
result of Gross [2, Proposition 3.3] (see also [17, Theorem 1.4]) the reduction map
End(&) — End(g) identifies

End(®;) = Ly —|—pk71A.
An endomorphism ¢ = a4 bIl € A therefore lifts to an endomorphism of &, if and
only if bII € p*~TA, or equivalently if and only if
ord, (bb7) > 2k — 2.
In other words the endomorphism ¢ lifts to &,, but not to &,,,1 where m is defined
by (2.28). It follows from the rigidity theorem [11, Proposition 2.9] that the functor

Def(g,Z,2[¢]) is represented by a quotient of W, and by the above discussion that
quotient is precisely W/p™W. |

(2.28) m =

Proposition 2.26. For any supersingular x = (Eq1,Eq) € X(F;lg) the completion
of the strictly Henselian local ring of X at x is isomorphic to W.

Proof. The completion of the strictly Henselian local ring of X at = represents the
functor on CLR which assigns to every object A of CLR the set of isomorphism
classes deformations of the CM pair (Eq, Ez) to A. Using the isomorphisms (2.19)
and the Serre-Tate theorem [1, Theorem 3.3] this functor is identified with the
deformation functor
Def(g,Zy,2) x Def(g, Z,2).

This latter functor is represented by W = W&y W, by the first part of Proposition
2.25. d

Corollary 2.27. Suppose p is either prime of F' above p and let X, C [X(Fglg)}
denote the set of supersingular points with reflex prime p. Then |X,| =2- ||

Proof. Fix a continuous embedding of Z,-algebras W — C,, and an isomorphism
between the algebraic closures of Q in C, and C. By the theory of complex multi-
plication every CM pair (E1,E;) defined over C or C, admits a model over Qole,
and there are canonical bijections

[X(C)] = [*(Q™%)] = [X(Cy)).

All CM pairs over C, have good reduction modulo p, and so there is a well defined
reduction map [X(C,)] — [X(Fa'8)]. It follows from Proposition 2.26 that the
reduction map is a bijection, and that there are canonical bijections

[X(Cp)] = [X(Oc,)] = [X(W)] = [X(F}E)].
By Remark 2.12 the set [X(C)] has 4 - |T'| elements, and so the same is true of
(X (Fp)].
Let p and p’ be the two primes of F' above p. It now suffices to show that the
number of supersingular CM pairs (E;, Eso) over Fglg with reflex prime p is equal
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to the number of such pairs with reflex prime p’. If E = (F,k) is a CM pair
over any scheme define the conjugate CM pair E' = (E,x’) where £/'(z) = k(T).
That is, the conjugate CM pair has the same underlying elliptic curve but the
complex multiplication is replaced by its complex conjugate. One easily checks
that (Ei,Ey) — (E1,E}) establishes a bijection from [X(F3'8)] to itself which
interchanges CM pairs of reflex prime p with CM pairs of reflex prime p’. (]

Proposition 2.28. Suppose a € F* and
z = (E1,Es, ¢) € X, (F3'%).
Then the strictly Henselian local ring of X, at x is Artinian of length

ordy (a®) +1
Vp(a)zip( 5 )

where p is the reflex prime of (Eq, Es).

Proof. Under the isomorphism (2.21) ¢ corresponds to some ¢ = a + bIl € A, and
using the isomorphism (2.27) we have the equalities

ordy (a) = ordy (degey(¢)) = ordy (Nmew(¢)) = 1 4 ord, (bb7).

Consider the functor
3 = Def(g, Z,2) x Def(g, Z,2).

of pairs of deformations of g with its Zy2-action. This functor is represented by
W = W®wW, by the first part of Proposition 2.25, and in particular the diagonal
inclusion Def(g,Z,2) — 3 is an isomorphism. The subfunctor 3, — 3 of pairs
of deformations (&1, ®2) of g for which the endomorphism ¢ lifts to an isogeny
&1 — &, is therefore isomorphic to the deformation functor Def(g, Z,2[¢]). By
Proposition 2.25 the deformation functor 34 =2 Def(g, Z,2[¢]) is represented by an
Artinian W-algebra of length v, ().

The completion of the strictly Henselian local ring of X, at x represents the
functor on CLR which assigns to every object A of CLR the set of isomorphism
classes deformations of the triple (E1, Es, ¢) to A. Using the isomorphisms (2.19)
and the Serre-Tate theorem [1, Theorem 3.3] this functor is identified with the
deformation functor 34, which we have just seen is represented by an Artinian
local ring of length v, (). O

Proposition 2.29. Suppose that gcd(dy,da) = 1. For every totally positive a« € F*

—1 sh _ 1 -1
Z e, -length(O% )= 3 ;ordp (aDp) - p(aDp™)

T€[Xa (F3')]

where the sum is over the two primes of F above p and e, = |Aut,, (]Falg)(x)|.
alllp

Proof. Recall that all points in XQ(IF;lg) are supersingular by Corollary 2.8. Given a
supersingular point x € X (]Fglg) let p, be the reflex prime of . A minor refinement
of Proposition 2.18 (in (2.16) one restricts to points with reflex prime p, and the
remainder of the argument holds verbatim) shows that for each prime p | p of F

Y at=y Y [odeBE)

TE[X, (F2'8)] T€[X(F3')] /T <00
Pz=p z supersingular

Pa=p
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where (Eq, Es) is the CM pair represented by x. Combining Corollary 2.24, Corol-
lary 2.27, and Proposition 2.28 yields

Z eyt length(Oiﬁlmz) = Z vp(a) - Z eyt
p

€[ Xa (F5'®)] TE€[Xo (F2I8)]
x supersingular

Pz=p
_ vp(a)
-y Y [[oeEE
P €[ X (F}®)]/Tp £<00
x supersingular
Pa=p

SID I ST DR
b

z€[X (F3'®)]/To
x supersingular
Pa=p

= Zyp(oz) D :To] - plaDp™).
p

Now use Proposition 2.14. [l

2.6. Local calculations II. Fix a prime p and let Z,a, Qya, W, and o have the
same meaning as in Section 2.5

Hypothesis 2.30. Throughout Section 2.6 we assume that p is inert in K; and
ramified in K5. This hypothesis also implies that all CM pairs over ]F;lg are super-
singular.

Our hypothesis implies that F},/Q, is a ramified field extension of degree 2 and
that K,/F), is an unramified extension of degree 2. Let p denote the unique prime
of F' above p. Set

W=W ®z, Ok, p-
If we fix a uniformizer @w € Ok, ) then w is also a uniformizing parameter of the
complete discrete valuation ring W.

Fix a supersingular CM pair (E;,Eq) € X(Fglg). Let g be the connected p-
Barsotti-Tate group of dimension one and height two over ]F;lg. Thus the p-Barsotti-
Tate group of every supersingular elliptic curve over ]F;lg is isomorphic to g. Fix
isomorphisms

(2.29) fi:Eip™] — g fa: Ex[p™] — g

Set A = End(g) so that A is the maximal order in a quaternion division algebra
over Q,. We identify

(2.30) A= L,(E,Eg)
via ¢+ fy ' odo fi and view k; : Ok, p — End(E;[p™]) as a ring homomorphism
kit Ok, p— A

using the isomorphism of Z,-modules A — End(E;[p>°]) defined by ¢ +— f; L oo f;.
Fix an isomorphism of Zy-algebras r1(Og, p) = Zy2, and use this to view Z, as a
subring of A. Set II = k3(w), so that II is a uniformizer of A and

A= sz + IIA.
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Lemma 2.31. The isomorphisms (2.29) may be chosen in such a way that the iso-
morphism (2.30) identifies the quadratic form deg on L,(E1, Eo) with the quadratic
form Nm (the reduced norm) on A.

Proof. The proof of Lemma 2.21 shows that the isomorphism (2.30) identifies the
quadratic form deg on L,(Eq, Ey) with the quadratic form «-Nm on A for some
u € Z, . If f1 is replaced by v o fo with v € A* then the constant u is replaced by
u-Nm(v)~!, and as the reduced norm A* — ZX is surjective we may choose v in
such a way that u - Nm(v)~! = 1. O

From now on we assume that f; and f; have been chosen as in Lemma 2.31.

Proposition 2.32. If 3 € I, is any element satisfying
ord, (D) =1
then there is an isomorphism of Fj-quadratic spaces
(Vp(E1, E2), degeyy) = (Kp, 8- Nk, /r,)
which is K,-linear and takes the Z,-lattice L,(E1, E3) isomorphically to Ok ,.
Proof. Using the isomorphism (2.30) the Z,-bilinear form [-, ] on L,(E, E3) cor-
responds to the bilinear form [¢1, ¢a] = Tr(p1¢4) on A, where Tr is the reduced

trace and x — x* is the main involution. The dual lattice of A with respect to this
bilinear form, defined by

AV ={p €Az, Q| b1, 2] € Zy Voo € A},
is equal to AY = II"'A, and in particular [AY : A] = p?. This implies that the
Zy-lattice L,(Eq, Eg) has index p? in its dual lattice
(2.31) Lp(EhEQ)\/ ={¢ € V,(E1,E2) | [¢1,¢2] € Z, V2 € L,(E1,Es)}.

By Lemma 2.5, for some choice of 8 € F* there is a Kj-linear isomorphism of
Fy-quadratic spaces

(Vp(E1, Eg),degoy) = (K, - Nmg, /).
As in the proof of Lemma 2.16 this map may be chosen to identify L,(E;, E2) with
Ok p. In particular the isomorphism identifies the Fj-bilinear form [¢1, ¢2]cm on
the left with the bilinear form 3 - Trg, /r, (¢1¢02) on the right. The dual lattice
(2.31) has the alternate description
Ly(E1, Eg)Y ={¢ € V,(E1, E) | [p1,d2)cm € D, Voo € Ly(Eq, Ey)},
and hence Ok , has index p? in the dual lattice
Ok, ={z€ K, | B-Trg, p,(27) € D, Vy € Ok p}.
As the dual lattice is stable under the action of O, the only possibility is O} , =
@ 'Ok . But using the fact that K,/F, is unramified we have
OKyp = {x S Kp | Ter/Fp(a:y) S Opyp Yy € OKﬁp}
from which it follows that
(9}/(71) = 57133;1(9;(71).
Hence ord (D) = 1. This shows that the conclusion of the proposition holds for

some 3 € F satisfying ord, (8D) = 1, and the conclusion holds for any such 3 as
in the proof of Lemma 2.16 (using the fact that K,/F}, is unramified). O
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Proposition 2.33. For any o € F)f
Op(a7 Ela EQ) = pp(agp_l)'
Proof. The hypothesis that p is inert in K7 and ramified in K5 implies that
Q;\T(QP)/UP = {1}.
Thus Op(a, E1, Ee) = 1 if there is a ¢ € L,(Eq, E2) such that degoy(4) = «, and
otherwise O, (e, E1, E2) = 0. Using Proposition 2.32 we see that such a ¢ exists if
and only if there is an # € Ok j, such that 3-Nmg ,r, (v) = a, where ord, (69) = 1.

As K,/F, is an unramified field extension, both sides of the desired equality are
equal to 1 if ord, (a®p~1!) is even and nonnegative. Otherwise both sides are 0. [

Corollary 2.34. Suppose that ged(dy,ds) = 1. For every a € F*
H Oc(a, E1, Eg) = p(a®p™).

<00

Proof. This is immediate from Propositions 2.17 and 2.33. (I

As in Section 2.5 let CLN be the category of complete local Noetherian W-
algebras with residue field Iﬁ‘glg7 and for any Z,-subalgebra O C A let Def(g, O) be
the functor which assigns to an object A of CLR the set of isomorphism classes
of deformations (@, j, p) of g, with its action of O, to A. If ¢ € A let 34 be the
functor which assigns to an object A of CLN the subset

3¢(A) C Def(g, Zy2)(A) x Def(g, Zp[I1])(A)

of pairs of deformations (&1, ®2) for which the endomorphism ¢ : g — g lifts to an
isogeny &; — &,.
Let orda be the valuation on A defined by

orda(¢) =m <= ¢ € IMA*.

Proposition 2.35 (Gross). The functor Def(g,Z,2) is represented by W and the
functor Detf(g, Z,[I1]) is represented by W. For any nonzero ¢ € A the functor 34
is represented by W/w™ W where m = orda (¢).

Proof. The claims about Def(g, O) for O = Z,» = Ok, , and O = Zp[I1] = Ok, ,
are found in [13, Theorem 3.8]. Let (&1, j1, p1) be the universal deformation of g,
with its Z,2-action, to W. Similarly let (&, j2, p2) be the universal deformation of
g, with its Z,[IT]-action, to W. Abbreviate Wy, = W/w*W. Let 3 be the functor
on CLR defined by

(2.32) 3(A) = Def(g, Zp2)(A) x Def(g, Zp[I1])(A),

so that 3 is represented by W = W&y W. By the rigidity theorem [11, Proposition
2.9] the subfunctor 3, is represented by a quotient of WW. We will prove by induction
on m = orda (¢) that this quotient is W, 41

Suppose first that m = 0 so that ¢ € A*, and assume that ¢ lifts to an isogeny

(I) N 61/Wk d ®Q/Wk

Then @ is necessarily an isomorphism of p-Barsotti-Tate groups. As the endomor-
phism II of g lifts to an an endomorphism &;/yy, , the endomorphism ¢ g of
g lifts to an endomorphism of &, /yy,. But Z,> and ¢~ 'Tl¢p generate A as a Z,-
algebra, and hence the full endomorphism ring A = End(g) lifts to the deformation
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&1/, From this it follows that the full endomorphism ring A = PN~ also lifts
to &3/, and a calculation of Gross [2, Proposition 3.3] (see also [17, Theorem
1.4]) shows that this can only happen when & = 1. Thus when m = 0 the isogeny ¢
lifts to an isogeny &y, — G2y, but not to an isogeny &y, — &2,y,, proving
that 3 is represented by Wi.

The induction step of the argument is provided by [17, Proposition 5.2]: if ¢ lifts
to an isogeny &1 /)y, — G2/, but not to an isogeny &1y, ., — G2/, ., then Ilog
lifts to an isogeny &y, — G2/, ,, but not to an isogeny &1/, ., — G2/w, .,
Thus the functor 34 is represented by Wordx (¢)+1-

Proposition 2.36. For any = € X(Fglg) the completion of the strictly Henselian
local ring of X at x is isomorphic to W.

Proof. The completion of the strictly Henselian local ring of X at x represents the
functor on CLR which assigns to an object A of CLR the set of isomorphism classes
of deformations of the CM pair (E;, E3). Using the isomorphisms (2.29) and the
Serre-Tate theorem [1, Theorem 3.3] this functor is isomorphic to the functor

Def(g,Z,2) x Def(g, Z,[I1]).
This latter functor is represented by W = W&y W, by Proposition 2.35. (I
Corollary 2.37. There are 2 - |T'| isomorphism classes of objects in X (F3').

Proof. Fix a continuous embedding of Z,-algebras W — C, and an isomorphism
between the algebraic closures of Q in C, and C. By the theory of complex multi-
plication every CM pair (E1, E2) defined over C or C, admits a model over Q®&,
and there are canonical bijections

[X(C)] = [¥(Q#)] = [X(Cy)].
All CM pairs over C,, have good reduction modulo p, and so there is a well defined
reduction map [X(C,)] — [X(Fa'®)]. It follows from Proposition 2.36 that the
reduction map is 2-to-1: every point z € X (Fglg) deforms uniquely to W, and the
two WW-algebra embeddings W — C,, give the two points of X'(C,) which reduce to

z. By Remark 2.12 the set [X(C)] has 4 - |T'| elements, and so [X (F2'¢)] has 2 - |T'|
elements. O

Proposition 2.38. For any a € F* and x € Xa(Fglg) the strictly Henselian local
ring of X, at x is Artinian of length
ord, (a®) + 1

vp(a) = pf.
Proof. Using the isomorphism (2.30) we may identify ¢ € L,(E, Es) with an ele-
ment of A. Using the isomorphisms (2.29) and the Serre-Tate theorem [1, Theorem
3.3] the completion of the strictly Henselian local ring of X, at x represents the
deformation functor 3, of (2.32). By Proposition 2.35 the strictly Henselian local
ring of X, at z is therefore Artinian of length orda(¢) + 1, and it only remains to
prove the equality

(2.33) orda(¢) = Ordp(degCM(¢)2) + ord, (@pfl).

First suppose that ¢ € A*. Equivalently (by Lemma 2.31) suppose that deg(¢) €
Z, . Recalling that @ was a uniformizing parameter of F}, satisfying xz(w) = I, we
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also view w = 1®w as a uniformizer of K,,. By the Kj,-linearity of the isomorphism
of Proposition 2.32 the multiples of @ in L,(E;,Ey) are carried bijectively to the
multiples of @ in Ok p, and so the condition deg(¢) € Z, implies that the image of

¢ in Ok p lies in le(,p. Again using Proposition 2.32 we see that degqy(6) = 5 - u
for some u € O, , and some 3 € F,* satisfying ord, (D) = 1. In other words
ordy (degey (¢)) = —ord, (Dp )

proving (2.33) in the special case ¢ € A*. For an arbitrary ¢ factor ¢ = II"™¢g
with ¢g € A*. By Proposition 2.32

degom(9) = degom(ka(w@™) o do)
= Nmg,/p (@) degen(¢o)
= Nmg, /g, (@™) - degom(go)-
As both K5 ,/Q, and F,/Q, are ramified of degree 2 we see that
ordy(degp (@) = 2m -+ ord, (degenr(d0))
= 2m —ord,(Dp~ ")
= 2orda(¢) —ord,(Dp~ 1)
proving (2.33) in the general case. O

Proposition 2.39. Suppose that gcd(dy,dy) = 1. For every totally positive a« € F*
1
Z et ~1ength((’)§’a) =3 -ord, (a®p) - p(aDp~ )
$E[Xa (]F;lg)]

where e, = |AutXa(Fglg)(m)|.

Proof. Combining Proposition 2.18, Corollary 2.34, Corollary 2.37, and Proposition
2.38 yields

Z et length((’)%lmw)
ze[X (F3'®)] ze[X(F3'®)]

- ”Péo‘) So I 0clenErEo)

zE[X(F}'®)] /Ty <00
() 1
= 5 > plaDph)
z€[X(F3'®)]/To
= vpla)-[I':To) - paDp~).
Now use Proposition 2.14. [l

-1

I
-
—

Q
~—
9]

8

2.7. Final formula. Throughout Section 2.7 we assume that ged(dy,d2) = 1. If b
is any fractional Op-ideal and p is a prime which is nonsplit in both K; and K we
set

fo(6) = ordy (bp) - p(bp™")
p

where the sum is over the primes p of F' above p. If p is a prime which splits in
either K; or Ky we set fp(b) = 0. It is clear from the definition that f,(b) = 0
unless b C OF.
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Lemma 2.40. For every fractional Op-ideal b there is at most one p for which

fp(b) #0.

Proof. The hypothesis ged(dy,de) = 1 implies that E/F is an unramified field
extension, and that if p is a rational prime which is nonsplit in both K; and K>
then every prime of F' lying above p is inert in E. If p and ¢ are primes for which
fp(b) # 0 and f;(b) # O then there are primes p and g of F' lying above p and g,
respectively, such that

ord, (bp) - p(bp~') #0 ord,(bq) - p(bg™") # 0.
The condition p(bp~1) # 0 implies that ord,(b) is odd and that ordg(bp~") is even.

Similarly the condition p(bq~!) # 0 implies that ordy(b) is odd and that ord,(bq ")
is even. The only way this can happen is if p = q. O

Definition 2.41. Suppose a € F'* and k is an algebraically closed field. For every
r € X, (k) abbreviate e, = |[Autx, () (z)|. Define the Arakelov degree

deg(X,) = Zlog(p) Z e, ! - length(O%. )
p 2€[Xa (F}'%)]

where (’)i?mw is the strictly Henselian local ring of X, at z. For m € Q* we define
deg(7;,) similarly.

Proposition 2.42. For every finite prime p and every totally positive a € F*

1
(2.34) > e - length(O% ) = 5+ n(0D).
€[ Xa (F5'9)]

Proof. If p is split in either K or Ko then X (FF ;lg) contains no supersingular points.
On the other hand every point of X, (Fglg) is supersingular by Corollary 2.8. We
deduce that [X, (F4'¢)] = 0 and both sides of (2.34) are zero. If p is inert in both
K7 and K> then (2.34) is a restatement of Proposition 2.29. If p is inert in K3 and
ramified in K5 then (2.34) is a restatement of Proposition 2.39. If p is ramified in
K, and inert in K5 then we simply reverse the roles of K1 and Ks5: by Remark 2.4
the left hand side of (2.34) is unchanged if the fields K7 and K> are interchanged,
and it is clear that the same is true of the right hand side. (I

Recall that y is the quadratic Hecke character associated to the extension K/F
and that Diff(v/D, a) is the set of all finite primes p of F such that x,(a®) = —1.

Proposition 2.43. If Diff(vV/D,«a) = {p} then X, is supported in characteristic
p=7ZNp and

deg(X.) = 1 - 10(p) - ordy (0pD) - p(aDp ).
If |IDiff(V/D, a)| # 1 then X, = 0.

Proof. Suppose X, # () and let p be a rational prime for which X, (F3's) # (). By
Proposition 2.6 the stack X, is supported at a single prime p which is nonsplit in
K; and K5 and satisfies Sppt(a)) = {p}. Proposition 2.42 gives

deg(X,) = %log(p) Zordp(an)p(a@p_l).
plp
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The proof of Lemma 2.40 shows that only one p can contribute to the sum. As p is
nonsplit in both K; and Ky the prime p is inert in K, and so satisfies x,(p) = —1.
But

pla®Dp ) #0 = xp(a®p ™) =1 = xp(a®D) = -1
proving that p € Diff(v/D, a). Every prime q € Diff(v/D, ) is inert in K and so
satisfies x4(q) = —1. If we let t be the product of all primes in Diff(v/D, a) then
Xq(aDr™1) =1 for every prime q of F, and so p(a®t~!) # 0. It now follows that

Yo(aDp™) =1 Yo(aDr ™) =1
for every finite place v of F, and so x,(tp~!) = 1 for every finite place v. It follows
that v = p and hence Diff(vV/D, o) = {p}. O

Theorem 2.44. For any totally positive o € F* the stack X, has Arakelov degree
1
deg(Xa) = 5 - D (D) log(p).
P

Proof. This is immediate from Proposition 2.42. O

Corollary 2.45. For every m € Q%

deg(To) =5 S fula®)log(p).

ac® ! p
Trp/g(a)=m
a>0

Proof. This is immediate from Corollary 2.7, Theorem 2.44, and (2.2). O

3. EISENSTEIN SERIES

Throughout this section, we assume that ged(dy,ds) = 1. Let ¢g = Hp g, be
the ‘canonical’ unramified additive character of Q\A with g (z) = e(x) = 2™,
and let ¢ = g o Trp/q. Let o1 and o2 be the two real embeddings of F'. Let x
be the quadratic Hecke character of F' associated to K.

Let W = K with the F-quadratic form Q(z) = %xi. Let C = ®C, be the
incoherent system of binary local F),-quadratic spaces given by C, = W,, for finite
primes v of F, and C,, is of signature (2, 0) for the two infinite primes o7 and o3 of
F'. By means of the Weil representation w = we ., one has an SLy (A p)-equivariant
map

A S(C) =®S5(Cy) — 1(0,x), M) (g) = w(g)9(0).

— TngSL2(ar)
Here I(s,x) = IndB(zF)F

of smooth functions ®(g, s) satisfying
®(n(b)m(a)g,s) = x(a)|ali ' ®(g,5), b€ Ap,acAf,

(x) is the induced representation on SLs(Ap) consisting

and
B=NM ={n()m(a)=(§%) (4 ,%):be FaecF*}.
We say ® € I(s,x) is standard if ®(g, s) is independent of s for g in the maximal
compact subgroup SLQ(@F) x SO3(Fs). We say @ is factorizable if ® = @9, is
the product of local sections. For a factorizable standard section ® € I(s, ), its
Eisenstein series
E(g,s,(l)) = Z @(yg,s)
YEB(F)\SLz(F)
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is absolutely convergent when Re(s) is big and has meromorphic continuation with
a functional equation for s — —s. Moreover, it is holomorphic at the unitary axis
Re(s) =0

For ¢ € S(C), let ®, € I(s,x) be the standard section associated to A(¢), i.e
®4(g,0) = A(¢). Denote E(g, s, ¢) = E(g,s,Py).

We take ¢} = 1o, forv < oo, and ¢, = e 2"%=:(®) where Q,, is the quadratic
form on C,,. We define ¢¢ = [[, ¢ € S(C). Let @ be the standard section
associated to ¢;. The following is well-known, see for example [18].

b

Lemma 3.1.
(1) For all s, ®f (g,s) is the normalized eigenfunction of SO(Fy,) of weight
1, i.e.,
(b;fi(gke,s) — (I);‘i(%s) . ei97 ke — ( cos 0 sin‘9> , (I)+ (1) —1.

—sin 6 cos 6 o

(2) For all s and all v < oo, ® (g, s) is the spherical section in I(s,Xy), i€,
®F(gk,s) = ®/(g,s), k€SLy(OF,), ®F(1)=1.
For 7 = (11,72) € H? set g-, = n(u;)-m(,/7;) € SLz(R), and view g, = (gr,, gr,)
as an element of SLy(F) C SLy(Ap). Let
E*(Ta S, ¢C) = A(S + 13 X)(UIUQ)iéE(‘%', S, ¢C)

be the normalized Eisenstein series of weight 1, where

A(s,x) = DETw(s +1)°L(s, x) = As, x1)A(s, x2).
Here x; is the Dirichlet quadratic character associated to Kj,

Pa(s) = 7 41(3),
and
As,x5) = |dj| T (s + 1)L(s, x;)-

This Eisenstein series is, up to scalar normalization, Hecke’s famous Eisenstein

series. Indeed, Lemma 3.1 together with the usual unfolding gives the following
proposition.

Proposition 3.2. One has

E'(7,5,¢°) =DF Ta(s+2)* > x(@)N@)'"
[a]eCL(F)

> bwa)?
(0.0)(mmy€a? JOX (m(71,72) +n)|m(r1, 72) +nl*

3.1. Notation. We first set up some notation. One has the Fourier expansion:
(r,5,0%) = > Ei(r,s,¢°)
acl
where for o # 0

(7,8, ¢0) = H av18¢+HaUTz,8¢)

V<00
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and

2
Ej(r,8,¢%) = As + 1) (vio2) + [T Weu(Ls,00) [ We o, (i s, 62)-

v<o0 =1

Here

)
W;U(l,s,qﬁ) =L(s+1,x,)[D]s * Wa,v(lvqusj)

— L(s +1,x.)Dl F / F (wn(b), sybr, (—ab) db,

v

where db is the Haar measure on F,, self-dual with respect to ¥p,. and
W;,o-j (Tja S, ¢:J) = (vlll}Q)i%L]R(S + 17 X)W(x,n'j (gTj » Sy (p;])

3.2. Explicit Calculations. We now record the following two propositions from
[18, Propositions 2.1, 2.2] for the convenience of the reader.

Proposition 3.3. Let v be a finite place of F.

(1) One has
Wio(1,5.67) = DIy *1-1(a)ps (0, 5).
Here
ord, (a)
po(a,s) = > (xu(m)g )"
r=0
where m, is a uniformizer of F, and q, = |m,|™! is the cardinality of the

residue field of v. In particular,
Woo(Ls,67) = [Dlo L(s, o).
(2) Let py(a) = py(a,0). One has for a« € D71,
W (1,0,0)) = py(a®D).

a,v

It is zero if and only if x,(aV/D) = xo(a®) = —1, i.e., K/F is inert at v
and ord, (a®) is odd. In such a case, one has

,U

1
Wl (1,0,¢F) = —i(ordv(o/}D) + 1) log gy

Proof. (sketch) Let ¢! (x) = ¢p, (%m) Then ¢, is an unramified additive charac-
ter of F,. So

Wa,v(g7 S, (bfjvz/}Fv) = / q)j(n(b)g7 3)¢FU(_ab> leFvb

v

- |D|%/F O F (n(b)g, s)u(—aV/Db) dy,b

= |DIZW, /5., (9,5, ®F ,9},).

Here we add another variable v, to indicate the dependence of the Whittaker
function on the additive character, and dyb is the Haar measure with respect to 1.
Now the proposition follows from [18, Proposition 2.1]. O

Proposition 3.4. ([18, Proposition 2.4]) For 7 = u+iv in the upper half plane H,

let g, = n(u)m(y/3).
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(1) One has
—2ie(oj(a)7;) ifoj(a) >0,
W, (7,0,85) = { —i ifo =0,
0 ifO'j (OZ) < 0.
(2) When oj(a) <0, one has
W (7,0, @7 ) = —ie(o()7;) Br (4rfo (@) vy),
where -
d
Bi(x) = / emuwll —FBEi(—z), x>0
1 u
s a partial Gamma function.
(3) One has
Weo, (7,5, 92,) = v; *Tr(s).
Define for every positive definite o € F
Diff (V' D, o) = { finite prime v of F: y,(aV/D) = —1}
Then
Diff(V'D, o) U {03} = Diff(C, @)
is the Diff set first defined by Kudla in [7]. For an ideal of a of F', define
It is easy to see that

p(@) = ] pola).

v<o0

Simple calculation using the above propositions gives the following theorem (see
also [3, Page 215]).

Theorem 3.5. One has E*(7,0,6%) =0, and
B0, = 3 aa(v)g®
a1
where ¢* = e(o1 ()1 + 02(a)T2), and a,(v) are given as follows.
(1) When « is totally positive, there is vy € Diff(v/D,a), and an = aq(v) is
independent of the imaginary part v of T:
o = 2(ord,, (a®) + 1)p(aDp,.') log p,

where Py, s the prime ideal of F associated to vy, and p is the rational
prime below pg.
(2) When o;(a) > 0> o;(c) with {i,j} = {1,2}, one has

10 (0) = 2p(aD) 1 (473 (@)
(3) The constant term is

ag(v) = 2A(0, x) < ZX(((())’;()) + ilog(vlvg)) )

(4) When « is totally negative, a,(v) = 0.
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3.3. A conceptional proof of Theorem 1.3. In this subsection we rephrase the
proof of Theorem 1.3 in a more structured way. Since ged(dy,ds) = 1, every finite
prime of F' is unramified in E.

For a finite prime v of F inert in K, let W~ be the binary quadratic space K,
over F, with quadratic form

— Ty
Q, (z) = —\/Exm,
where , is a uniformizer of F,, and denote W,- = W, for convenience. Let

(W™, Q™) be the global F-quadratic space obtained from C by changing C, = W;"
to W, and leaving other local quadratic spaces C,» unchanged.

Let (E1,E5) € X(]Fglg) be such that both E; are supersingular. If p is split in
F, we defined the reflex prime of (E;, E5) at the beginning of Section 2.5. When p
is nonsplit in F, we simply call the prime of F' above p the reflex prime of (E;, Es)
for convenience.

Lemma 3.6.

(1) Let (E1,Ey) € X(F2'¢) be such that both E; are supersingular, and let v
be the reflex prime of (E1,E3). Then there is an isomorphism of F @ Aj-
quadratic spaces

(V(E1, Eg) ® Ay, degay) = (WP @ Ay, QW)

which maps L(Eq, Es) ®7Z onto @K. In particular, there is an isomorphism
between the F-quadratic space between V(Eq, Eq) and W),
(2) If (E1,E2,j) € Xo(F2), then Diff (V'D,a) = {v}, where v is the prime of
F above p and is the reflex prime of (E1, Ey). In particular, if |Diff(v/D, a)| >
1, then X, is empty.
Proof. By Lemma 2.16, one sees for | # p
L(E;,Eo) ®Z; = (OK”QZ(U))-

For [ = p, there are two cases.
Case 1: pis inert in K7 and K5. In this case, p = vv’ is split in F' with v chosen
to be the reflex prime of (E;, E3). Then Proposition 2.22 asserts

L(E1,E2) ® Z, = (Ok,, 7 Nk, /r,) % (Ok,, . Nk, /r,) = (Ok,, Q).

Case 2: p is inert in one of K; and ramified in the other. In this case, p = v= is
ramified in F, and K/F is still unramified at v. We still call v the reflex prime of
(E1, E5) for convenience. By Proposition 2.32, one sees that

L(E1,Es) ® Zy, = (Ok,, Nk, /r,) = (Ok,, Q).

2

This proves (1).

Next, (E1, Eg, j) € Xo(F3'8) implies that thereis a j € L(E;, Eg) with degay () =
. By (2), one has then that there is z € K such that Q(*)(z) = a. This implies
that Diff(vD, a) = {v}. |

Now we assume that a € F is totally positive and Diff(v/D, o) = {v}. Fix one
(E1,Eq) e X (Fglg) with reflex prime v, which always exists by Corollary 2.27. We

identify V(E1, E2) with W®) so that degqy; = Q). Moreover, there is hg € S(Ay)
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such that hoL(Eq, Ey) ® Z = Og. Write ¢g, g, = 1
Then ¢g, g, (x) = QSSCU)(halw). Let

(L(B1,E2)®Z) and d) OK

o = oo ok, € SV (A)),

w%wﬂzf 0(g, h, 8*) dh
S(@\S(A)

be the associated theta integral. Here

0(g,h, o)) = Z Wy ) e ( (9)9" (h 1)

jew®

and let

is the theta kernel, S = ReSF/QSO(W(U)) = ReSF/QKl is the algebraic group
defined in Section 2.3, dh is the Tamagama measure on S(A) so that Vol(S(R)) =1
and Vol(S(Q)\S(Af)) = 2 (see for example [16]). We further write for 7 € H?

0(r, ")) = (v102) " 28(gr, 6,

which is a weight 1 Hilbert modular form. It has the Fourier expansion
(r,6") = Z 0o () -

with

0o (¢V)) = h='5) dh
(6) L@ww)jz 67 (h15)

jGW(v)
QW (j)=a

Recall that T(Af) = {t = (t1,2) € K x K : t11; = tala} acts on X (Fa'8) via
t.(E1, E2) = (E1 ®a, By ® CLQ)

where ai@Ki = ti(aKi. The group T also acts on V(E;, Es) via

. 1 . -
(t1,t2) @ j = ——r(t2) 0 j o K(t1).
t1t1

This action factors through S (acting on W(”)), and gives the exact sequence
1-G,,—-T—5—1.
Moreover, one has for ¢t € T'(Ay)
L(t.(E1,E2)) =t e L(E;, Es).
Here R
te L(E, Ey) =V(E,Ex)N{tej: je L(E Ey)®Z}
Lemma 3.7. Assume Diff(v/D,a) = {v}, and z = (E;,Es) € X (Fa'8) with reflex

prime v. Then
hih
Z Z Aut (tm il B 2W1\:I 0(1((;5(”)).
telo jEL(t. 1) Yo 12

Here T'o = T(Q)\T'(Ay)/U has (by Proposition 2.14) cardinality hiha, where h; is
the ideal class number of K;.
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Proof. Notice that ¢(*) is U-invariant. Recall the exact sequence
1= Q\AF — T(Q\T(Af) — S(Q\S(As) — 1,
Vol(Q*\A) = 3, and W) = V(Ey, E;). So we have

Oa(6V)) = / ¢ (h=1z) dh
) S@\S(4)) 2, )

2eV ()
QW (2)=a

/ > ¢B.m,(h ' ej)dh
SQ@N\S(Ar) jev(a)

degcy (J)=c

2/ Z ¢E1,E2 (t_l OJ) dt
T\T(As)  jev(a)

degom (J)=a

Vol(U v _
= \UF(W)T | Z Z ¢§~:1),E2( Te )

tely  jeV(z)
degcy ()=a

Notice that ¢g, g,(t"*ej)=0o0r 1. Itis 1 if and only if t ' @ j € L(E1,E3) ® Z,
i.e.,

j € (te L(E,Ey) ®Z) NV (Ey, Ey) = L(t.(E1, Ep)).
Since |Auty, (t.(E1, E2), j)| = wle, one sees

Vol(U 1
@)y — o v ra—
0o (™) W1W2|UﬂT |Z Z |Aut)(a(t.x,j)|.

telo jeL(t.z)

degom (§)=a
Finally,
Vol(T(Q\T'(Ay)) = Vol(Q*\AF) - Vol(S(Q)\S(Ay)) =
implies
Vol(U
1.
|U N T Q)| Z
tely
So
Vol(U) 1 1
UNT@Q)]  [Tol  hahe
by Proposition 2.14. O

We also summarize Propositions 2.28 and 2.38 as the following theorem.

Theorem 3.8. If v = (E1,Ey,j) € X, (F3'%), then Diff(VD, o) = {v} consists of
a single element v, and v is the reflex prime of (Eq,Ey). Furthermore,

1
length(O%. ) = i(ordv(a’D) +1)
is independent of choice of x!

Proof. Suppose z = (E1,Ey, j) € X,(F2'¢), then j € L(E1, Es) with degey (j) = o
Lemma 2.16 implies that for all ¢ # p, V;(E;1, Es) is isomorphic to C; = va Cy

as Fj-quadratic spaces. So C, represents « for all v { p, i.e, v ¢ Diff(vD,a). If
p = v? is ramified in F, then V,(E1,Es) is not isomorphic to C,, otherwise C is
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isomorphic to V(E;,Es) and is thus coherent. When p = vjvs is split, the same
argument implies that for exactly one of v;, the two local F), -quadratic spaces are
isomorphic, so Diff (\@, «) consists of exactly one element. To see that v is the
reflex of (Eq, Ez), one uses Proposition 2.22. The formula for length(Of\?mI) is given
by Propositions 2.28 and 2.38.

O

Proposition 3.9. Assume that o € F is totally positive with Diff(v/D, o) = {v}

hih
deg(X,) = ﬁ(ordv(cﬁ)) + 1)0a(¢™).

In particular, deg(X,) =0 if o ¢ DL,

Proof. When o ¢ © 1, 0,(¢")) = 0 and X, is empty by Lemma 3.7. When
a €D 0,(¢™) # 0 if and only if X, is not empty. Suppose z = (E1, Es,j) €
Xo (Fglg), then the reflex prime of (E;, Es) is v and p lies below v by Theorem 3.8.
Notice in general that © = (E1, Ep,j) € X, (F3'®) implies that z = (E1,Ey, j) €
Xo(F28), where E; is the same elliptic curve with the Ok -action &j(a) = ;(a).
Moreover, £ and x are not in the same I'-orbit. So Theorem 3.8 and Corollaries
2.27 and 2.37 imply

1
deg(Xa) = (0rdy(aD) +1) Y D [Aut(t.(Er, Eo), /)|
teTl j'eL(t.(E1,E2)) ’ ’
degom (J')=a
Since ged(dy,ds) = 1, Tg = T by Proposition 2.14. So Lemma 3.7 implies the
Proposition. [l

One the one hand, one has by [18, Lemma 2.2]
Lemma 3.10. Let v be a finite place of F'. Then W (1,0,¢,) = 0 unless a €

D1 ®op OF,. In such a case, one has
-1 if ord,(a®) =1 (mod 2),

wr (1,0,¢,) =
a,v( ’ 7¢v) {0 if ordv(ag) =0 (mOd 2)

Lemma 3.11. Assume o € D' is totally positive, and Diff(v/D, ) = {v}. Then

W' (1,0, ¢
(10,68

E;J(T’vaﬁc) = a(ﬂ(),(j)(v)).

- W, (1,0,00)
When o ¢ D71, one has E'(7,0,¢°) = 0.
Proof. The condition Diff(v/D, o) = {v} implies that ord,(a®) is odd and

Ws,(1,0,65) = 0
WO’;U(LO,(bU_) = —1.
Therefore
W (1,0, ¢t
EZJ(T707¢C): Ot,U( z)W;v(LOv(b;) H W;w(1a07¢$) H W;w(TaOa(bg)
WJ’U(L 0’ st ) 7 wivoo 7 w]oo 7
W*J 17 ) ¥
W06
W (1,0, 6y)
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d

Looking at Lemma 3.11 and Proposition 3.9, one sees that to prove Theorem

1.3,

it is sufficient to prove

Proposition 3.12. Assume o € D' is totally positive, and Diff(v/D,a) = {v}.
Let p be the prime below v. Then

(1) One has
Wen(1,0,0F) 1
———— = —(ord, (@) + 1).
We(L0.0y) 2 @)+
(2) One has
4
B (r,0,60)) = 212y )
Wi1Wso

Proof. Part (1) follows from Proposition 3.3 and Lemma 3.10. Part (2) is the
well-known Siegel-Weil formula. Indeed, the Siegel-Weil formula [15] gives

E*(7,0,6") = A(1, x)E(1,0,0™)) = A(0,X)0(r, 9*)).

On the other hand, the class number formula gives

(1]

(10]

(11]
(12]
(13]

(14]

4hiho

W1W2’

A(()vX) = A(()?Xl)A(O?XQ) =
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