TWISTED GROSS-ZAGIER THEOREMS

BENJAMIN HOWARD

ABSTRACT. The theorems of Gross-Zagier and Zhang relate the Néron-Tate
heights of complex multiplication points on the modular curve Xo(N) (and
on Shimura curve analogues) with the central derivatives of automorphic L-
function. We extend these results to include certain CM points on modular
curves of the form X (I'o(M)NI'1(S)) (and on Shimura curve analogues). These
results are motivated by applications to Hida theory which are described in
the companion article [15].

0. INTRODUCTION

Let xo be a finite order character of the idele class group Q*\A* of Q, and sup-
pose that f € So(To(N), xp ', C) is a normalized newform of level N and character
Xo ! In particular we assume that f is an eigenform for all Hecke operators T,
with (n, N) = 1. Writing f = > b,q™ the L-series of f is defined as the analytic
continuation of L(s, f) = >, byn~*. To compare with the notation used in the
body of the article, L(s,II) = L*(s + 1/2, f) where

L*(s, f) = 2(2m)~T(s)L(s, f)
is the completed L-function of f and IT is the automorphic representation of GLo(A)
attached to f. Let F be a quadratic imaginary field of discriminant —D and let x
be a finite order character of the idele class group E*\A} whose restriction to A*
agrees with xo. Factor N = M S in such a way that S is divisible only by primes
dividing Ng,g(cond(x)) and M is relatively prime to Ng,g(cond(x)). We assume
(a) N and Ng/g(cond(x)) are each relatively prime to D,
(b) for any prime p | S the restriction of x to E) = (F®qQ,)* factors through
the norm E — Q,
(¢) S = cond(xo).
It is easy to see from these hypotheses that cond(y) = COpg for some positive
integer C' which is divisible by S.
Let w denote the quadratic Dirichlet character attached to E. The L-function of
f and the Hecke L-series of y each admit Euler products over the rational primes.
For each prime p the local Eulers factors have the form

Ly(s,f) = (1—ap ) "(1—agp ®)"
Ly(s,x) = (1=pp %) " (1—Bap )"
and we define a new Euler factor

Ly(s,x, /)= J[ (1—aBip™)~"

1<i,5<2
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The Rankin-Selberg convolution L-function L(s, x, f) =[], Ly(s, x, f) has analytic
continuation to an entire function of s and satisfies the functional equation

(1) L*(s,x, f) = —w(M) - (C2DM)*7** - L*(2 = 5, x, f)

where

L (37 X f) = 4(277)7281—‘(5)211(57 X f)
In the notation of the body of the text L(s,II xIL,) = L*(s+1/2,, f), and so the
functional equation follows from the functional equation (7) of the Rankin-Selberg
kernel and the integral representation of the L-function (9).

Assume that every prime divisor of M splits in E. In particular the functional
equation forces L(1,x,f) = 0. Let O = Z + COg and O’ = Z + CS~'Of be
the orders of conductors C' and C'S™, respectively, of O. Fix an invertible ideal
M C O such that O/M = Z/MZ and consider the isogenies of complex elliptic
curves

c/o B o/t c/o0 L clo.
These isogenies are cyclic of degree M and .S, respectively, and if we pick an arbi-
trary generator m € ker(Fs) the triple Q = (C/O, ker(Fys), ) determines a point
on the moduli space Xr(C) parametrizing complex elliptic curves with

I = To(M) N T4 (S)

level structure. We view Xp as a scheme over Spec(Q). Let O denote the closure
of O in the ring Ag ; of finite adeles of £ and let 0 : 0% - (Z/SZ)* denote
homomorphism giving the action of O* on O'/O = Z/S7Z. The character y has
trivial restriction to ker(#), and by the theory of complex multiplication the point
@ is rational over the abelian extension of E' with class group E*\Af ,/ker(0).
Thus we may form the divisor with complex coefficients

Q= ) x-Qr

teEX \AEYf/ker(G)

on Xt xg E, where [, E] is the Artin symbol normalized as in [29, §5.2] and E,
is the abelian extension of F cut out by x. Assume that x is nontrivial (otherwise
S = 1 and we are in the case originally considered by Gross and Zagier [14]) so
that @, has degree zero and may be viewed as a point in the modular Jacobian
Qy € Jr(E,)®zC. Denote by T the (semi-simple) C-algebra generated by the Hecke
operators {T,, | (n, N) = 1} and the diamond operators {({d) | (d,S) = 1} acting
on S3(T",C). By the Eichler-Shimura theory the algebra T acts on Jr(E, ) ®zC via
the Albanese endomorphisms T}, and (d). as in [22, §2.4]).

The following theorem is a special case of Theorem 4.6.2. When S = 1 this result
is due to Zhang [37, Theorem 6.1]. When S = 1 and x is unramified it is due to
Gross-Zagier [14].

Theorem A. Let Q5 denote the projection of Q, to the mazimal summand of
Jr(Ey) @z C on which T acts through Ty, + by, and (d) — x5 *(d). Then

L'(1,x,f) =0 < Qy,r=0.

Remark 0.0.1. The hypotheses (b) and (c) placed on the primes divisors of S are not
made for the sake of convenience; rather these hypotheses seem to be closely related
to the particular choice of I'1 (S) level structure on C/O, given by a generator of the
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kernel of an isogeny to an elliptic curve with complex multiplication by a different
quadratic order.

Remark 0.0.2. If II = @, II, denotes the automorphic representation of GLy(A)
generated by the adelization of f then the condition (¢) above is equivalent to
Hypothesis 0.1.1(b) below, with F' = Q, s = SZ, and ¢ = CZ. This follows from
the formulas of [27, §12.3] and [25, Theorem 4.6.17].

Throughout the body of the article we work in much greater generality than
the situation described above; instead of a classical modular form f as above we
work with a Hilbert modular newform ¢ over a totally real field F, and assume
that ¢pp is either holomorphic of parallel weight 2 or is a Maass form of parallel
weight 0. Let x be a finite order character of the idele class group of a totally
imaginary quadratic extension E of F, and assume that the restriction of x~! to
the ideles of I agrees with the central character of the automorphic representation
IT generated by ¢r;. We assume that II, x, and E also satisfy the hypotheses of §0.1
below. The Rankin-Selberg L-function L(s,II x II, ), where II, is the theta series
representation associated to y, is normalized so that the center of symmetry of the
functional equation is at s = 1/2.

Assume first that ¢ is holomorphic of parallel weight 2. When the sign in the
functional equation of L(s,II x II,) is 1 we prove a formula (Theorem 3.3.3) re-
lating the central value L(1/2,1II x II,) to certain CM-points on a totally definite
quaternion algebra over F'. In special cases such results go back to Gross’s special
value formula [10]. Such special value formulas have been used by Bertolini and
Darmon to construct anticyclotomic p-adic L-functions for elliptic curves [1], and
such L-functions play a central role both in those authors’ work on the anticyclo-
tomic Iwasawa main conjecture for elliptic curves [2] as well as in the work of Vatsal
[31] and Cornut-Vatsal [6, 5] on the nonvanishing of L-values in towers of ring class
fields. We point out also the helpful expository article of Vatsal [32]. When the
sign in the functional equation of L(s,II x II,) is —1 we prove a theorem (Theo-
rem 4.6.2, which includes Theorem A as a special case) which generalizes results
of Zhang [37, Theorem 6.1] and Gross-Zagier [14] by relating the central derivative
L'(1/2,1I x II,) to the Néron-Tate height of CM-cycles on a Shimura curve over
F. Now assume that ¢y is Maass form of parallel weight 0 and that the sign in the
functional equation of L(s,II x II,) is 1. In this case we prove (Theorem 3.4.2) a
formula expressing the central value L(1/2,II xII, ) as a weighted sum of the values
at CM points of a weight 0 Maass form (related to ¢ by the Jacquet-Langlands
correspondence) on a Shimura variety of dimension [F': Q).

Our methods follow those of Zhang [35, 37] and we freely use his results and
calculations when they carry over to our setting without significant change; the
reader is advised to keep copies of [35, 37] close at hand. The original contributions
are primarily found in §2 and §3.

The primary motivation for this work is to obtain results on the behavior of
Selmer groups and L-functions in Hida families. Indeed, the somewhat peculiar
point @ € Xr(C) defined above plays a central role in the construction of big
Heegner points [16] in the cohomology of Galois representations for A-adic modular
forms. Theorem A can be used to verify, in any particular case, the conjectural
nonvanishing of these big Heegner points and can also be used to give examples of
Hida families of modular forms whose L-functions vanish to exact order one with
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only finitely many exceptions. The applications to Hida theory and Iwasawa theory
of the results contained herein is found in the separate article [15].

The author thanks Shou-Wu Zhang for many very helpful conversations.

0.1. Notation and conventions. The following choices and conventions apply
throughout the remainder of the article.

Fix a totally real field F, a CM-extension FE/F of relative discriminant 0 and
relative different ®, and denote by A and Ag the adele rings of F' and F, respec-
tively. The integer rings of F' and E are denoted O and Op, respectively, and w
denotes the quadratic character of A*/F* corresponding to the extension E/F. If
M is any finitely generated Z-module we let M denote its profinite completion. If
a is any nonzero Op-ideal, Np/g(a) denotes the cardinality of Op/a. If v is a real
place of F then | - |, denotes the usual absolute value on F, 2 R. If v is a finite
place then |-, is normalized so that for any uniformizing parameter @ of F,, ||, *
is the size of the residue field of v. For any Op-module M and any place v of F|,
set My = M ®0,. OF,. For any x € A* let xOp denote the fractional ideal of Op
determined by (zOr), = 2,OF,, for every finite place v.

Fix a finite order character x : Aj/E* — C*. Let xo denote the restriction of
X to A*/F* and let € denote the conductor of x. We abbreviate N(€) = Ng,p(€).
For each place v of F let x, denote the restriction of x to E} = (E ®p F,)*.
Let IT be an irreducible infinite dimensional cuspidal automorphic representation of
GL2(A) of central character x ! and conductor n, as defined in §1.1. Factor n = ms
in such a way that m is prime to N(€) and s is divisible only by primes dividing
N(€). We assume throughout that n and N(&) are both prime to .

Hypothesis 0.1.1. At times we will assume that II satisfies the following hypothe-
ses.
(a) For every v | s there is a character v, of F* such that x, = v, o Ng_/p, .
Note that this hypothesis implies that € = ¢Op for some ideal ¢ of Op.
(b) For every v | s, II, is a principal series representation IT(x,, xq. Lust) of
GLy(Fy) with p,, an unramified quasi-character of F,*. In particular

ord,(s) = ord,(cond(xo)) < ord,(c).

These hypotheses will be assumed in §3 and §4 but are not needed for the calcula-
tions of §2, or for the calculations of §1 unless otherwise indicated.

1. AUTOMORPHIC FORMS AND THE RANKIN-SELBERG INTEGRAL

Let ¢ : A/F — C* be a nontrivial additive character. Fix an idele 6 € A* in
such a way that for every finite place v of F' the restriction to F, of the additive
character ¢° : A — C* defined by ¢°(z) = (6 *x) has conductor O, and so
that for every archimedean place v the restriction of ¥° to F, = R is given by
(x) = 2™, This implies that F has absolute discriminant Dp = |§|~!. For any
finite place v of F' we normalize the additive Haar measure dz on F, in such a way
that the volume of Op, is equal to |§ |$/ ?_and normalize the multiplicative Haar
measure d*z on F,* in such a way that the volume of O, is 1. Then dz and d*z
are related by 7

(2) 81,2 (1 — |elo) - d"x = ||, - do
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for any uniformizer w of F,. On R* we normalize the Haar measure d*x by
d*x = |z|~'d"P 2z, where d“*Px is the usual Lebesgue measure giving [0, 1] unit
mass. For an archimedean place v the additive Haar measure dx on F,, = R is
normalized by dz = |(5|11,/ ?dtebz. In all cases the Haar measure on the additive
group F), is self-dual with respect to ¢,. Endow A and A* with the product
measures; the quotient measure on A/F has total volume 1 by [34, Proposition
V.4.7].

Fix d € A* such that dOr =0 and d, = 1 for v | co. Let S denote the set of

places of F' dividing 0, and for each v € S set h, = (—d 1) € GLo(F,), viewed

as an element of GLg(A) with trivial components away from v. For each subset
T C S set hr = HUET h, and view hp as an operator on automorphic forms on
GL2(A) via (hrd)(g) = ¢(ghr). For a € A* define e (a) =[], €v(a) where

22" if g, >0
0 otherwise.

v|oco
ey(a) =

for each v | co. Define the usual gamma factors
Gi(s) = m~%/?T(s/2) Ga(s) = 2(21) ~*T'(s).

1.1. Automorphic forms. Let ¢ be an automorphic form on GLy(A). Then ¢
admits a Fourier expansion

o) =Cola) + X We((* ) )
aEFX

in which the constant term Cj and Whittaker function Wy (with respect to )
are defined by [35, (2.4.3)] and [35, (2.4.4)], respectively. For every a € A* the

Whittaker coefficient
ad ™!
B(a; ¢) = Wy 1

is independent of the choice of ¥, and a simple calculation shows that the Whittaker

coefficients of ¢ and ¢ are related by B(a; ¢) = B(—a; ¢). The zeta function of ¢ is
defined as the meromorphic continuation of

Zs0) = 151 [ Bl ay

[ et ) ey
AX JFx

in which both integrals are convergent for Re(s) > 0. Asin [35, §3.5] we say that an
automorphic form ¢ of parallel weight 2 is holomorphic if its Whittaker coefficient
has the form

B(a; ¢) = |aleco(a) - B(a; §)
with a = aOp for some function B (a; ¢) on fractional ideals of O which vanishes
on non-integral ideals.
Let v be a finite place of F'. If n, is an ideal of OF,, define the habitual congruence
subgroup

Kl(nv){(i Z)GGLQ(ORD) cEnv,delenv}.
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For an irreducible, admissible, infinite dimensional representation 7, of GLo(F,)
the conductor of m, is the largest ideal n,, such that 7, admits a K7 (n,)-fixed vector.
The space Ki(n,)-fixed vectors is then 1-dimensional, and any nonzero vector on
this line will be called a newvector. If v is an infinite place of F then any m, as
above has a unique line of vectors of minimal non-negative weight for the action of
SO2(R); a nonzero vector on this line is again called a newvector. If m = @, m,
is an irreducible automorphic representation of GL3(A) then a newvector in 7 is
a product of local newvectors. Such a newvector is unique up to scaling, and we
define the normalized newvector ¢, € m to be the unique newvector satisfying

Z(Sa ¢7r) = |5|1/2_SL(57 ﬂ—)'

The existence of such a newvector is well known; a detailed proof may be found in
[28]. If n is an ideal of Of set Ki(n) = [[, K1(n,), where the product is over all
finite places.

Suppose v is a finite place of I, ¢ is an automorphic form which is fixed by the
action of Ki(n), and (a,n) = 1. We define

(Tap)9)= Y.  o(gh)
heH(a)/Ki(n)

where H(a,) is the set of elements of M>(OF,) whose determinant generates a,

and
H(a) = HKl(nv) . HH(CM,).

vta v|a
If a € A* satisfies a« = aOp and a, = 1 for v | oo then the Hecke operator T,
satisfies [36, Proposition 3.1.4]

B(1;Ta¢) = Npsg(a) - B(a; ).

1.2. Eisenstein series. For any place v of F' and any subset X C F,, let 1x denote
the characteristic function of X. Let S(A?) denote the space of Schwartz functions
on A? and fix Q € S(A?). Given a pair n = (n1,72) of quasi-characters of AX/F*
we define

fonala) = |det(@) m(det(a)) [ Q0.4 e m(Omae™) @t

for s a complex variable and g € GL2(A). Then fq, s lies in the space of the
induced representation B(n;| - [*71/2,na| - [1/27%) of [35, §2.2]. The Eisenstein series
defined by the meromorphic continuation of

EQ7177S(9) = Z fQ,n,s(,yg)

YEB(F)\GL2(F)

. . . 1
is an automorphic form with central character nins. If we set wy = (_1 ) then

according to [35, §3.3] Eq ; s(g) has constant term

Corno(9) = Fune(@) + [ fan (o (P 7)a) a0

and Whittaker function

Wan,s(g9) = /Afsz,n,s <wo <1 T) g) Y(—z) d.
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To fix a particular Eisenstein series we let vt be an Op-ideal relatively prime to
0 and choose r € A* so that rOp = v and r, = 1 for v | co. Define a Schwartz
function Q, = [[Q., on A% by

1., (z)1o., (v) if vt000
Qe v(z,y) = wy(y) 1o, (17)1(9;,1} (y) ifvld
(iz +y)e ™ @) if v | 0.

Taking = (1,w) we abbreviate
Ees(9) = Ea,n.s(9) fes(9) = fa.n.s(9)-

Proposition 1.2.1. Fiz a € A* and set a = aOp. There is a product expansion
B(CL; Er,s) = H Bv (aa Et,s)

over all places v of F, in which the local factors are given as follows.

(a) If v is a finite place which does not divide 0 then for any uniformizing

parameter w of F,

ord, (at™1)
By(a: Fes) = wo(8) - laly - 1013777 37 o7y ().
§=0

if ord, (a) > ord,(t), and otherwise B,(a; Ey ) = 0.

(b) Ifv |0 then

B,(a;E. s) = wy(6)]ad[; - |6d|zil/2€v(1/27wvv¢g) if ord,(a) > 0
VAT TS 0 otherwise

and
By(a;hyErey—s) = Wv(_a)‘d|3/2_3s‘5“;_25671(1/27 w, )t Bu(a; B o)

where €,(1/2,w,9Y) is the usual local epsilon factor as in [19, §3].

) v

(¢) If v is archimedean then

(s+1/2)

—S S— F
Bo(a; e ) = wy(ad)laly (0] 72 =5 Va(—a)

where fort € R

e—27ritz
‘/s t) = dLeb .
®) /R (+2)1+a2)p—172 " 7

Proof. For v nonarchimedean these formulas are found in Lemmas 3.3.2 and 3.3.3
of [35]. For v archimedean see [35, Lemma 3.3.4]. At each place our formulas differ
from Zhang’s by a factor of w,(—1). As w(—1) = 1 this local factor does not change
the value of B(a; E. s). O

Proposition 1.2.2. The Eisenstein series E. 5(g) satisfies the functional equation
Ees(9) = Eei—s(ghs) - (=) U)rs| 271 d|3 7320 (r - det g).

Proof. See §3.2 of [35], especially (3.2.1) and Lemmas 3.2.3 and 3.2.4. O



8 BENJAMIN HOWARD

Let L(s,w) = [[, Lv(s,w) be the usual Dirichlet L-function attached to w, in-
cluding the gamma factors L, (s,w) = G1(s + 1) for v | co. Writing L(s,w) as the
quotient of the completed Dedekind (-functions of F and F' and using the functional
equation and residue formulas of [34, VIL.6] gives the functional equation

(3) L(s,w) = |d6]*"Y/2 . L(1 — s,w)
and the special value formula

(4) L(0,w) = g (0% :0x]7! . 2lF@-1
Hp

in which Hr and Hg are the class numbers of F' and F, respectively.

~1
Proposition 1.2.3. Fiz a € A* and set o = (a5 1>. Forany T C S

[ |al*|6|7*L(2s,w) I T =10
fealahr) = { 0 otherwise.

Furthermore if T = S then

/ft,s <w0 <1 T) OéhT> dx
A

= i Uw(ad)w(@)|r* al 0522 dP T L(2 - 25, w),
and otherwise the integral is 0.

Proof. Let v be a place of F' and, if v is finite, let w be a uniformizing parameter
of F,,. We may factor fe s =[], fe,s,v where

ft,s,v(,g) = |det(g)|i / § Qr)v([()’t} -g)|t|12)3wv(t) d*t.

v

For any place v one easily computes
feswla) = laly - 16],% - Ly(2s,w)
and, if v € 5,

Foon (ahy) = a8~ 1] / Qua(—rt, 0) 2wy (1) d*¢
FX

which vanishes as Q. ,(—rt,0) = 0. This proves the first claim. If v is a finite place
with v {0 then

1 =z
t,8,v d

= \ad—l\;/FX 1, (tad™") </ 1o, (tz) dx) [t]2°wy () d*t

v v

alp o127 [ 1o, (tas e ) a7

v

= wy(ad)laly |81y 23w (r) L (28 — 1,w).
If v | @ then by (2)

/F Loy (ta)w, () dz = |8]}/>(1 = |1,) / Loy, (tw)wn(@)laly d™z.

FS
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The integral on the right vanishes, and hence so does

1 =z
/Fv ft,s,v (wo ( 0) a) dx

= |a5—1|g/F /F Qeo(—tad™t, —tx)|t|>w, (t) d*t dx

= |ac5’1|f)/X 1,, (tad™ 1) (/F lofm (tx)w, () dx) |t|25 d*t.

v v

Still assuming v | 9,

/ ft,s,v (wo (1 3) Oéhv) dzx
Fy

|ad§71|f]/X </F lo,,(tx) dx) lo;’v(ta571)|t|12,swv(—a5) d*t

v v

alt W18l (-a0) [ 10y (tad7) a7t

va F,v

= wy(—ad)lal, [0V 2(d];.

Finally, if v is archimedean then

1 =z
t,s.v d
Jo e (m (" 5)2)

= flalilé\i/H// t(as Vi + x)e (100 ) et 25, (1) @t APy
R JRX

i n(-ad)fals ] e [ e e ( [ dLebg;) 0t
RX R

i (ad)als A [ g

= q- wv(—a5)|a|11,_s|5|f)_1/27r_sF(s).

Putting everything together gives

(s 1)) o

_ i w@d)w(r) e al o 2] - L(2s — Lw) i T =S
a 0 otherwise

and the second claim now follows from the functional equation (3). g

1.3. Theta series. Asin [17, §12] or [35, §2.2] (see also §12.6.1 and §12.6.5 of [27],
and the references therein) there is an irreducible automorphic representation IL, of
GL2(A) of central character wyo and conductor dN(€) characterized by L(s,II,) =
L(s,x), where the right hand side is the Dirichlet L-function of x including the
gamma factors L, (s,x) = Ga(s) for v | co. Denote by 6, € II, the normalized

newvector and define
—1
o =0 (s(7" )

so that 0 has parallel weight —1.
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Proposition 1.3.1. Fiza € A*. The Whittaker coefficient B(a;0) admits a prod-
uct decomposition B(a;0) = [], By(a;0) over all places of F in which the local
factors are given as follows. Let v be a place of F, and if v is finite let w be a
uniformizing parameter of F,.

(a) Ifv is finite and inert in K then
o(@)29r () if ord,(a) > 0, ord,(a) even, Y, unramified

By(a;0) =a]/?-{ 1 if ord,(a) =0, x, ramified
0 otherwise.

(b) If v is finite and splits in K then identify E)X = F* x F*. Set a = 0 if the
restriction of x, to the first factor is ramified, and o = x, (w0, 1) otherwise.
Set B = 0 if the restriction of x, to the second factor is ramified, and
8 = xu(1,@) otherwise. Then

By(a;0) =lal/> > o'p.
i+j=ord, (a)
4,720

Here we adopt the convention that 0° = 1 in case one or both of o, 3 is 0.
(¢) Ifv |0 (so that x, is unramified) let wg denote a uniformizer of E,. Then

L0 — [o]1/2 . Xo(wp)o 4@ if ord,(a) > 0
Bu(a;0) = laly {0 otherwise.

d) If v is archimedean then B,(a;0) = |a i/2ev —a).
(

Proof. When xq is trivial this is a restatement of Lemmas 3.3.6 and 3.3.7 of [35].
The proof of the general case is identical. O

Proposition 1.3.2. The local Whittaker coefficients of 0 satisfy

wy(a)By(a;0) = By(a;6) if v10-00
wy(a)By(a;0) = —DBy(a;0) if v oo
wy(a) By (a; hy0) Xo(D)en(1/2,w,9) - By(a;0) if v |o.

Furthermore 6 satisfies the global functional equation
0(g) = 0(ghs) - w(det g) - X(D) - (—i)F"Y,

Proof. When xq is trivial this is [35, Lemma 3.2.5], and the proof of the general
case is identical. g

Lemma 1.3.3. Let x*(t) = x(t) where t — t is the nontrivial involution of E/F,
extended to A,. The following are equivalent

(a) II,, is noncuspidal

(b) there is a character v : A /F* — C* such that x =voN

(€) X" =x-

Proof. If (b) does not hold then II,, is cuspidal by [17, Proposition 12.1]. Conversely,
if (b) does hold then comparing L-functions we see that IL, is isomorphic to (indeed,
is defined as) the principal series II(v, vw), hence is noncuspidal. Thus (a) and (b)
are equivalent. The equivalence of (b) and (c) is a consequence of Hilbert’s theorem
90. (]
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Lemma 1.3.4. Assume that € = O and that the equivalent conditions of Lemma
1.8.83 hold. Then

(5) v(det g) - Eoy.1/2(9) = (=D |d|/20(g)

where Eo,. s is the Eisenstein series of §1.2 with v = Op.

Proof. As in the proof of Lemma 1.3.3, II, is isomorphic to II(v,vw), and so is
generated by v(det g)Ep,. 1/2(g). As both 6(g) and v(det g)Ep, 1/2(g) are K1(0)-
fixed and of parallel weight —1, they must be scalar multiples of one another. To

compute the scalar we compute Whittaker coefficients. For any a € A*, comparing
Propositions 1.2.1 and 1.3.1 gives

B X, (D d},/g if v4 o0
Bv(a;EOF,l/?) = Vq)(a)wq,(aé)Bv(a; hva) ! { ;( ( )| | if v J|f 0

Using Proposition 1.3.1 we see that both sides of (5) have the same Whittaker
coefficients. 0

1.4. The kernel ©. For each v € S set 0,5, =1 +X,U(©)|d\11,/2fshv and define the
symmetrized kernel

O:,s(9)

(H Us,v) : [e(g)Et,s(g)]

vES
= Y X @) 0(ghr) B s(ght)
TCS

where the subscript 7" indicates the product over all v € T'; e.g. x7 = [[,er Xo-
For every place v of F' define

-1 if v|oo
(6) co(s,1,9) = O[3 4wy (et if v e
|d|?s—1 otherwise

and set €(s,t) = [, €.(s,t, %), so that
e(s,v) = (—1)[F:Q}w(t)NF/Q(Dt)1_23D}{23.
Combining Propositions 1.2.2 and 1.3.2 gives the relation
0(9)Exs(9) = e(s,0)[d]*~/*X(D) - 6(ghs) Ex,1-s(ghs)

and hence
(H Usm) [e(g)Et,s( = 6 s, <H Xv ‘d‘s 1/205 vhv> [e(g)Et,lfs(g)] .
veSs veS

For v € S the operator h2 acts as x0.,(0) = X, (®D)? on automorphic forms of central
character xo. Thus we may replace the expression Y, (’D)|d|f,71/ 2

to arrive at the functional equation

(7) ®t,s(g) = E(S,t) : Ot,lfs(g)'
As in [35, §3.3], multiplying the Fourier expansions of 6(g) and E. s(g) shows
that the product 6(g) - E; s(g) has constant term

cuo=csmeio = m((" ) (¢ )5

n,EEF*
77+€:0

050Ny With o1_5 4
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and Whittaker function

Weslg) = Colg)Wes(g) + Ces(9)Walg)
C ()¢ o)
n+é=1

From the Fourier expansion of 6(g)E. s(g) and the definition of the symmetrized
kernel we find the decomposition

(8) B(a; @t,S) = Ao(a; @t,s) + A (a; @t,s) + Z B(a,n,¢&; @t,s)

n,EEFX
n+&=1

in which the terms on the right hand side are defined by

Ao(a:0es) = Y Xr(@)|dly > Wo(ahr)Cy s(ahr)
TCS
A(@:0) = Y Xr®)dly*Colahr) W, s(ahr)
TCS
B(a,n,60cs) = > Xp®)|dly* * B(na; ) B(Eas hy B )
TCS

-1
where we have abbreviated o« = <a5 1). If we define

Bv(av na 5; @Y,S)
B o[ Bu(€a; Exy) ifvto
= Blnest) { B, (£a; Er,s) +w,(—n€)|dd[3 ™ By (a; Era—y) i v ]2

then the local functional equations of Propositions 1.2.1 and 1.3.1 imply the fac-
torization

B(a,n,&0¢) = [[ Bula, 1,6 0¢.0).

Lemma 1.4.1. For every place v of F, every a € A*, and every n,£ € F'*,
By(a,n,&; O¢s) = wy(—n&)en(s, v, ) - By(a,m,§; O1-5).

Proof. This follows from direct examination of the explicit formulas of Propositions
1.2.1 and 1.3.1. For v | oo one also uses the functional equation satisfied by Vs(?)
found in [14, Proposition IV.3.3 (c)]. |

Proposition 1.4.2. Suppose 1, € F*, n+ & =1, and w,(—n&) = €,(1/2,%,%).
Fir a € A* and abbreviate, here and later, ©, = O 1 /3.
(a) If v is a finite place which is split in E then
By(a,n,& 0x) = lalu|ngly/*w,(0) (ordy(€ar™) +1) Y7 a'f

i+j=ord,(na)
4,520

if ord,(na) and ord,(£ar™!) are nonnegative, and is O otherwise. Here «
and 3 are as in Proposition 1.5.1.
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(b) Suppose v is a finite place which is inert in E. If x, is unramified then
Bu(a,1,€ Ox) = lal,|n€]y/ 2wy (8)xo () 207 (1)

if ord, (na) and ord,(éar™t) are even and nonnegative, and is 0 otherwise.
If x, is ramified then

By(a,n,§0:) = |a\1,|77§\11/2wv(5)

if ord,(na) = 0 and ord,(£ar™1) is even and nonnegative, and is 0 other-
wise.

(¢) Ifv |0 then
Bv(a7 n,&; Gt) = 2Xv(wE)0rdv(na)wv(5)|77§d‘11;/2|a|v6v(1/27wva 1/}2)

if ord, (na) and ord,(€a) are nonnegative, and is 0 otherwise.
(d) If v is archimedean then

By(a,n,&0:) = 2i|77§|11;/2‘a|vwv(5) “ey(—a).

Proof. This follows from Propositions 1.2.1 and 1.3.1. For v | co one also uses the
special value formula for V; /5(t) found in [14, Proposition IV.3.3 (d)], which implies

Bv(a; Et,l/?) = _i|a‘|11)/2wv(5) ’ ev(_a‘)'
O

1.5. The Rankin-Selberg L-function. Recall the automorphic representation IT
of GL2(A) of §0.1 and assume Hypothesis 0.1.1. Fix a Haar measure on GLy(Ay)
and let Z denote the center of GLa. Setting Fio = F' ®g R we identify

GLy(Fso)/Z(Fso)S02(Fug) =2 HIE

in the usual way, where H = C — R is the union of the upper and lower half-planes
equipped with the hyperbolic volume form y~2dzdy. Suppose Fy and F; are two
automorphic forms on GLo(A) for which FyF; is a square integrable function on
GLo(F)\HIFY x GLa(Af)/Z(Ay). Tf K C GLa(Ay) is a compact open subgroup
we define the Petersson inner product of level K

(Fo, F1)k = Vol(K)™* FoFy
GLa(F)\HIF:U xGLay (Ay)/Z(Af)

where the quotient measure is induced by the Haar measure on Z(Ay) giving (5;5
—1

volume 1. For any b € A* with trivial archimedean components set R, = b 1

and view Rj as an operator on automorphic forms by (Ry¢)(g) = ¢(gRyp). Let b be

an ideal of Op dividing 9¢?s~! and fix b € A with trivial archimedean components

and bOp = b. Let L(s,II xII,,) be the Rankin-Selberg L-function defined as in [35,

§2.5] (see also [27, §12.6.2] and the references therein).

Proposition 1.5.1. Let ¢y € I be the normalized newvector and set v = mc2.
Assume that I, is a discrete series of weight 2 for each v | co. Then

Vol (Ko (01)) / o1 (9Ry)0(9) B (g) dg = |61/>~*b|* " B(b;)L(s, T x IL,).

Proof. Hypothesis 0.1.1 implies that for every finite place v either II, or II, , is
a principal series. Hence the claim follows from Propositions 2.5.1 and 2.5.2 of
[35]. O
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Under the notation and assumptions of Proposition 1.5.1, a direct calculation as
in [35, Lemma 3.1.2] gives

(9) <Rb¢H;ét,s>Ko(Dt) = (S II x H |6|1/2 ° H’st
v|oc
where
|b|9 1/2 + |b‘i/2—s if v | 2
if v]ec.

'Ys,v(b) = ‘b|;1/23v(b3 0) {

1.6. Central derivatives and holomorphic projection. Throughout 1.6 we
assume that €(1/2,t) = —1. For any 7,£ € F* with n + £ = 1 define the difference
set

Diff,(n, &) = {places v of F | w,(—n&) # €,(1/2,¢t,4)}.
Note that the cardinality of Diff(n, ) is odd, and that Lemma 1.4.1 implies that
By(a,n,£,0,) = 0 for each v € Diff (n,&). In particular B(a,n,&;©,) = 0. Note
also that Diff (1, £) contains only places which are nonsplit in E, as v split implies
that both w,(—n¢) and €,(1/2,¢,v) are equal to 1. Define

d

Glt(g) = 76;3(9)
ds s=1/2
and, with notation as in (8), abbreviate
d
Ai(a;0)) = %Ai(a; ®t73)|s:1/2
d
B(aa , 57 elt) = %B(av 7, f; @t,s) |S:1/2

and similarly with B(-) replaced by B, (-). For ¢ a positive real number define

qo(t) :/ et d*x.
1

Proposition 1.6.1. If w € Diff,(n, ) then
B(a, 1, 0)) = By(a,n,£,0%) - [] Bola,n,&0x).
vFEW
The value of By(a,n,&,0%) is given as follows.
(a) Suppose w1t oo is inert in E. If x,, is unramified then

Bu(a,n,&,04) = wi (0)|n€]1/?|alw log [ar ™ @]y () 204 (7)

if ordy, (na) is even and nonnegative and ord,,(£ar—') is odd and nonnega-
tive; otherwise the left hand side is 0. If x,, s ramified then

Bu(a,1,€,0;) = wu (9)|n€li/*|alw log |gar™ @l

if ordy, (na) = 0 and ord,, (£ar—') is odd and nonnegative; otherwise the left
hand side is 0.
(b) If w1 oo is ramified in E then

By (a,n,¢, @/r) = 2“}10(5)|77§|1/2|a|w‘d|1/2 U(WE)Ordw(na) : €uz(wv¢2;) -log |€ad|,,

if ordy(na) and ord,(€a) are nonnegative; otherwise the left hand side is
0.
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(¢) If w| oo then
By (a,11,€,0;) = —4iwy (0) €]/ |alwe®™ " go(4rauwtu)
if Ny < 0 and &yay > 0; otherwise the left hand side is 0.

Proof. The first claim follows from Lemma 1.4.1 and the remaining claims follow
from the formulas of Propositions 1.2.1 and 1.3.1, together with the equality

d
— Vi (1) = —2mie 2™ qo(—4nt)
ds s=1/2
for t < 0, which is found in [14, Proposition IV.3.3(e)]. O

Remark 1.6.2. It follows from Lemma 1.4.1 and the first claim of Proposition 1.6.1
that B(a,n,&; ©L) vanishes unless Diff(n,§) consists of a single place, necessarily
nonsplit in E.

Let ®.(g) be the holomorphic projection of ©,(g). Thus @, is the unique holo-
morphic cusp form on GLg(A) of parallel weight 2 such that (¢, @) = (¢, OL) i
for any cusp form ¢ and any compact open subgroup K. If the representation IT of
§1.5 is discrete of weight 2 at every archimedean place then (9) implies

<¢Ha >K0 Dr) = 2‘S‘L/(1/2 IT x I1 )

We now describe the coefficients B(a, ®,) as in [35, §3.5] (sce also [36, §6.4]). If w
is a finite place of F' define

(10) B"(a;®¢) = (—2i)" U Zmaw w(@.7,600) [ Bula,n,&6.)

viwoo

where the sum is over all n,£ € F* with n+ & = 1 and Diff((n, £) = {w}. This sum
is finite and is 0 for all but finitely many w. For t,0 € R with o > 0 define

Leb .
M, (t) f1 iyt <0
otherwise.

If w | co then we set

(1) BYlevsi0) = (20 ) L M) [T Bl 80
vtoo
where the sum is over all n,{ € F* with n + ¢ =1 and Diff(n,§) = {w}.
Proposition 1.6.3. The Fourier coefficient E(a; ®.) decomposes as
B(a;(l)t):A( )+ D(a +ZBw (a; @ )—i—constgHOZB o,a; D)

wfoo w]oo

in which A(a) is a derivation of Tlx ® | - ['/? and D(a) is a sum of derivations of
principal series in the sense of [35, Definition 3.5.3].

Proof. When xj is trivial this is exactly [35, Proposition 3.5.5], and the proof when
Xo is nontrivial is exactly the same. (I
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1.7. The weight zero kernel. We define automorphic form ©g , in exactly the
same way as O, but replacing by 0, everywhere in the construction of 81.4.

Thus
— <H 0'871)> : [ax(g)Et,S(g)]

veS
is a nonholomorphic form of parallel weight 0. Using the relation

_ | By(a;6) ifvtoo
By(a;0x) = { B,(—a;0) if v|oo

and repeating the arguments of §1.4 we find that the weight zero kernel satisfies
the functional equation

0;.(9) = (1) e(s,v) - 07 1 (9)

and admits a decomposition

B(a;07,) = Ao(a;©7,) + A1(@; 07 ,) + Y Bla,n.£65,)

n,EEF
n+é=1

in which Ag and A; are defined exactly as in §1.4 but with 6 replaced by 6,. There
is a further product decomposition

B(a,n,& 05 ,) = [[ Bu(a,n,&65,)
where for v { 0o one has B, (a,n,&;05 ;) = By(a,n,§; O ) while for v | oo

A4 1/2 —2ma, (1-2€,)  ; _ .
Bu(a,n,0;,) = ¢ —dilalnthmw.(0)e if wy(—n€) = 1,&a, <0
0 otherwise.

Assume that the representation IT of §0.1 satisfies Hypothesis 0.1.1 and is a
weight O principal series for every archimedean v. The Rankin-Selberg L-function
L(s,II x II, ) is defined exactly as in §1.5, but with the archimedean factors now
given by [37, (5.4)]. With notation as in Proposition 1.5.1 one again has the integral
representation of the Rankin-Selberg L-function

(12) (Ryém, O S>K0(Dt) = L(s, 11 x H |6|1/2 ° H Vs
v|dc
exactly as in (9).
1.8. The quasi-new line. Suppose the representation II of §0.1 satisfies Hypoth-
esis 0.1.1 and is unitary. Set v = mc?. Fix a place v of F dividing dc and a

uniformizer w of F,. As II, has conductor s, = n,, [35, Proposition 2.3.1] implies
that the space of Kj(t,) fixed vectors of II, is finite dimensional with basis

{Rur¢mey |0 <k < Ordv(tﬁil)}

where ¢r1,, is any newvector in I, and Ry is as in §1.5. Define a linear functional
A, on this finite dimensional vector space by the condition

AU(ka ¢H7v) = ’7%,v(wk)
where, in the notation of (9),

B 2 ifolod
) 172 )
’7571;(1’) bl "~ By (b; 9){ 1 ifovlec
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Definition 1.8.1. If v | dc then the quasi-new line in II, is the orthogonal com-
plement, in the space of K;(t,) fixed vectors, of the kernel of A,. If v { d¢ then
the quasi-new line is defined to be the span of the newvectors in II,, i.e. the line
of Ki(m,) = Ki(t,) fixed vectors. The quasi-new line in IT = @), II, is the ten-
sor product of the local quasi-new lines, and a quasi-newform in II is any nonzero
vector on the quasi-new line.

Proposition 1.8.2. Assume that either I1 or 11, is cuspidal and that 11, is discrete

of weight 2 at each archimedean v. The projection of ©.(g) to II lies on the quasi-
new line; if, in addition, €(1/2,v) = —1 then the projection of ®.(g) to II lies on
the quasi-new line. If we instead assume that I1 has weight 0 at every archimedean
place then the projection of ©f(g) to Il lies on the quasi-new line.

Proof. There is an evident global characterization of the quasi-new line in II: for
each b | vs~! fix b € AX with bOr = b. The set {Rp¢n | b divides ts~'} is a basis
for the space of Kj(t)-fixed vectors in II, and the quasi-new line is the orthogonal
complement (in the Kj(v)-fixed vectors) of the kernel of the linear functional A
defined by

ARoén) = [[73.0(0)-

v|oc

In the weight 2 case (9) implies that the projection of ©, to II is orthogonal to any

form in the kernel of A, hence lies on the quasi-new line. If €(1/2,t) = —1 then
L(1/2,11 x II,) = 0 and again (9) shows that the projection of ®. to II lies on the
quasi-new line. In the weight 0 case one uses (12) in place of (9). (]

2. CM CYCLES ON QUATERNION ALGEBRAS

Let B be a quaternion algebra over F' and assume that there is an embedding
FE — B, which we fix once and for all. Let T and G denote the algebraic groups
over F' determined by

T(A)=(E®p A)* G(A) = (Bop A)*

for any F-algebra A, and let Z denote the center of G. We denote by N both the
norm T — Z and the reduced norm G — Z. Let t — ¢ be the involution of T'(A)
induced by the nontrivial Galois automorphism of E/F.

2.1. Preliminaries. Define BT = Eand B~ = {b € B | bt = tb Vt € E}. It follows
from the Noether-Skolem theorem that B~ is nontrivial, and from this one deduces
that B = Bt @ B~ with each summand free of rank one as a left E-module. For
any v € G(F) the two invariants

_N(vH) _N(7)
N(7) N(7)

where 7* denote the projection of v to B*, depend only on the double coset
T(F)yT(F) and not on + itself. A simple calculation shows that all elements
of B~ are trace-free and that N(v) = N(y") + N(y~). For any place v of F let
BF = B*®pF,. Wesay that « is degenerate if {n,¢} = {0,1} (i.e. ify € BYTUB™),
and that v is nondegenerate otherwise. Of course we may make similar definitions
for v € G(F,) for v any place of F.

(13)
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Lemma 2.1.1. The function v +— (n,§) defines an injection
T(F)\G(F)/T(F) — F x F.

The image of this injection is the union of {(1,0),(0,1)} and the set of pairs (n,§)
such that n,€ #£0, n+ & =1, and for every place v of F

! if B, is split
(14) wo(=18) = { —1 otherwise.

Proof. This is stated without proof in [35, §4.1]. We leave the injectivity as an easy
exercise, and sketch a proof of the second claim. Choose a generator € for B~ as a
left E-module and write £ = F[v/A]. Then B has as an F-basis {1, VA, ¢, VA €},

or, in the standard notation (as in [4, Example A.2]), B (A_TN(G)) It follows
that the right hand side of (14) is equal to the Hilbert symbol
(A, =N(€))» = wy (=N(e)).

On the other hand it is easy to see that for any nondegenerate v € G(F') we have
wy (&) = wy(N(e)), so that (n, &) satisfies (14). The condition n+£& = 1 is clear from
the additivity of N with respect to the decomposition B = BT @& B~ noted earlier.
Conversely, given a pair 1, € F* satisfying (14) and n + & = 1 we must have
(A, =N(€))y = (A, —n&), for every place v. It follows from the Hasse-Minkowski
theorem that there are x,y € F' such that

&7 IN(e) ™t = 22 — y?A.

Taking v = 1 4 (z 4+ yv/A)e shows that (1, &) arises from a nondegenerate v. Any
degenerate v generates either BT or B~ as a left E-module and so has image either
(1,0) or (0,1), respectively. O

Lemma 2.1.2. For any nondegenerate v € G(F) and any place v of F set
() = Wv(‘s)|77§|11;/2Xv(77)Yv(7+)6v(1/2a‘Uﬂ/}g)'
Then [, 7o(y) = 1 where the product is over all places of F. If v is an archimedean
. 1/2
place then 7,(y) = wy(8) - i - n&lv’”.

Proof. The functional equation (3) and [19, Corollary 4.4] imply €(s,w) = |dé|*~1/2
while [19, (3.29)] gives

‘6|i71/2wv(5)ev(57 w, d)g) = €U(5, W, ¢v)~

From this it is clear that [], 7,(y) = 1. If v is archimedean then €(s,w,¢9) =i by
[19, Proposition 3.8(iii)]. As x, is the trivial character, the final claim follows. O

2.2. Heights of CM-cycles. If U C G(Ay) is a compact open subgroup we define
the set of CM points of level U

Cy = T(F)\G(A)/U.

By a CM-cycle of level U we mean a compactly supported (i.e. finitely supported)
function on Cy. There is a unique left T'(Af)-invariant measure on Cy with the

property that
f(g) dg = / f(tg) dg
/| IPRLCE Y D I ()

UteT(F)/(Z(F)NU)
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for every locally constant compactly supported function f on G(Ay)/U, where the
measure on G(Ay)/U gives every coset volume one. The measure on Cy assigns to
each double coset T'(F)gU a volume equal to the inverse of

[T(FYNgUg™': Z(F)nU].

Given compact open subgroups U C V' the measures on Cy and Cy are related by

(15) /C S fgh) dgzj—j f(9) dg

V hev/U Cu

for any CM-cycle f of level U, where \y = [Of : Of NUJ and similarly with U
replaced by V.

Given a T'(F) bi-invariant function m on G(F) define a function k}} on G(Ay) x
G(Af) by

(16) kg (2, y) = > Ly(z~yy) - m(v)
+VEG(F)/(Z(F)ND)

where 1y is the characteristic function of U. We will address the convergence of this
sum as the need arises; for the moment assume that the sum converges absolutely
for every x,y. Note that kf} descends to a function on Cy x Cy. If P,Q are
CM-cycles of level U define the height pairing in level U with multiplicity m

() PQ = [ Pla) k) QW) de dy
CuxCuy
As in [35, (4.1.9)] a simple calculation shows that there is a decomposition
(18) PQE= > (PO} mO)
YET(P)\G(F)/T(F)

where for every v € G(F)

(P.Q) = /C S PE)Q) dy

U SeT(F)\T(F)yT(F)

is the linking number of P and @ at ~.

Abbreviate Uz = U N Z(Ay) and Ur = U NT(Ay) and suppose now that U is
small enough that x is trivial on Up. We will say that a CM-cycle P of level U is
x-isotypic if for all t € T(Ay) and g € G(Ay) we have P(tg) = x(t)P(g).

Lemma 2.2.1. Set x*(t) = x(¢). Suppose P and Q are x-isotypic CM-cycles of
level U and that Q is supported on the image of T(Ay) — Cy. If v € G(F) is
degenerate then

[T(Ay) : T(F)Ur] P(y) if (n,€

)
ORIEF GRS B O

(P,Q), =Q(1)-

1,0

(0,1) and x* = x
(0,1) and x* # x.
If v is nondegenerate then

(P.Q)) = Q1) - [Z(Ay) : Z(F)Uy] > P(t™'yt).

teZ(Af)\T(As)/Ur
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Proof. First suppose that v is degenerate. Then v normalizes T'(F') and so

P.Q) = /C P(v)Q) dy

/ Py~ 'vy)Q(1) dy.
T(F\T(Ay)/Ur

If (n,€) = (1,0) then v € T(F) leaving

(P,Q)}; = Vol(T(F\T(As)/Ur) - P()Q(1).
If (n,€) = (0,1) then vy = 7y for every y € T'(Ay), leaving

(P,Q); = P()Q(1) - X)X (y) dy.
T(F)\T(As)/Ur

In either case the first claim follows. Now suppose that v is nondegenerate. The
nondegeneracy of  implies that v~ 1T(F)yNT(F) = Z(F) and so

P.Q) /T - S P Q) dy

AD/UT ser(PW\T(F)yT(F)

/ > Py yty)Q1) dy
TENTAD/Ur yer(Fy/7(F)

ST / Ply'yy) dy
Z(F)\T(Ay)/Ur

where the measure on Z(F)\T(Ay)/Ur gives each coset volume 1. The second
claim follows. O

In particular, if the U =[], U, and P =[], P, of Lemma 2.2.1 are factorizable
and v is nondegenerate then there is a decomposition

(19) (P,Q) = Q) - [Z(Ay) : Z(F)Uz] - [] 0% ()

where the product is over all finite places of F' and

(20) O’(}(Pv) = Z P, (tilq/t)

teF)S \Ef /Ut

is the orbital integral of P, at vy, where we abbreviate Uy, = E; N U,,.

The remainder of §2 is devoted to the computations of orbital integrals for specific
CM-cycles, and we fix the following data throughout §2.3 and §2.4. Let v be a finite
place of F' and fix ¢, € B such that E,e, = B, . We assume that N(e,) € Op,
and let ¢ be an ideal of Op satisfying e, = N(€,)OF,,. Define an order of B, by

Rv = OE,U + OE,UQ)-

Fix a uniformizing parameter w € F,.
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2.3. Local calculations at primes away from N(¢). Assume that v { N(€) and
set U, = R} . Define a function on G(F,)/U, by

Px,v(g) = Z Xv(t)]-U,; (tilg)‘
teE) /OF

For each ideal a C Op set H(a,) = {h € R, | N(h)Op, = a,} and define another
function on G(F,)/U,

Px,a,v(g) = Z Px,v(gh)

h€H (a,)/U,
= Xo(a) Z Xv(t)lH(av)(t_lg)~
teE) /O,
For each nondegenerate v € G(F,) we wish to compute the orbital integral

(21) Oy (Pyapw) = Z nyu,v(t_l’Vt)
teEFS\ES /OF |

Proposition 2.3.1. Suppose v is inert in E and v € G(F,) is nondegenerate.
Then (21) is nonzero if and only if ord,(na) and ord,( ae™!) are both even and
nonnegative. When this is the case

ordy (na)
2

O (Py.aw) = Xo(m)xo (v )x0 (@)
Proof. Suppose v+ = 1, so that v = 1 + B¢, with 8 € E. The expression (21)
reduces to

Og(Px,a,v) = Px,a,v(’)’

oo

= Xo(a) Z Xv(w)k]-H(uu)(wik’V)

k=—o0

Using ord,(n) = —ord,(N(y)) we see that the only possible contribution to the

inner sum is for k satisfying 2k = —ord, (na). Thus we may assume that ord,(na)
is even, leaving
—or Lor
O (Pyas) = Xo(@)xo(@) 2000 Ly ) (word: (1))

X (@) 27 1) L (20 (1))
which is nonzero if and only if
wéord“("a)(l + Bey) € Og.p + Op y€y.
Thus O};(Py,a,0) is nonzero if and only if both
ord, (na) > 0 ord,(na) > —ord,(N(3))
hold. The observation that
ord,(¢ae™!) = ord,(a) + ord,(N(8)) — ord,(N(v)) = ord,(na) + ord, (N(3)),

together with ord, (N(8)) € 2Z completes the proof when 4+ = 1. For the general
case simply note that if 7 is replaced by ty with ¢ € E) then both sides of the
stated equality are multiplied by x,(¢). Thus it suffices to prove the claim for a
single element of ES~. O
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Remark 2.3.2. In the proof of Proposition 2.3.1 it sufficed to treat the case v™ = 1.
This will remain true in all remaining computations of orbital integrals in §2.3 and
§2.4. We will continue to state the results for arbitrary =y, but in the proofs we will
assume that v7 = 1.

Proposition 2.3.3. Suppose v is ramified in E and v € G(F,) is nondegenerate.
Then (21) is nonzero if and only if ord,(na) and ord,(éae™t) are both nonnegative.
When this is the case

OF (Pya0) = 2 Xo()xw (v X0 () (1

for any uniformizer wp € E,.
Proof. Write v =1+ e, with 8 € E)X. Equation (21) reduces to
O (Praw) = Pyao(y)+ Px,a,v(wlgl'VwE)

oo

= Xv(a) Z Xv(wE)ik[lH(a,l,)(wg'}/)+1H(uu)(w?j—17w15)]'

k=—o0
The only possible contribution to the final sum is the term k = ord, (na), leaving
Op (Py,aw)
_ Xv(a)Xv(wE)—ord“(na) [1Rv (w"E‘”dv(”“)v) + 1H(av)(wOErdv(7la)*1’wa)]
The remainder of the proof is exactly as the proof of Proposition 2.3.1. 0
Proposition 2.3.4. Suppose v is split in E and v € G(F,) is nondegenerate. Then

(21) is nonzero if and only if ord(na) and ord,(éae™t) are both nonnegative. When
this is the case

OF (Pran) = XoMxo (1) - (L +ordy(€ae™)) D o'

i+j=ord, (na)
1,520

where, under the identification E) = F)} x F.X,
a = (@, 1) B=xv(1,@).
Proof. Write v =1 + (e, with 8 € EX, so that
ord, (n) = —ord,(N(y)) and ord,(ée” ") = ord,(n) + ord,(N(B)).
For any ¢t € T(F,)
Pran(t'9) =xu(@) D Xu(s) - L(a, (st 1),
s€E) /O

and the only terms in the final sum which may contribute are from those s satisfying
ord,(N(s)) = ord,(na). Fix an isomorphism Og, = Op, X Op, and set €; ; =
(w',w’). Then

(22) Pyaot ') =xo(a) Y. o 'B1g, (et ).
i+j=ord, (na)

The set {ex,0 | k € Z} is a complete set of coset representatives for F)\E) /Op
and

61;,%) ©Yeko = 61;(1)(1 + Bey)ero = 1+ e_p ey
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Combining (21) and (22) therefore gives

oo

(23)  OF(Praw) =xw(@) D>, o 87 Y 1g(eij(1+e yrBe)).

i+j=ordy,(na) k=—o00
The inner sum counts the number of k£ such that
€i,j + ei*k,jJrkﬁEv € OE,’U + OE,’UG’U'

When i+j = ord,(na) the condition e; ; € Op,, is equivalent to 0 < ¢, j < ord,(na),
and so the outer sum may be restricted to ¢, j > 0. The inner sum then counts the
number of k such that

€i—k,j+k3 € Op.
Replacing § by an C’)g’v—multiple does not change the number of such k, and so we
may assume that § = e, for some s,t € Z. The inner sum of (23) is then equal to

kel |i—k+s>0, j+k+t>0} = i+j+s+t+1
= ord,(na) + ord,(N(8)) + 1
= ord,(éae™ )+ 1

if ord, (€ae™!) > 0, and is equal to 0 otherwise. Thus (23) reduces to
OF(Pyaw) = xo(@)(ordy(€ac™ ) +1) >~ a7'p7

i+j=ord, (na)
1,520
when ord, (£ae™!) > 0. Using x,(na) = o'+ 37 the proposition follows. O

Corollary 2.3.5. Suppose v { N(€), v € G(F,) is nondegenerate, and t is an ideal
of O with v, = ¢,. Then

|a|v\d\}/27},(7) Of(Pya,0) = By(a,n, € 6:)
where 7,(7v) is as in Lemma 2.1.2.

Proof. Propositions 2.3.1, 2.3.3, and 2.3.4 give explicit formulas for the left hand
side, while Proposition 1.4.2 gives explicit formulas for the right hand side. O

We now turn to the calculation of P, 4 ,(1) and Py 4 ().

Lemma 2.3.6. Suppose that v is inert in E. Then

Pyan(l) = Xo(@) 2940 (@) if ord,(a) is even and nonnegative
oy N 0 otherwise

Pyanles) — Xo (&) Xo (@) 2974 (@) if ord, (ae™!) is even and nonnegative
xmuity 0 otherwise.

Proof. Exactly as in Proposition 2.3.1

oo

Px,a,v(g) = Xv(a) Z Xv(w)ile(uU)(wkg)

k=—o00

If g = 1 then ord,(N(g)) = 0 and the only contribution to the final sum is when
2k = ord,(a). Thus we may assume that ord,(a) is even, leaving

Px,u,v(l) = Yo (w)%ordv (a) 1, (w%ordv(a))
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which proves the first claim. If g = ¢, then ord,(N(g)) = ord,(e) and the only
contribution to the above sum is for k satisfying 2k + ord,(e¢) = ord,(a). Thus we
may assume ord, (ae~!) is even, leaving

Prao(€n) = xo(@)xo(@) 240 Dp (a0 e, )
which proves the second claim. O

Lemma 2.3.7. Suppose that v is ramified in E, and let wg be a uniformizer of
E,. Then

_ Xo(@p) (@ if ord,(a) > 0
Pran(1) = {0 otherwise
o) = Yo (©)Xo(@E) (@) if ord,(ae™!) > 0
Xo® AT 0 otherwise.

Proof. The proof is nearly identical to that of Lemma 2.3.6, and the details are
omitted. O

Lemma 2.3.8. Suppose that v is split in E, and let « and 3 be as in Proposition
2.8.4. Then

Px,a,v(l) = Z aiﬁj

i+j=ord, (a)
1,j>0
Praoler) = xol0) Y o'
i+j:ord,u(aefl)
3,j>0
Proof. On the right hand side of
Px,a,v(g) = Xv(a) Z yv(t)lH(uv)(tg)
teEy /OF ,
the only terms which may contribute are from those t satisfying
ord, (N(t)) = ord,(a) — ord,(N(g))-
Fix an isomorphism Og, 2 OF,, X Op,, and set ¢, ; = (@', @’). Then
PXAI,'U(Q) = Xov(a) Z ailﬂileu (61'73'9).
i+j=ord, (a)—ord, (N(g))

The lemma follows easily from this equality, using o = x,(w@). (]

Corollary 2.3.9. Suppose v does not divide N(€) and that a € A* satisfies aOp =
a. Then

Pya0(1) = |al;/* By (a;6).
If we pick e € A* such that eOp = ¢ then
Pyao(en) = xo(e)lely/?lal; /2B, (ae™;6)
Proof. Compare Lemmas 2.3.6, 2.3.7, and 2.3.8 with Proposition 1.3.1. (]
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2.4. Local calculations at primes dividing N(€). Let v be a finite place of F
dividing N(€) (in particular v 1 9). Assume that

(24) ord, (N(€)) < ord,(e)

and let U, C R} be the kernel of the homomorphism R} — (Og,,/€,)* given by
z + ye, — x. Define a function P, , on G(F,) by

Po(9)= Y x(®ly (9.
teE)S /Ur,,
For each nondegenerate v € G(F,) we wish to compute the orbital integral
(25) Op(Pyo) = D Pult™'t).
te FSN\ES /U,y

In accordance with Remark 2.3.2 we will state the results for any nondegenerate ~y
but will assume in the proofs that v+ = 1 and write v = 1 + B¢, with 8 € EX.

Proposition 2.4.1. Suppose v is inert in E andy € G(F,) is nondegenerate. Then
(25) is nonzero if and only if ord,(n) = 0 and ord,(£e™1) is even and nonnegative.
When this is the case

Op(Pyw) = [02‘71} : O;,UUT,U] Xo(Y).
Proof. In this case (25) gives

Oy (Pyw) = Z Py (t 1)

teOp \OF /Ut

- 3 S xel)1o, (7).

teOf N\Og /Ur,w s€ES /Ur

As U, = Ur,, + Op €y, the only way that s='t7 1yt = s71(1 + t71f¢,) can lie
in Uy is if s € Ur,. Therefore only the term s = 1 contributes to the inner sum,
leaving

O} (Py) = Z 1y, (1 +t8e,).
te0X N0k /Ur.o

If ord,(N(8)) > 0 then every term in the sum is 1, and otherwise every term is 0.
As

ord, (¢e7 1) = ord,(n) + ord, (N(3))
the condition ord,(N(8)) > 0 is equivalent to ord,(£e~!) > ord,(n), and using
n+¢& =1 and ord,(e) >0
ord, (¢e71) > ord,(n) <= ord,(n) =0 and ord,(¢e™ ") > 0.

O

Proposition 2.4.2. Suppose v is split in E and v € G(F,) is nondegenerate. Then
(25) is nonzero if and only if ord,(n) = 0 and ord,(£e~t) > 0. When this is the
case

O'Y( X 71) [OE‘J) : O;‘,UUTW] ' XU(7+)(1 + Ord”(geil))'
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Proof. Using the notation of Proposition 2.3.4, so that e; ; = (@', @’), for any
t € T(F,) we have

Pyo(t™'yt) = > Xuls)-1u,(sty1)
SEES /Uty

= D> Xlsery) Lo, (se(1+¢"T5e,))

LI€L s€OF |, /Ury
As U, = Ur+OEg €y, only terms for which se; j € Ur,,, can contribute to the inner

sum, and so the only nonzero term can be the one with ¢ = j = 0 and s € Ur,.
This leaves

P(t™191) = 10, (1 + ¢ i5e,)
and so (25) becomes
O} (Pyo) = > 1y, (1 +t13e,)

tEFS\EY /Ur,y

o0

Z Z 1U1/(1 + G,kyktilfﬁq,)

k=-coteOf \O¥ ,/Ur.

o0

= [OE,U : Og,vUTﬂ)] : Z 1Uv(1 + 6_k7kﬂ€v).

k=—oc0
Every term in the final sum is 0 unless the quantity
N(1 +e_pBe) =N(y) =n""

lies in 0. Thus we may assume ord,(n) = 0, so that the sum simply counts the
number of k for which e_; 13 € Og,. Multiplying 8 by an element of OE,@’ we
may assume that 3 = e, for some s,t € Z. The k for which e_; 18 € Og,, holds
are then precisely those for which s — k > 0 and ¢t + k& > 0, and there are

s+t+1=ord,(N(3) +1=ord, (& ") +1
such k if ord,(¢e1) > 0, and no such k otherwise. O
Corollary 2.4.3. Suppose v divides N(€) and v is nondegenerate. Then
(1) - O (Pyw) = [OF, : O Ul - Bu(1,1,€;0:)
where 7,(y) is as in Lemma 2.1.2 and v, = ¢,.

Proof. Propositions 2.4.1 and 2.4.2 give explicit formulas for the left hand side while
Proposition 1.4.2 gives explicit formulas for the right hand side. O

Lemma 2.4.4. We have the equalities Py (1) =1 and Py ,(e,) = 0.
Proof. Clearly P, ,(1) =1 simply by definition of P, ,. On the other hand
Pyo(e) = Z Xo(t™ )1y, (te,).
teT(F,)/Ur,v

If this sum is nonzero then te, € R} for some t € T(F,). But this would imply both
N(te,) € O}X,ﬂ,v and te, € Op €,, which implies ord, (N(e,)) < 0. But ord, (N(e,)) =
ord,(e) > 0 by (24), a contradiction. O
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Corollary 2.4.5. Choose e € A* with eOp =e. Then
Py (1) = By(1;0) Pyo(ew) = xole)le[y/* By(e™";0).
Proof. Compare Lemma 2.4.4 with Proposition 1.3.1. O

3. CENTRAL VALUES

Suppose the representation II of §0.1 satisfies Hypothesis 0.1.1. Recall that II
has conductor n = ms and that x has conductor € = ¢Og for some Op-ideal ¢. Let
B be a quaternion algebra over F satisfying

(26) B, is split <= €,(1/2,t,9) =1

for every finite place v of F', where v = mc? and the local epsilon factor is defined
by (6). This implies that the reduced discriminant of B divides m and, as E, is
a field whenever B, is nonsplit, that there is an embedding F — B which we fix.
For the moment we do not specify the behavior of B at archimedean places. Let G
and T be the algebraic groups over F' defined at the beginning of §2. For any ideal
b C Op let Op = O + bOEg denote the order of Of of conductor b.

3.1. Special CM cycles. We construct two particular compact open subgroups
U C V of G(Ay) and two special CM-cycles @, and P, of level V' and U, respec-
tively. It is ultimately the cycle @, in which we are interested, but the local orbital
integrals (20) of cycles of level V seem too difficult to compute directly. The sub-
group U is chosen to make these orbital integrals more readily computable (indeed,
they have already been computed in §2.3 and 2.3).

Lemma 3.1.1. For every finite place v there is an order in B, of reduced discrim-
inant m,, which contains O ,. Such an order is unique up to E.S-conjugacy.

Proof. If v is inert in F then (26) implies that
ord, (m) = ord,(disc(B,)) (mod 2)

where disc(B,) is the reduced discriminant of B,. Thus the lemma follows from
[11, Proposition 3.4]. O

If v is a place of F dividing ¢ then, in particular, v { dm and B, = Ms(F,). Let
W, denote a two dimensional F}-vector space on which B, acts on the left. As W,
is free of rank one over E,, we may choose wy € W, such that W,, = F, - wg. For
each rank two O ,-submodule A, C W, set

OA,)={be B, |b-A, CA,},
a maximal order of B,. As s | ¢ by Hypothesis 0.1.1 we may consider the two
lattices in W,
L'/u = Owwo LU = Ocﬁ—lvao.

Choose a global order S C B such that S, = O(L,) N O(L,) for every place
v | ¢ and such that for every finite place v 1 ¢, S, has reduced discriminant m,
and contains Og, (which can be done by Lemma 3.1.1). The group S* acts on
[1,)c Lv/L}, = Or/s through a homomorphism ¥ : 5% = (Op/s)*, and we define
V to be the kernel of ¥. One should regard V' C G(Ay) as a quaternion analogue
of the congruence subgroup Ky(m) N K;(s). Define a CM-cycle of level V

B x(t) if g=tv for somet € T'(Af), veV
@xlg) = { 0 otherwise.
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For this definition to make sense we need to know that y is trivial on T(Ay) N V.
This is immediate from the following

Lemma 3.1.2. We have O = T(Arp) N 5%, and xo o 9 and x have the same
restriction to OF.

Proof. For v 1 ¢ a finite place of F', O, C S,. As O, , is a maximal order in E, we
must therefore have O, , = E,NS,. For v | cit follows from O = {z € E, | zO C O}
for any order O C E, that

Oc,v = Oc,v N Ocsfl,v =E,N O(LU) n O(L;;) =E,N S’Ua

proving the first claim. For the second claim, if v s then both ¥, and x, are
trivial on O, = Of (1 + ¢Op,)*. If v | s then ¥, : O, — (OF,/5,)* is given
by Y (z(1 +cy)) = x for x € (9;71), y € O, and ¢ € Op, satisfying cOp,, = ¢,.
Thus

(Xow © 9)(2(1 + ¢y)) = Xo0(2) = Xo(2) = Xo(z(1 + cy)).

Lemma 3.1.3. For every finite place v there is an €, € B, satisfying
(a) Eye, = B

(b) ord, (N(c,)) = ord, (¢)

(c) Ifvtc thene, €S,

(d) if v | ¢ then e,wy € cOg ywo.

Proof. First fix an €, which generates B, as a left E,-module. If v is split or
ramified in £ then we may multiply €, on the left by an element of E¢ to ensure
that (b) holds. If v is inert in F then it follows from the proof of Lemma 2.1.1
that w,(N(e,)) is 1 if B, is split and is —1 if B, is ramified. Condition (26) then
implies that w,(N(€,)) = w,(r), and so again we may multiply €, on the left by
an element of E¢ so that (b) holds. Assume now that v { ¢ and define an order
R, = Oy + Og4€,. An easy calculation shows that R, has reduced discriminant
0,m,, and so may be enlarged to an order R) of reduced discriminant m,. By
Lemma 3.1.1 tR)t~! = S, for some t € E*. Replacing ¢, by te, t~! = tt e, we find
that (c) holds. Now assume that v | c. As W, is free of rank one over E, there is an
x € B, such that €, -wg = - wp, and it follows that N(e,)wo = —€2wy = —N(x)wy.
Therefore ord, (¢?) = ord, (N(x)). If v is inert in F then this implies z € ¢Op , and
hence (d) holds. If v is split in E then we need not have x € ¢Og,,, but there is
some t € E satisfying N(t) = 1 and tz € ¢Og ,. Replacing ¢, by te, we again find
that (d) holds. O

Let R C B be a global order such that R, = Og,, + O €, at every finite place
v, with €, satisfying the properties of Lemma 3.1.3. There is a natural Op-algebra
homomorphism R — Og/cOF defined by b — b (with notation as in §2.1), and

the kernel of the induced homomorphism R* — (Og/cOg)* will be denoted U.
Define a CM-cycle of level U

P(g) = x(t) if g =tu for some t € T(Ay), ue U
x\9) = 0 otherwise

so that P, =[], Py,» where the function P, , on G(F,)/U, agrees with that con-
structed in §2.3 and §2.4 (with ¢ = v = mc ) The compact open subgroups and
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CM-cycles constructed above satisfy U C V and
(27) VU] @Qx(9) = D Pulgh).

hev/U
For each ideal a prime to ¢ we have, from §2.3 and §2.4, a CM-cycle of level U
defined as the product

Pea(9) =[] Praw(go) T ] Prow(gv)-

vla vfa

If a is prime to 0t then R, is a maximal order for each v | a. and we define the
Hecke operator Ty on CM-cycles of level U

(T.P)(g)= > P(gh),
heH (a)/U
where H(a) = [[,, H(av) - [[,4o Uv and H(a,) was defined in §2.3 for v | a. One
then has the relation T4 P, = Py 4.
For the remainder of §3 the letters U and V will be used exclusively for the
compact open subgroups constructed above.

3.2. Toric newvectors and the Jacquet-Langlands correspondence. Let
Ram(B) denote the set of places of F' at which B is nonsplit and let 7 be a cus-
pidal automorphic representation of GLo(A). If 7, is square-integrable for every
v € Ram(B) then there is a unique infinite-dimensional automorphic represen-
tation 7" of G(A) such that for every v ¢ Ram(B), m, = 7, as representations
of G(F,) = GLg(F,). We then say that w is the Jacquet-Langlands lift of «'.
There are many references for the Jacquet-Langlands correspondence including
7, 8, 17, 18, 21]

Lemma 3.2.1. With II the automorphic representation fized at the beginning of
§3, if v € Ram(B) is a nonarchimedean place then either

(a) ord,(m) =1 andI1, is a twist of the Steinberg representation by an unram-
ified character
(b) orord,(m) > 1 and II, is supercuspidal.

In particular 11, is square integrable.

Proof. If v € Ram(B) is nonarchimedean then (26) implies that ord, (m) = ord, (n)
is odd and II, has unramified central character. The lemma now follows from

standard formulas for the conductor of irreducible admissible representations as in
[27, (12.3.9.1)] O

For the remainder of §3.2 we assume that II is cuspidal and that either II, is
a weight 2 discrete series at each archimedean v and B is totally definite, or that
IT, is a weight O principal series at each archimedean v and B is totally indefinite.
In either case it follows from Lemma 3.2.1 that II, is square integrable for each
v € Ram(B) and so II is the Jacquet-Langlands lift of some IT'.

Definition 3.2.2. For any place v of F' we define a newvector ¢ € II)) to be a
nonzero vector such that

(a) if v is a nonarchimedean place then ¢ is V,,-fixed,

(b) If v is an archimedean place and we are in the weight 0 case above, then ¢
is fixed by the action of £ = R* - SO2(R),
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(¢c) if v is an archimedean place and we are in weight 2 case then we impose no
condition on ¢.

A newvector in II' = @, II, is a product of local newvectors.
Lemma 3.2.3. Up to scaling there is a unique newvector in IT'.

Proof. Tt suffices to prove existence and uniqueness everywhere locally. If v is
archimedean this is clear (in the weight 2 case II/, is the one-dimensional triv-
ial representation of G(F,) by [18, Lemma 4.2(2)]), so assume that v is nonar-
chimedean. If B, is split then there is an isomorphism B, = M (F,) which identi-
fies V,, & Ko(m,) N K;(s,), and so the claim follows from the theory of newvectors
for GLo(F,) as in §1.1. If B, is nonsplit then (26) implies that v | m and v { c. As
V, = S with S, an order of B, of discriminant m, containing Og,, the claim is
a special case of [11, Proposition 6.4]. O

Definition 3.2.4. For any place v of F let E} act on I, via the embedding
T(F,) — G(F,). We define a toric newvector ¢ € II to be a nonzero vector such
that

(a) if v { ot then ¢ is a newvector,
(b) if v | 0 then ¢ is U,-fixed and satisfies t - ¢ =X, (t) - ¢ for every t € E),
(c) if v | v then ¢ is U,-fixed and satisfies t - ¢ = X, (t) - ¢ for every t € Of .

A toric newvector in TI' 2 Q) II/ is a product of local toric newvectors.
Lemma 3.2.5. Up to scaling there is a unique toric newvector in II'.

Proof. Again it suffices to prove the claim everywhere locally. If v { ot then the
claim is a restatement of Lemma 3.2.3. If v | 0 then x, has the form x, = v, oN for
some unramified character v, of F,*. By a theorem of Waldspurger [35, Theorem
2.3.2] the representation I/ ® v, has a unique line of E)-fixed vectors, and by a
theorem of Gross-Prasad [35, Theorem 2.3.3] this line is also fixed by the unit group
of any maximal order of B, containing Og,. As R, may be enlarged to such an
order, the E)X-fixed vectors in I}, ® v, are also fixed by U, = R}. It follows that
I/ has a unique line of U,-fixed vectors on which E)¢ acts through x;*.

If v | m then R, = S, (as R, C S, and both have reduced discriminant m,,),
U, =V,, and a toric newvector is just a nonzero V,-fixed vector; again the claim
follows from Lemma 3.2.3. If v | ¢ but v { 5 then X, is trivial on O ,, and so we may
find a character x/, of E,¢ which is trivial on F,* but agrees with x,, on (931}. By [35,
Theorem 2.3.5] (Zhang’s T is our R\ = O  U,) there is a unique line of U,-fixed
vectors in II/, on which ng acts through X/,, and thus a unique toric newvector in
IT,. If v | s then II) 2 II, is a principal series II, & H(uv,x&iugl) and x, = vy, oN
for some character v, of F* of conductor ¢ (both claims by Hypothesis 0.1.1).
It follows that I/, ® v, has trivial central character and conductor ¢2. As R, has
reduced discriminant ¢2 and contains O E,v there is a unique line of R -fixed vectors
in IT, ® v, by [35, Theorem 2.3.3]. As R = Of , - U, we find that II}, ® v, has
a unique line of U,-fixed vectors on which OE’U acts through the trivial character,
and the claim now follows from the observation that N(U,) C 1+¢, C ker(v,). O

3.3. Central values for holomorphic forms. In addition to Hypothesis 0.1.1
we assume that I, is a discrete series of weight 2 for every archimedean place v,
and that ¢(1/2,t) = 1. Let B be the (unique up to isomorphism) totally definite
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quaternion algebra over F satisfying (26) for all finite places of F. Taking m to be
the constant function 1 on G(F), let ky(x,y) be the function on Cy x Cy defined
by (16) and let (P, Q)y be the associated height pairing on CM-cycles of level U
defined by (17). According to [32, §7.2] the sum defining ki (x, y) is actually finite.
Recall that we have set t = mc? and abbreviate ©, = O¢,1/2-

Proposition 3.3.1. Fix a € A* and assume that a = aOp is prime to c¢. Then
Hr 65 - U B~ 00) = 27V 2ol P P - ese(@
where, as in §2.2, Hp is the class number of F and \y =[O : O5 NUJ.

Proof. Suppose v € G(F) is nondegenerate and let 1 and & be defined by (13).
Then Corollaries 2.3.5 and 2.4.3 show that

[O;_:?,v : O;ﬂ,UT,v] - By(a,n,£0:) = 1,(7) - laly ‘d|1/2 O’Y( X, @, v)
for every finite place v of F'. By (19)
<PXU7P> [ (Af UZ HO Xav
vtoo

By the final claims of Proposition 1.4.2 and Lemma 2.1.2, for v an archimedean
place

By(a,n,& ) = 27, (7)lalveu(—a).

Combining these equalities gives
Hp ~
AU
By Lemma 1.4.1, given n,{ € F* with n+ & = 1 we have B(a,n,£;0,) = 0
unless w, (—n&) = €,(1/2, ¢, 1)) for every place v of F. Combining (26) with Lemma

2.1.1 we find that B(a,n,&;©,) = 0 unless the pair 7, £ is of the form (13) for some
v € G(F). Therefore

)\U [OX ] Z B(_aanvg;et)

105 : Ur] - B(a,0, & Oc1/5) = 27 U)d[Y*|al (P, P - eoo(—a).

n,EEFX
n+&=1
(28) = 27| /2q| > (Py.a, Px){s - €so(a).
YET(M\G(F)/T(F)

<~ nondegenerate

It remains to compare the linking numbers at the two degenerate choices of ~y
(i.e. v € BT) with the degenerate terms Ag(a;0.) and A;(a;0.) of (8). First
suppose 7 = €° where €° satisfies B~ = E¢°, so that (n,§) = (0,1). Let z € A}
be such that € = z,¢, for every finite place v. If x # x* then both A;(a;©.) and
(Py.,a, Px){; vanish, by Lemmas 1.3.3 and 2.2.1, respectively. We therefore assume
that x = x*. If x is ramified then B, (a; E. s) = 0 for any v | ¢ by Proposition 1.2.1

—1
and the inequality ord,(at™!) = —ord,(r) < 0. Abbreviating a = ad 1) it
follows that Wy s (ahr) = 0 for any T C S and so A;(a;©,) = 0. Similarly if x

is ramified then P, 4(¢°) = 0 by Lemma 2.4.4, and so also (P q«, Py)uy = 0 by
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Lemma 2.2.1. We therefore assume that x is unramified. By (1.2), Proposition
1.2.3, and Lemma 1.3.4, Cy(ahy) = 0 unless T = () or S, and so

Ay(a;00) = > Xp(D)Colahr)We12(ahr)
TCS

B(a; B¢ 1/2)Co(a) + X(D)B(a; hs B 1/2)Co(ahs)
2 B(a, Et71/2)09(04)

where we have used Propositions 1.2.2 and 1.3.2 for the third equality. Again using
Proposition 1.2.3 and Lemma 1.3.4 we find

Cola) = (—1)FUy(as=H|ad 2671 Y2L*(1,w)
B(a; Eeyj2) = |r|'?Blar™ Eo,1/2)
(=D)F |V 25 (ar= 1671 B(ar™'; 0)
where rOf = ¢ for r € A* with 7, = 1 at each archimedean v. Therefore
A1 (a;0;) = 2v(v)|ard Y2 B(ar™ 1 0)L(1,w).
On the other hand using Corollary 2.3.9, Lemma 2.4.4, and
X(rz) = v(r)2(N(2)) = v(r)2u(N(e) ™) = ()

we find
Pyal€) - exe(=a) = v(©)[r|/2la] /2 B(ar~;6)
and now (3), (4), and Lemma 2.2.1 imply that (for v = €°)
(29) HF)\El[@I)é : UT] : Al(_a§ 611) = 2[F:Q]|d|1/2‘a|<Px,a7 PX>A(/J : €oo(a).

A similar, but easier, argument also shows that (29) continues to hold if v =1
and A; is replaced by Ag. The theorem follows from this together with equation
(28), equation (18), and the decomposition (8). O

We now construct a pairing [P, Q] on CM-cycles of level U taking values in the
space of automorphic forms on GLy(A) as in [35, (4.4.5)]. Endow the (finite) set
Sy = G(F)\G(Ay)/U with the measure determined by

/ > Py dg:/ P(g) dg
SU yeT(F)\G(F) Cu

for any CM-cycle P of level U. For each a prime to dt there is a Hecke operator
(Ta®)(g) = > #(gh) on L?*(Sy) where the sum is over h € H(a)/U as in §3.1. For
any ¢ € L?(Sy) we have

ku(z,y)o(y) dy = ¢(z)

Su
: : L ¢ STy
and it follows that that there is a decomposition ky (z,y) =, _; fi(x)f!(y) where
{fl,..., f}} is any orthonormal basis for L?(Sy). We choose this basis in such

a way that each f/ is a simultaneous eigenvector for every T, with (a,0t) = 1.
The Jacquet-Langlands correspondence implies that for each f/ there is a (not
necessarily unique) holomorphic automorphic form f; of weight 2 on GL2(A) fixed
by Ki(dt) having the same Hecke eigenvalues as f/. Indeed, if f/ generates an
infinite dimensional representation 7’ of G(A) then take f; to be a newvector in the
Jacquet-Langlands lift of 7. If f! generates a finite dimensional representation of
G(A) then f/(g) = n(N(g)) with u some character of A*/F*, and one takes f; to
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be an Eisenstein series constructed from a function in the induced representation
B(u| - V2,4 - |7*/?). We may, and do, assume that §(Op,fi) = 1 for every 1.
For any CM-cycles P and @ of level U we define a parallel weight 2, holomorphic,
K, (ov)-fixed automorphic form on GLy(A)
¢
ral=3 ([ P@L@TA] b dy) 5
i=1 CyxCy

This form satisfies B (Op,[P,Q]) = (P,Q)y and, for any ideal a relatively prime
to ov, T, - [P, Q] = [P, T,Q)]. Set ¥ = [Py, P,], an automorphic form of central
character ! satisfying

(30) B(Op; T, W) = (Py, Py.o)u.

Let II' be the automorphic representation of G(A) whose Jacquet-Langlands lift
is I1, let ¢f;, be the toric newvector in II' normalized by [ [dy, |2 =1 and let ¥|
denote the projection of ¥ to II. We may choose the basis {f/} so that ¢, = f].
If we set Py (g9) = >_, Px(vg) where the sum is over v € T(F)\G(F) then

2

Py (t)fi(t) dt

Su

B(Op;¥ln) = >
1<i<t

T;=T1

The projection of ﬁx to 7 is a toric newvector, hence a scalar multiple of f], and
so only the term ¢ = 1 contributes to the sum. It follows that
2

Py (t)ry (t) dt
Cu

Proposition 3.3.2. Let ¢§ be the orthogonal projection of the normalized newform
on € II to the quasi-new line (defined in §1.8). Then

2SI Hp A OF - Up|B(Op; ¢7)L(1/2,T1 x 11,

A2 3 \ [ s a
U

in which S is the set of prime divisors of 0.

2

Proof. Let O, and ¥|;; denote the projections of ©, and ¥ to II. Combining
Proposition 3.3.1 and (30) gives

HpAj [0 : Ur] - B(Op; T.0,) = 279(d| 2 B(Op, T, W)

for all a prime to dr. The action of the operators T, with (a,9t) = 1 on the space
of all K (dr)-fixed, holomorphic, parallel weight two automorphic forms on GL2(A)
of central character x, ! generates a semi-simple C-algebra, and it follows from this
and strong multiplicity one that there is a polynomial ey in the Hecke operators
T, such that O, = er - O, and V| = ey - ¥. We therefore deduce that

(32) HpAGU[OF - Ur] - B(Op; ) = 25Y|d| /2 B(Op; Wlp).

Under the decomposition IT = @), II,, the newform ¢rg is decomposable as a pure
tensor ¢ = ®¢m,». In the notation of §1.8 A, (¢m,) # 0 for v | v¢, and so ¢, has
nontrivial projection to the quasi-new line in IL,. It follows that gb# # 0. The form
Ol lies on the quasi-new line of IT by Proposition 1.8.2, and so if B\(Op; qbﬁ) =0
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then also B(Op;O,|n) = 0. Using (31) and (32) we then see that both sides of the
stated equality are 0. Therefore we may assume B(Op; (bﬁ) # 0 so that

|H _ B(OFv®t|H) . ¢#
oI = = I
B(Or: 6]))
Combining this with (9) (with b = 1) gives
B(Op;6:ln) - 1671k, 00y = B(Or:Oclu) - (é11, 61 rcoor)

= B(Or:¢f) (911, 8¢) o o0
= 25IB(Op; ¢¥)L(1/2,T1 x I1,).
The claim now follows from (31) and (32). O

Theorem 3.3.3. Let ¢ € II be the normalized newvector (in the sense of §1.1)
and let ¢ € T be the newvector (in the sense of Definition 3.2.2) normalized by
fSV ‘d)n/|2 =1. Then

L(1/2,T0 x T1,) 2[F:Ql

5 — .
HQSHHKO(II) HF,51/NF/Q(DC2)

where Hp s = [Z(Ay) : F*Vy] is the order of the ray class group of conductor s.

2

Qx(t) ¢ () dt

Cv

Proof. The proof is postponed until §3.6. O

3.4. Central values for Maass forms. In addition to Hypothesis 0.1.1 we assume
that II, is a weight zero principal series for every archimedean place v, and that
€(1/2,t) = (—=1)IF*U. Thus the weight 0 kernel of §1.7 satisfies O7s =07, 4 Let
B be the (unique up to isomorphism) totally indefinite quaternion algebra over F'
satisfying (26) for every finite place v. Let S = Resc/rGy, and set Foo = F ®@q R.

As F is naturally an R-algebra,
T/Fao =T X Spec(F) SpeC(FOO) G/Foo =G X Spec(F) SpeC(FOO)

are naturally algebraic groups over R. Fixing an embedding of real algebraic groups
S — T)p, the embedding T" — G determines an embedding zo : S — G, and
we let X denote the G(F)-conjugacy class of xzg. As T'(Fu) is the stabilizer of
xo we may identify X = G(F)/T(Fx). Writing H = C — R and choosing an
isomorphism G(F.) 22 GLy(R)F¥ we may fix a point in HIF*? whose stabilizer
under the action of G(Fs) is T(Fs). This allows us to identify X = HIF:Q,
Endowing H with the usual hyperbolic volume form y~2dzdy we obtain a measure
on X. Define

Su = GIF)\X x G(A)/U

endowed with the quotient measure induced from that on G(A;)/U giving each
coset volume 1. The map G(A;) — X x G(Ay) defined by g — (¢, g) restricts to
a function on T'(A¢) and determines an embedding Cyy — Sy.

If ¢ is a weight 0 Maass form on GLy(A) with parameter t, in the sense of [37,
§4] at an archimedean place v then we set

(oo}
B'U(a‘v(b) = |a|11/2/ e_ﬂ‘a‘v(y"!‘yil)yitv dxy
0
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B,(a; ¢) and define B(a; ¢) for a = aOp by

B(a; ¢) = Boo(a; ¢) - B(a; ).
Let I’ be the automorphic representation of G(A) whose Jacquet-Langlands lift is
IT, and let ¢qy, be the toric newvector in I normalized by [y |ér|=1

Define By (a;¢) =]

v|oo

Proposition 3.4.1. Let gbﬁ be the orthogonal projection of the normalized newform
om € 11 to the quasi-new line in II. Then

2SI Hp A OF - Up|B(Op; ¢7)L(1/2,T1 x 11,

|24 gE 2 ‘/C Py ()¢ (1) di

U

2

in which S is the set of prime divisors of 0.

Proof. Fix a € A* and assume that a = aOp is prime to c¢. We abbreviate O} =
Sl 1/2- Suppose v is an infinite place of F. For each a € A*, v € G(F,), and 7,¢

as in (13) define the multiplicity function

m?(a, ) = 4e2mav(€=n)  if ¢a, <0 and na, >0
W BT)= otherwise.

If v € G(Fx) set mZ,(a,7) = [],c my(a, 7). Exactly as in Proposition 3.3.1,
using the formulas of §1.7 to supplement those of §1.4, we find
Hp  ~ . x
(83) 5105 :Url-B@®) =1d'?al > (Puas Pl mio(ai).
YET(F)\G(F)/T(F)
The remainder of the proof is similar to that of Proposition 3.3.2; see [35, §4.4] for
details. Briefly, for any Maass form ¢ on Sy the kernel
ko (a; @, y) = > Lo (a7 yy p)mis (a5 255 7Yoo )
YEG(F)/(Z(F)NU)

satisfies

/ ko (a2, 9)é(y) dy / 12 (05 9o0) $(@Yo0) e
Su X

= 4B (a;0) - o(x).

Exactly as in [35, Lemma 4.4.3] or [37, §16] this leads to a spectral decomposition of
the kernel ky(a; x,y), and the proposition follows from (33), which is our analogue
of [37, (16.1)], exactly as in [37, §16]. O

Theorem 3.4.2. Let ¢yp € II be the normalized newvector (in the sense of §1.1)
and let ¢ € I be the newvector (in the sense of Definition 3.2.2) normalized by
va ‘¢H’|2 = 1. Then

L(1/2,11 x 11, 4F:ql

> =
||¢H||Ko(n) HF,51/NF/Q(DC2)

where Hp 4 is the order of the ray class group of F' of conductor s.

2

Qx (1) ¢ () dt

Cy

Proof. The proof is postponed until §3.6. (]
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3.5. A particular family of Maass forms. Fix a 7 € C and if yg is trivial
assume that 7 # 0,1. Let I, denote the (irreducible) weight zero principal series
representation

IL, = H(| : |7—71/2aX0_1‘ ' |1/27T)

of GLg(A) of conductor s and central character x,*. We construct an Eisenstein
series &; € I, as follows. Define a Schwartz function Q =[], ©, on A x A by

10@ (z)1lo, (y) if v {500
Qy(z,y) = Xa,v(y)lsv (m)lo;;,v (y) ifvl|s
e—ﬂ(£v2+y2) i | ~.

The function

Folo) = 1det(o)l” [ (0.1 )l xo(w) d*a

is a newvector in the induced representation B(| - |77*/2 x| - |'/?277) defined in
[35, §2.2] and therefore the Eisenstein series (initially defined for Re(r) > 0 and
continued analytically)

&= Y,  Fhyg

YEB(F)\GL2(F)

is a newvector in II,. The discrepancy between &, and the normalized newvector
is determined by the following

Lemma 3.5.1.

18 2e(1/2,00)

NF/Q(5)27—1/2 L(s,115)

/ B(a; &) - |al*"Y? d*a
AX
Proof. Asin §1.2, using

sae) = [ 7 (L5 )

we see that B(a;&;) = [[, Bu(a; &) where

Bu(wi &) = 162 lafixan®) [ 08) [ Qu(aaalafi o, (e) d*ady

v

If v { sco then a short calculation shows

ord, (a)
o) [ Sulamanleraone) dady = Y23 =t )
v v k=0

from which we deduce

/Fx By(a;€:) - laly™? d*a = x0.0(8)I81, 2Ly (s, Xol - [V Lu(s, |- [7772).

v
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If v | s then choose o € F)¢ with cOp, = s,. We have

/ W) /  (az, 2)|e 2 Xo.0() d*z dy
F, FX

v

= /F UF Vo) (wr)lox (yx) dy} 1o, (az)| 2|2 X0.0(x) d*

= Joolleutxa ) [ oy (0w e (afelt ! %

1612210127 2 €, (x0, ¥9) 1oy, (a).
Therefore

| Buaen) Jals d*a = xou @8 ol e (xo u)Lu (s, -1,
FX

v

If v | oo then

/ #) / Q, (az, z)|e |2 xo.0() d*zdy
Fu X

v

oo oo
- 2 2 2
_ ‘5|11)/2/ e27my/ =TT (a”+y )|l,‘12]‘r71 dLebdeeby.
— 00 — 00
We therefore have

Xow(61)61Y2 / By(a;&,) - |als /% d¥a
F'l?<

oo
_ 2 2 2.2
— / / (/ |a|'r+s 1/26 Tz a dxa) eQﬂ'zye Ty |Q?|2T dLeby dXI‘
R* J—o0 RX

— G1(8+7’— 1/2)/ (/ 6727\'l'y1’67ﬂ'y2 chby) |x|577+1/2 d*x

RX —0o0
= Gi(s+7— 1/2)/ e_”2|x|s_7+1/2 d*z
RX

= Gl(S +7— 1/2)G1(3 -7+ 1/2)
Combining these calculations proves the lemma. (I

We now assume that I1, satisfies Hypothesis 0.1.1, which is really just the con-
dition that x, factors through N : EX — F* for each v | 5. Choosing II = II, in
the introduction to §3, we wish to prove an analogue (Corollary 3.5.3) of Theorem
3.4.2 for the noncuspidal representation IL. by brute force. Note that now m = Op
and €(1/2,t) = (—1)F*%. To put ourselves in the situation of §3.4, suppose B is a
split quaternion algebra over F (so that (26) holds for all finite v) and as always
fix an embedding E — B. Let W be a two dimensional F-vector space on which B
acts on the left, and fix an isomorphism of F-vector spaces W = F' x F. Writing
elements of W as row vectors, there is an isomorphism p : B 2 My (F') determined
by b- [x,y] = [z,y] - p(b)¢, where the action on the left is the action of B on W,
the action on the right is matrix multiplication, and the superscript ¢t indicates
transpose. The element wy = [0,1] € W generates W as a left E-module, and we
define

L:Ocsfl * Wo L’ZOC s wop-

We may pick a j € GLy(A) having the following properties:
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(a) if v | s then j, satisfies [0,1] - j; 1 = wo and

Lv = (OF,’U X OF,v) 'j_l L{u = (51) X OFm) 'jv_la

v

(b) if vt s is a finite place of F' then j; - Ky(m) 'jfl = p(Vy),
(c) if v is an archimedean place then j,-SO(F,)-j. ! is set of norm one elements
of p(T(F,)).

For every automorphic form ¢ on GL3(A) we define an automorphic form ¢’ on
G(A) by ¢'(g) = ¢(p(g)j). The space II; of automorphic forms on GLy(A) thereby
determines a space II”. of automorphic forms on G(A). Of course G = GLy and
IT/. = II,, but it is useful to maintain these notational distinctions. Under the
definition of §3.2 I, is the Jacquet-Langlands lift of IT/. (a highly degenerate case).
If € T is a newvector in the sense of §1.1 then ¢’ € II, is a newvector in the
sense of §3.2.

Proposition 3.5.2. Normalize the Haar measures on T(Af) and Z(Ay) to give

(5cX and (5; each volume one, respectively, and give T(F)\T (Ay)/Z(Ay) the induced
quotient measure. For every T € C

T 1
N oc?s 2 2 L(T, :/
r/ (0% 7) 2(F:Q] (m:x) T(F\T(As)/Z(Ay)

Proof. The restriction of £, to T (Ay) does not depend on the choice of embedding
FE — B, and this embedding may be chosen so that

pla+ BV-A) = (aﬁ ﬂaA)

where E = F[/—A] with A € F totally positive. As the embedding p: T — GLs
identifies Z(F)\T(F) with B(F)\GLy(F) we have

X(D)EL(t) dt.

/ e at = | X(OF (1)) .
T(EN\T (Ag)/Z(As) T(Ay)/Z(Af)

Combining this with

X(O)F(p(t)7) = Idet(j)\f/ Q([0,1] - p(ta)s) IN(tz)|"x (tz) da

Z(4)
we find
/ X(EH() dt = Idet(j)lT/ Q([0,1] - p(t)7) IN(t)|"x(t) dt
T(F)\T(Af)/Z(Af) T(Af)
.H/X 2, (0, 1] - ) 22 yo.0 () d* .
v|oo Py

We now compute the right hand side place-by-place. For an archimedean place

(VA ) so that

v we may take j, = 1

oo

/ Q,([0,1] - 24) |22 x0,0(z) d¥2 = / e*7\':r2|z|2771 debe.
Fr

— 00
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The integral on the right is 27 1Go(7) = 271 L, (7, x). If v is a finite place of F'
with v t s then

/ Qu([0,1] - p(t)7)IN@) [ox0 () dt = / 1p, (T wo)[N()[3x0(t) dit
T(F,) T(Fy)

| o, @@ d
T(Fv)
= VOI(OCX,’U) ' L'U(Ta X)7

the final equality by the argument of [37, p. 238|. Finally suppose that v | s. For
any t € E the value of Q,([0, 1] p(¢)7) is nonzero if and only if [0, 1]p(¢)j generates
the Op ,-module (s, X Op,,)/ (8, X 5,), and when this is the case Q,([0,1]- p(t)j) =
Xall)(y) where y € OF  satisfies [0,1]p(t)j € [0,y] +s2. This condition is equivalent
to twy being an Op ,-generator of L! /s,L,, in which case the y € (’);v above
satisfies twg € ywo + 5,L,. Thus y = 9,(¢) = J,(t) (mod s,) in the notation of
§3.1. By Lemma 3.1.2 X(Ll)(y) = x; '(t). As the generators of O ,/5,0¢s-1, are
exactly the units of O, we find

/ Qu([0,1] - p(1)g) - IN() [0 (8) dt - = / Xo (8 - IN()[x(t) dt
T(F,) )

c,v

= Vol(@év).
It only remains to compute det(j). From the relation
[(OF +OpV=A) - wo] - j71 = Ocg-1 - wo
we find
4N det(5)"20F = disc(OF + Opv—=A) - det(j) 20p = disc(Og-1) = 0(c/5)>.
Using |det(j)]2 = A, for v | oo we obtain 2U7:¥|det(j)| = /N(v¢?s~2). The
O

proposition follows by combining these calculations.

Corollary 3.5.3. Suppose Re(1) = 1/2 and let ¢, € IL; be the normalized newvec-
tor. Then
2

4lF:Q]
Qx(9)(g) dg

) = \ !
\/Nryo(0c?) Hrs Joy

where Sy s the measure space of §3.4 defined with V' in place of U.

L(1/2,11, x II,,

Proof. Using @CX /Vr = (Op/s)*, the measures on T(F)\T'(Ay)/Z(Ay) and Cy are
related by

Qx (D6, (t) dg = Hp, / Qx (D)L (2) dg

Cv T(FN\T (Ag)/Z(Ay)

while Lemma 3.5.1 implies
€(1/2,x0) - ¢ = Npjg(s)* /% - €.

The corollary now follows immediately from |L(r, x)|> = L(1/2,1L, x I1,), Propo-
sition 3.5.2, and the fact that the restriction of @, to T'(Ay) is simply x. O
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3.6. Descent to low level. Assume that either I, is a weight 2 discrete series at
each archimedean v or that II, is a weight 0 principal series at each archimedean
v. In the weight 2 case we assume that €(1/2,t) = 1 and B is totally definite, as
in §3.3, and in the weight 0 case we assume that €(1/2,t) = (=1)"% and B is
totally indefinite, as in §3.4. For each v | d¢ the representation II, is isomorphic to
a principal series H(uy,x(ﬁ)ugl) with p, unramified, and we set «,, = p, () for
any uniformizer w of F,. By the argument of [37, §17] for each v | d¢ there are
rational functions a,, by, ¢, which, crucially, depend only on the data (F,, E,, xv)
and not on the representation II, such that

B(Or; ¢f) = B(Or;on) - [] avlow)

v|oc

and

651 o (oe) = lléml 5oy - [ Po(e)

v|oc

where ¢ € II is the normalized newvector and ¢§ € II is the projection of ¢ to
the quasi-new line. Using (27) in place of [37, Lemma 17.2], the rational function
c, is defined by the relation

L. Poits

where II' is the automorphic representation of G(A) whose Jacquet-Langlands lift
is II, ¢5, is a toric newvector in I’ in the sense of Definition 3.2.4, ¢ € II' is a
newvector in the sense of Definition 3.2.2, and || - || is any G(A)-invariant norm on
' (e.g. ||-> = fSU |-|?). If v { s then yq , is unramfied and we must have a,(«,) =

1 2

|lén 12

e

v|dc

Qx(9)¢m(g) dg
Cu

!
llom 112

a,(a;! Xo,u( w@)) due to the the isomorphism IT(j,, Xaﬂl},u;l) = H(X&iuljl, y), and
similarly for b, and c¢,. Set a; = Hvla cay(y) and define byy and c similarly.
Proposition 3.3.2 (for the weight 2 case) and Proposition 3.4.1 (for the weight 0
case) give

2 Hp A (O + UrlB(OF; ¢%)L(1/2,11 x I1,)
| Jo, Pu(9)éis (9) dg|*
fsU |¢n/ )I? dg
where f = 1 in the weight 2 case and f = 2 in the weight 0 case. As E(OF, o) =1

we find, using A\v Hrs = Hp [(/D\CX : Vr] and (15) (which holds also with Cyy and Cy
replaced by Sy and Sy ), that

227 DT 1 e o)

2
LA/2T XL  bye2fme Lo, Quonm (@) dt
(34) K - arcCyy - 3 = . 2 7
||¢H||K0(n) Hpo\/Np/g(2c?) va lbm (9)|% dg
Here & =[], kv with

o — [OE,U :Ur ) . |y { 2 ifv]|d
! [@év : VT,U] [‘/v : Uv] 1 ifw | ¢

where ¢ € A* satisfies cOp = ¢.
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Proof of Theorems 3.3.3 and 3.4.2. It follows from the definition of the quasi-new
line that qbﬁ # 0 (in the notation of §1.8 we have A,(¢m,) # 0 for each v | 9, and
80 ¢, has nontrivial projection to the quasi-new line in II,), and hence by # 0.
It therefore suffices by (34) to prove that x - agerr = by, Let us suppose for the
moment that IT is of parallel weight 0 and that m = Op. Thus €(1/2,t) = (—1)FU
and we are in the situation of §3.4. The quaternion algebra B is split, and we let
p: G = GLy and j € GLa(A) be as in §3.5. Set II' = II and for each ¢ € II set
¢'(9) = ¢(p(g9)j). Fix a Haar measure on GLy(Ayf) and, as always, normalize the
Haar measure on Z(Ay) to give (5; volume 1. Define a Haar measure on G(Ay)
by demanding that p be an isomorphism of measure spaces. For any ¢ € Il we now
have, tediously keeping track of the normalizations of measures,

/ G2 = Vol(v) ! / o2
Sy GIPNXXG(hy)/V

Vol(V) ™!

||

i
Z(F)N O} : Z(F) N V] Jarnx xaa,)/05

1Z(ay) : Z(F)OF) /
[Z(F)N @; Z(F)NV] JGFN\XxG(As)/Z(Ay)

Using jKj~ ' =p(V) and Vz = {z € (’31? | z € 1+ 5} we find that

/S 62 = HeAP 0] = Hial 6] o)
\%4

= Vol(V) ! |¢'|2.

We may now write (34) as

br[ of - [F:Q]

4/NF/@ ac ’HFS Cv

The point is that in this formulation no L? norms appear, and the statement of the
formula makes sense even if IT is noncuspidal. The argument of [37, §18] shows that
the equality (35) can be extended to the principal series representation I, of §3.5
for any 7 € C with Re(7) = 1/2 (so that II; is unitary), provided that x does not
factor through the norm map A} — A* (so that II, is cuspidal by Lemma 1.3.3
and (12) still holds).

If for each v | 9c we let ¢, note the cardinality of the residue field of v, then
taking IT = II,; and ¢ = ¢, in (35) and comparing with Lemma 3.5.3 (and still
assuming that IT, is cuspidal) gives

HK/vav 1/2— 7' v 1/2 7' Hb 1/2 7'

v|oc v|oc

(35)  k-aper - L(1/2,11 x II,,)

Qx () (t) dt

As in the proof of [37, Proposition 19.2], letting 7 vary and letting x vary over
characters which do not factor through the norm while holding the components y,
for v | dc fixed, we find the equality of rational functions x[]a,c, = [[ b, where
each product is over all v | dc. g

4. CENTRAL DERIVATIVES

In this section we relate the Néron-Tate heights of certain CM points on Shimura
curves to derivatives of automorphic L-functions. As in [35] the method is to com-
pute the arithmetic intersection pairings of various CM-divisors and compare these



42 BENJAMIN HOWARD

intersection multiplicities to the Whittaker coefficients of the automorphic form &,
of §1.6. These intersection multiplicities decompose as a sum of local intersection
multiplicities, and the calculations of §5 and §6 of [35] show that the calculation
of local multiplicities can be reduced to the calculation of linking numbers of CM-
cycles on totally definite quaternion algebras. Fortunately for us, this reduction
step is done in [35] in a very general context, and includes not only on Shimura
curves with arbitrary level structure but also Shimura curves associated to the alge-
braic group G below (as opposed to the group G/Z). Thus we may cite from Zhang
the crucial Propositions 4.3.1 and 4.4.1 below, which reduce the local intersection
theory at nonsplit primes to the calculations we have done in §2.

Throughout §4 we assume that the representation II of §0.1 satisfies Hypothesis
0.1.1 and that II, lies in the discrete series of weight 2 for every archimedean v.
Set t = mc? and assume that w(m) = (—1)IF*U=1 The epsilon factor of §1.4 then
satisifies €(1/2,v) = —1 and so L(1/2,1I x II,)) = 0 by the functional equation (7)
and the Rankin-Selberg integral representation (9) with b = 1. Fix an archimedean
place ws, of F and let B be the quaternion algebra over F' characterized by

B, is split <= €,(1/2,v,9) =1 or v = weo

for every place v. Thus B is indefinite at ws, and definite at all other archimedean
places. The reduced discriminant of B divides m and, as F,, is a field whenever B,
is nonsplit, there is an embedding £ — B which we fix. Let G, T, and Z be the
algebraic groups over F' defined at the beginning of §2. For any ideal b C Op let
Op = Op + bOg denote the order of O of conductor b. Fix an algebraic closure
F#8 of I containing £ and an embedding F*8 — C lying above ws.

General references for Shimura curves include [3, 23, 24, 26, 36, 35].

4.1. Shimura curves. Throughout §4.1 we let U be an arbitrary compact open
subgroup of G(Ay). The chosen embedding F — C determines an isomorphism of
real algebraic groups S = T' X ¢ R, where S = Resc/rGyn,. The embedding T' — G
therefore determines an embedding of real algebraic groups

79 :S — G xp R — (Resp/oG) xg R.

Let X be the G(R)-conjugacy class of z( in the set of all such embeddings. If F' # Q
or if B 2 M>(F') we define a compact Riemann surface

(36) Xu(C) = GIF)\X x G(Af)/U.

For x € X and g € G(Ay) let [z, g] denote the image of (z,g) in Xy(C). If F =Q
and B is split then the right hand side of (36) is noncompact, and X (C) is defined
as the usual compactification of the right hand side obtained by adjoining finitely
many cusps. The connected components of Xy (C) are indexed by the set

Zy(C) = Z(F)"\Z(A;)/N(U)

where Z(F)™ C Z(F) = F* is the subgroup of totally positive elements and N(U)
is the image of U under the reduced norm G(Ay) — Z(Ays). The canonical map
Xv(C) — Zy(C) is given by [z, g] — N(g).

Let Xy denote Shimura’s canonical model of X7 (C) over Spec(F'). Let Fyy /F be
the abelian extension of F' which, under the reciprocity map of class field theory,
has Gal(Fy/F) = Zy(C). The component map Xy (C) — Zy(C) arises from
a morphism of F-schemes Xy — Zy where Zy is (noncanonically) isomorphic
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to Spec(Fy). For each geometric point o : Spec(F?8) — Z;; define a smooth
connected projective curve over F21&

X = Xy Xz, Spec(F™8).
The Jacobian Jy of Xy is the abelian variety over F' defined by

JU = ReSZU/F(Png(U/ZU)

so that the geometric fiber of Jy decomposes as

Jy xp F8 H Jg
a€Zy (Fs)

where Jg is the Jacobian of X&. There is a Gal(F®8/F) invariant function
Hg : Xy (F8) — Jy(F'8) @7 Q,

the Hodge embedding, described in detail in [6, §3.5]. Briefly, Zhang [35, §6.2]
constructs the Hodge class L € Pic(Xy) ®z Q having degree 1 on every geometric
component. Each P € X (F#) determines a geometric point a € Zr;(F*8), and
we let L£p denote the restriction of £ to X§. Letting O(P) € Pic(Xy xp F?8)
denote the class of P we define

Heg(P) = O(P)® L' € JH(F™8) 7 Q.

For any finite extension L/F the Néron-Tate height on Jy (L) is denoted by
(-, >1[\]112 The normalized Néron-Tate height on Jy; (F*8) is defined by

(z )y =

where L is any finite extension of F' large enough that x and y are defined over
L. Fix two points P, Q € Xy (F*®) and choose a finite Galois extension L/F large
enough that P and @ are both defined over L. To compute the Néron-Tate pairing of
Hg(P) and Hg(Q) we use the arithmetic intersection theory of Gillet-Soulé [9, 30]
as in §5.3 and §6.1 of [35]. Suppose that U is small enough that Xy admits a
canonical regular model X;, proper and flat over Op, as in [36, §1.2.5]. Let Z; be
the normalization of Spec(OF) in Zy, so that Z; = Spec(OF, ) (noncanonically)
and the component map Xy — Zy extends to a map of Op-schemes X — Zy;.
As Zy(L) # 0 there are [Fy : F] distinct embeddings Fiy — L, and so [Fy : F]
distinct morphisms Spec(Or) — Zy;. Let Zy denote the disjoint union of [Fy : F]
copies of Spec(Op) so that Zy is naturally an Op-scheme which admits an Op-
morphism Zy — Z;. Let Xy be the minimal resolution of singularities of the
Opr-scheme X; Xz, Zy. The scheme Xy has generic fiber Xy X o L and is a disjoint
union of [Fy : F] proper and flat curves over Oy, indexed by Zy (F*#), each with
geometrically connected generic fiber. The Hodge class £ on Xy admits a natural
extension to X [36, §4.1.4] which we pull back to a class £ € Pic(AXy) ®z Q. For
each embedding ¢ : L — C the Riemann surface (Xy xo, C)(C) has a canonical
volume form p which on each connected component has total volume 1 and whose
pull back to the upper half-plane (under any such parametrization) is a multiple of
the hyperbolic volume form y~2dzdy. By [20, Theorem 1.4.2] there is a Hermitian
metric p;, unique up to scaling, on the pull-back of £ to Xy xo, C whose Chern
form is u. Letting p denote the tuple (p;) indexed by embeddings ¢ as above, the

_~

pair £ = (L, p) is then an element of Pic(Xy) as in [35, §6.1].

o7 ()05
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Going back to the point P € Xy (L), let XF be the connected component of Ay
containing P. The arithmetic closure (as in [35, §6.1] or [37, §9]) P € ﬁiT/(XU) of
P with respect to Lisa pair pP= (P4 Dp,gp) where P is the Zariski closure of
P on Xy and gp = (gp;) is a tuple indexed by embeddings ¢ : L — C with gp;
a smooth function on the complement of P in (Xy xp, C)(C) such that 2 - gp;
is a Green’s function for P with respect to p (in the sense of [20, §II.1]) on the
component indexed by «, and is identically 0 on the other components. Lang and
Zhang use different normalizations for Green’s functions, hence the factor of 2; our
gp is Zhang’s g(P,-). Finally Dp is a vertical divisor on A}y chosen so that P+ Dp
has trivial intersection multiplicity with every vertical divisor, and so that for any
finite place w of L the restriction of £ to the sum of the components of Dp above
w has degree 0. One defines @ = (Q+ Dg, gg) in the same way. The Hodge index
theorem now tells us that

5(P) B = (P~ Lr.Q - Lo,

where L p is the restriction of £ to the component of Xy containing P (and similarly
with P replaced by @) and the pairing on the right is the Gillet-Soule arithmetic
intersection pairing on lsi\c(XU) defined by [37, (9.3)].

For each place w of F fix an extension w®® to F*8, As we assume that P # Q
there is a decomposition of the arithmetic intersection pairing as a sum of local
Green’s functions

(PN, =Y. Y. du-g(P7,Q)yums
w geGal(L/F)
where the sum is over all places of F' and terms on the right are as follows. If
w | oo then dy, = 1 and g(P, Q)y w1z = gpi(Q) where i : L — C is the embedding
determined by w®#. If w is nonarchimedean then d,, = log ¢,, where gq,, is the size
of the residue field of w, and

g(P7 C?)U,w“lg = 6(Lw“1g/F‘w)iliwalg (P +Dp, Q2+ DQ)XU

where e(Ls/Fy,) is the ramification index and é,as(-, )y, is the intersection
pairing on Xy xo, Of, e defined in [20, II1.2] for divisors with no common com-
ponents and extended in [20, III.3] to divisors with common vertical components.
The Green’s function g(P,Q)y == does not depend on the choice of L and ex-
tends bi-additively to a Hermitian pairing on divisors with complex coefficients on
Xy x p F?8 having disjoint support.

If U is not sufficiently small in the sense of [36, §1.2.5] then choose U’ C U which
is sufficiently small and define

1 * *
9(P,Q)y s = mg(ﬂ P, 7" Q)y ypoie

where 7 : Xy» — Xy is the degeneracy map with deg(w) = [F*U : F*U’]. This
does not depend on the choice of sufficiently small U’.

4.2. Special cycles and Hecke correspondences. For the remainder of §4 we
let U and V' denote the compact open subgroups of G(Ay) constructed in §3.1 and
recall that we constructed there CM cycles P, and P, 4 of level U (for a any ideal
of Op prime to ¢) and a CM cycle @, of level V. Let ¢, € B, be the element of
Lemma 3.1.3 used in the construction of U, and note that U, is a maximal compact
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open subgroup of G(F,) for v { drco. For a prime to 0t there are algebraic Hecke
correspondence TY¢ and T(f“b on Xy characterized by their action on points of

Xy (C)

TV, gl = Y [r.gh7"] TP gl = Y [v,gh],
heU\H (a) heH (a)/U

where H(a) was defined in §3.1. We also have diamond automorphisms of Xy
defined by
(@)7[z, g] = [z,g9a7"] (@), g] = [z, ga]

where a € A* satisfies aOr = a and a, = 1 for v | co. Restricting TX¢, TA® and
the diamond automorphisms to divisors on Xy which have degree zero on every
geometric component we obtain endomorphisms, denoted the same way, of Jy;.

We view the set of CM points of level U on G as a subset of X(C) using the
injection Cy — Xy (C) defined by T'(F)gU +— [x0, g]. By Shimura’s reciprocity law
[24, §12] all points of Cy are defined over the maximal abelian extension of E in C
and satisfy

[x(),g]o = [:L'Oatilg]
where o = [t, E] is the arithmetic Artin symbol of ¢ as in [29, §5.2]. Any CM-cycle
P of level U can be written as a sum of characteristic functions of CM points,

and so can be viewed as a divisor (with complex coefficients) on Xy x  F#8 in an
obvious way. Setting P = [z, 1] we then have

P, = > x(t) - PIWFL
tET(F)\T(Af)/UT

This divisor is rational over the abelian extension E, /E cut out by x. As divisors
on Xy xp E, we have TYP, = P, , and (a)P°P, = xo(a)P.

For a prime to ot let P)?,a denote the restriction of P, 4 to the complement of
the image of T(Af) — Cy. In particular Pfg’a and P, have disjoint support. Fix
a € A* with aOr = a and define

ro(@) = [ laly V2B, (as0).

vtoo

We note that r, is a derivation of T, & |- |*/? in the sense of [35, Definition 3.5.3].
Exactly as in [35, Lemma 6.2.1], (using our Corollaries 2.3.9 and 2.4.5 to evaluate
P, o(1) instead of [35, Lemma 4.2.1]) we have

(37) Pya=P) +ry(a)- Py

4.3. Intersections at nonsplit primes away from 0t. Suppose w { Ot is a finite
place of F' which is inert in E and fix a place w®® of F*& above w. Note that
the quaternion algebra B, is split and, as Ry, = Og. + O wey is a maximal
order of B, U, = RY is a maximal compact open subgroup G(F,). We wish
to compute g(PX,PQVQ)U,walg. Let B be the totally definite quaternion algebra
obtained from B by interchanging invariants at ws, and w. That is, B is defined by
{places v of F | B, % B,} = {w,wes}. As E, is a field for every place v at which
B is nonsplit, we may fix an embedding £ — B. Denote by G the algebraic group
over F defined by G(A) = (B A)*.
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For each finite place v # w fix an isomorphism o, : G(F,) = G(F,) compatible
with the embeddings of T'(F,) into G(F),) and G(F,) and define

€ = 0u(€y) U, = 0,(U,).

Pick €, € By, so that E,é, = B and ord,, ( (€w)) = 1, where N is the reduced
norm on B,,. Then R, = Ogpw + Opwéyw is the unique maximal order in By,
and we define U,, = R%. Define a function oy, : G(F,) — G(F, )/U by O'w( ) =
gU,, for any § € G(F,) satisfying ord,, (N(g)) = ord,(N(g)). Set U = [[, U,

compact open subgroup of G(Af). Taking the product of the o, we obtain a map
of left T(Af)-sets o : G(Af)/U — G(Af)/U and a push-forward map f + o.f
from finitely supported functions on G(Ay)/U to finitely supported functions on

G(Af)/U defined by
(0:f) (@)= > fly

o(y)==

As the natural projection G(Ay)/U — Cy has finite fibers, any CM-cycle of level
U may be viewed as a finitely supported function on G(Ay)/U. The push-forward
is then a left T'(F)-invariant function on G(Ay)/U, and so there is an induced
push-forward o, from CM-cycles on G of level U to CM-cycles on G of level U.

Fix a uniformizer w of F, and for each k > 0 let Ay, = Op,, + kaEﬂU. For
each x € Cy define the w-conductor of x = T(F)gU to be the integer k determined
by

AL = guwUuwgy NT(Fy).

Proposition 4.3.1. Suppose that P and Q are disjoint CM-cycles of level U with

P supported on points of w-conductor k and Q supported on points of w-conductor
0. Then

g(P7 Q)U,walg = Z <U*P’ U*Q>Z} ) Mk(’y)
YET(F)\G(F)/T(F)
where
ordy (£w) if k=0and &0
Mip(v)=4 0 ifk=0and £=0
Of.w: A7 if k>0.
Proof. See Lemmas 5.5.2 and 6.3.5 of [35]. O

Suppose a is an ideal of Op prime to dr. For any finite place v we may replace
B by B, and €, by &, everywhere in §2.3 and §2.4, giving a function Px a,p O

G(F,)/U,. Taking the product over all finite v gives a CM-cycle Px o of level U
on G. When a = Op we omit it from the notation. Define an ideal ¢ of Op by
ord, (e) = ord,(N(é,)) for all finite places v, so that

(38) ord, (e) = ord,(r) + {

1 fo=w
0 otherwise.

Proposition 4.3.2. Suppose a is prime to c. There is a constant k, independent
of a, such that

(PX ar Px)Uwats = K-y (a) + Z (Px,aapx>?*’] - ma(7)
YET(F)\G(F)/T(F)
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ordy (§a) +1 if £ # 0 and ord,(£a) is odd and nonnegative
ma(y) = =1 ordy,(a) it £ =0 and ord,(a) is even and nonnegative
0 otherwise.

Proof. This is our analogue of [35, Lemma 6.3.5]. Decompose

=> Pea=>_ P
k=0 k=0

47

where Y is the restriction of Pg,a to points of w-conductor k, and similarly for

P By (37)
P =10+ { gx(a)PX if k=0

otherwise

and Proposition 4.3.1 gives

(PX(:UP) Jowals = Z ZU*%]WU* Mk(FY)

YET(F)\G(F)/T(F) k=0

—7ry(a) Z (0. Py, 0:Py) - Mo(7).

YET(F)\G(F)/T(F)
The next claim is that ¢, P = cklsxya where

o 0F - AF] if ordy(a) — k is even and nonnegative
10 otherwise.

To prove this define

HF(a) = {h€Hy(a)| UL ' NT(F,) = A}
H*(a) = {heH(a)|hye Hj(a)}
H(a) = Hy(a)- [] ool
vFEW
where H,(a) = {h € R, | N(h)Or = a,}. The CM-cycles in question are now
given by
PBr(g) = xo(a) Z X)L ey (t'g)
teT(Ay)/Ur
ﬁx,a(g) - XO(a) Z X(t)lfl(a)(tilg)
teT(Ay)/Ur

As in the proof of [35, Lemma 6.3.5] there is a decomposition

|_|T ViU

where each hy, € R, satisfies ord,,(N(ht)) = k and hU,hy 'NT(F,) = A} . Fixing

a uniformizer w € F,¢ we therefore find

H(a) = S A Og iUy if ordy(a) — k is even and nonnegative
v 0 otherwise.
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From this it follows that #(HE(a)/U,) = ci. Write H(a) = LSk, s;U,,. For any
t € T(Ay) we have oy (ts;) = tHy(a), and hence 0.1y gx () = ¢k - 1,7, from which

o Pr = ckPX,u follows immediately.
It follows from the above that
o0
> (0B, 0 Py) ] - Mi(7) = (Pya, Py) ch M (v

k=0

Assume <Px Cl7P > # 0. Suppose first that v is nondegenerate. In particu-

lar O &(Pyaw) # 0 by (19), and so Proposition 2.3.1 implies that ord,(na) and
ordy, (§a) —1 are both even and nonnegative. If ord,,(a) is odd then ord,(n) is odd,
and as n + £ = 1 we must have ord,,(§) = 0. Thus

(39) ick - Mi(y) = #{k |1 <k <ordy(a),k odd} = mq(y).

If ord, (a) is even then

ch - Mi(y) = % + #{k|1<k<ordy(a),k even} = mq(7).

Now suppose v is degenerate, so that Px’a(’y) # 0 by Lemma 2.2.1. If £ = 0 then
we may assume 7y = 1 so that Lemma 2.3.6 implies ord,,(a) is even. Thus

ch “Mi(y) =#{k |1 <k <ordy(a),k even} = mq(y).
If ¢ = 1 then similarly ord,, (ae~!) = ord, (a)—1 is even and so again (39) holds. O
Corollary 4.3.3. Suppose a is prime to ov. Then
25 og ] - (P, PYa)vwme = [OF - UrlHpAy" - N(@) B (a; ) + A(a)
where A(a) is a derivation of Tl ® | - |2 in the sense of [35, Definition 3.5.3].

Proof. Fix a nondegenerate v € G(F) and an a € A* with aOr = a. For any place
v of F', Lemma 2.1.1 and the definition of B give

1 fvo=w

wy (=€) = €u(1/2,7) - { L i £ w.

Thus Diff(n,£) = {w}, and conversely a pair n,{ € F'* with n+ ¢ =1 arises from
some choice of nondegenerate v € G(F) if and only if Diff,(n, &) = {w}. Comparing
Propositions 1.6.1 and 2.3.1, and recalling (38), we find

Bw(au 7775? 92) = |a‘w7—w(’y) : Og(]sx,a,w) : mu(’}/) log |w2|w-

On the other hand for any finite place v # w we have, using (38) and Corollaries
2.3.5 and 2.4.3,

(0% ., : Op,Urw])By(a,n, & Oc) = |aly7y(7) ~Og(l5x,aﬂ,).
Using (10), Lemma 2.1.2, and (19) we find

105 : UrlHpAg" - N(a) B (a, @,) = 270 log [, S(Py, Pra), - mal7)
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where the sum is over all nondegenerate v € T(F)\G(F)/T(F). If ~ is degenerate
then <Px’Px7a>73 -mg(7y) is a derivation of Iy ® | - |*/? (using Lemma 2.2.1 and
Corollaries 2.3.9 and 2.4.5). Thus the claim follows from Proposition 4.3.2. O

4.4. Intersections at nonsplit primes dividing dt. Suppose that w is a place of
F which is nonsplit in F with w | 0t and fix a place w®® of F*% above w. Again let
B be the quaternion algebra over F obtained from B by interchanging invariants
at w at weo, so that {places v of F | B, % B,} = {w,ws}. Fix an embedding
E — B and for each finite place v # w let o, and €, be as in §4.3. Choose €, so
that B; = F,€, and

1 ifwfd

ordy (N(€w)) = ordy (v) + { 0 otherwise.

Let a be prime to dt. As in §4.3, for any finite place v we may repeat the con-
structions of §2.3 and §2.4 with B replaced by B and e, replaced by &,, giving a
compact open subgroup U, C G(Af) and a function P, 4, on G(F,)/U, for each
v. Taking the product over all finite v gives a CM-cycle nyu of level U.

Define the w-special CM points of level U, denoted C{, to be the image of

T(F,) x G(AY) — Cy

where A} = {z € Ay | z, = 0}. By a w-special CM cycle we mean a CM
cycle supported on w-special points. Define Cg similarly, and note that there are
bijections

CH = TO(F)\G(AY) /U = TO(F)\G(AY)/U" = CY

where U" = [],,,, U, and similarly for U™, and TO(F) is defined as
T(F)NUy, =T(F)N (14 cOg.)* = T(F)NU,.

Thus we may identify w-special cycles of level U with w-special cycles of level U,
and we denote this bijection by P — o.P. As a is prime to dt, ord,(a) = 0
and it follows from the construction that P, o is w-special. It is easy to see that
04Py.a = P, o (as one only needs to check equality locally at v # w).

Proposition 4.4.1. Suppose P and @ are w-special CM cycles of level U with
disjoint support. There is a locally constant function (independent of P and Q)
K(z,y) on G(F)\G(Ay) such that

9P, Q)uyms = > (0.P,0.Q)}, - M ()

YET(F)\G(F)/T(F)
4 / (0 P) @)K () (0.Q)() de dy
[T(F)\G(Ay)]?

where

ordy (§) if £#£0 and ord, () >0
M(7) { 0 otherwise.

Proof. See Lemmas 6.3.7 and 6.3.8 of [35]. O
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Proposition 4.4.2. If a is prime to 0t then

(PX a’ P, )U,w'dlg = K- TX(Q) + Z <]5x,a7 X>’[ZJ : m(P)/)
©ET(FN\G(F)/T(F)

+/ ) Py o(2) K (2,y)Py(y) dz dy
[T(FO\G (A )2

where K(x,y) is a locally constant function on [G(F)\G(Af)]? and

ordy, (Et71) + 1 if € #0,0rd, () >0, and w | ¢
m(y) = 3 ord,, (£0) if £+#0,0rd,(§) >0, and w |0
0 otherwise.

Proof. Tt follows from (37) and Proposition 4.4.1 that the claim holds if one replaces
m(y) with M (). Thus if we set m’ = m — M it suffices to show that

S PPy = [ P ) P) do dy
VET(FN\G(F)/T(F) TUINGRD

for k some locally constant function on G(F)\G(Ay). Note that m’ is locally
constant for the topology on G(F') induced from G(F,) (i.e. m and M have the
same singularity near { = 0) and let U’ C U, be small enough that m/ is a constant,
p, on U!. Let U’ be the subgroup obtained by shrinking the w- -component of U
from U, to U’. The crucial point is that on the image of {1} x G(A¥) — 5 we
have

kg (x,y) = kg, (2,y)

where k:‘f is the kernel (16) constructed with constant multiplicity function p. The

w- spec1a1 CM-cycles P, o and P, are supported on the image of T(F,,) x G(A™) in
Cp,, which equals the image of {1} x G(AY) as T(F,) C T(F)U.,. Therefore the
pairings (17) satisfy

<PX707P > <PX u’P >U/’

and it follows that (Px,a,PX>[~] = <Px,a7PX>U (replacing U’ by U changes each
pairing by a constant depending on the normalizations of measures in §2.2 but not
on the multiplicity function). As the multiplicity function p is constant the kernel
k. is right G(F)-invariant, and we take k = k7. O

Corollary 4.4.3. Define a function Pg on Sg = G(F)\G(Af)/U by
Px9)= Y. Pyg)

YET(F)\G(F)

For and a prime to 0t

olF:Ql+1 |d|1/2 log || - g(PX7 P)?,u)U,w"lg

= [(52 : UT]HF/\Z_]1 'N(a)ﬁw(a; D)+ Aa) + /G(F)\G(A )(TaPy)(sc) cg(x) dx

where A(a) is a derivation of iy @ | - |'/2, g(x) is a locally constant function on

G(F)\G(Ay), and T, is the Hecke operator on L*(Sg) defined in §3.3.
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Proof. This is deduced from Proposition 4.4.2 exactly as in the proof of Corollary

4.3.3, taking
g(x) =/ _ K(z,y)P(y) dy.
T(F)\G(Ay)

O

4.5. Archimedean intersections. Let w be an archimedean place of F' and choose
a place w*® of F?2 above w. If w = wy is the archimedean place at which B is
split then set B = B. If w # ws then let B be the quaternion algebra obtained
from B be interchanging invariants at w and we, as in §4.3. As in §4.3 fix an em-
bedding F — B and, for every finite place v of F, choose o, : B, & B, compatible
with the embeddings of E, into B, and B,. Define ¢, = oy(€y), set U, = o (Uy),
and let o, denote the induced isomorphism from CM cycles of level U on G to CM
cycles of level U on G.

For v € G(F) view £ € F as a real number using the embedding FF — R
determined by w and define

iy = { Q072 <o

otherwise,

where Q, is defined by [35, (6.3.3)], and a function on G(A;) x G(Aj)
ke (w,y) = > 15 (z Yyy)ms (7).
VEG(F)/(Z(F)NT)

We now recall the statement of [35, Lemma 6.3.1]. For any distinct points P, Q €
Cy the sum defining k7 (0. P,0.Q) is convergent for Re(s) > 0 and extends to a
meromorphic function in a neighborhood of s = 0 with a simple pole at s = 0.
Thus for any CM-cycles P and @ of level U the pairing (o, P, O'*ngs of (17) has
meromorphic continuation with a pole of order at most 1 at s = 0, and moreover

g(Pv Q)U,walg = consts_.g <U*Pa U*Q>gL

In particular, if a is prime to 9t then

(40)  g(PY,, Py)y,uus = consts_g > (PY o P)7 - ms(y)
YET(F)\G(F)/T(F)

where 150 = O'*PX o« is the cycle defined by replacing U by U and B by B in the

deﬁmtlon of P) . and similarly for P,.

Corollary 4.5.1. For any a prime to 0t
_2[F:Q]+1|d|1/Qg(PX,PS)G)U’walg = [@E : Ur|HpAp'N(a) - consts_,of%\“’(s7 a; D)

up to a derivation of llx @ | - |*/2.

Proof. Suppose Re(o) > 0 and, for any v € é(F), write M(y) = M;(&,) where

the M, on the right is the function on R defined in §1.6. Combining (11) with

Corollaries 2.3.5 and 2.4.3, and arguing as in the proof of Corollary 4.3.3, we find
(0% : UrOXN(a )Ew(s a; ®,)

= (—=20)F Qs ()[d"* > 12 M () [ 7o () - OF(Pya)

vtoo
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where the sum is over all nondegenerate v € T(F)\G(F)/T(F). By Lemma 2.1.2
we have

I 7 () = wee () (=)D e 72,

vfoo

and combining this with (19) gives
O+ Ul Hpdy 'N(@) B (5,05 0¢) = 259112 S (P, P - M ()

where the sum is again over all nondegenerate v as above. By the argument in the
proof of [35, Lemma 6.4.1] the constant term as s — 0 is unchanged if we replace
Mg() by —2mg(v). Adding in the terms corresponding to the two degenerate
choices of v add derivations of Il ® | - |'/2 as in the proof of Corollary 4.3.3, and
replacing Pxﬁa by ]5;2’51 also adds a derivation of Iy ® |- |'/2 by (37) with P replaced
by P. Thus the claim follows from (40). O

4.6. The twisted Gross-Zagier theorem. Let T denote the Z-algebra gener-
ated by the Hecke operators T, and the nebentype operators ({a)¢)(g) = ¢(ga),
where aOf = a and a, = 1 for v | oo, acting on holomorphic automorphic forms
on GL2(A) of parallel weight 2 and level K;(0t). Let ¢ denote the normalized
newform in II. The C-algebra T¢ = T ®z C is semi-simple, and we let T be the
maximal summand of T¢ in which

Ty = B(Op; Ta¢m) (a) = xo ().

Let er; be the idempotent in T¢ satisfying e Te = Ty. It follows from the Jacquet-
Langlands correspondence and the Eichler-Shimura theory that there is a ring ho-
momorphism T — End(Jy) taking T, — T2 and {(a) — (a)A", and so T¢ acts on
JU(EX) ®yz C.

Proposition 4.6.1. Abbreviating P, 1 = err - Hg(P,),
Q‘S‘HF[@E : UT]
/\U||¢§H§<O(ar)

Proof. This follows easily from the formulae of the previous subsections, exactly as
in [35, §6.4], ”Conclusion of the Proof of Theorem 1.3.2”. We quickly sketch the
argument.
Suppose a is prime to dtr. Using the argument of [35, Lemma 6.2.2], up to sums
of derivations of principal series and I ® | - |'/? we have
(T3P Hg(Py), He(P))yT = (Hg(Py), Ty “He(P))y "
= (Hg(Py), Hg(nya»lle

= - Zdw 'g(PX7 P)?,a)U,walg

B(Op, ¢ L' (1/2,11 x IL,)) = 2F U+ g|/2(p o P )N

where the sum is over all places w of F', and where for each w we fix an extension
we to F212. Exactly as in [35, Lemma 6.3.4] the nonarchimedean places w which
split in F contribute derivations of principal series and Il ® | - |1/ 2. and so we may
omit such places in the above summation. Combining Corollaries 4.3.3, 4.4.3, and
4.5.1 with Proposition 1.6.3 we find

QU+ g V/2(TAPHg(Py), Hg (P ))YT = [0 : Ur| HpAy' B(Op; Ta®:)
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up to a sum of derivations of principal series, derivations of [Ix®|-|*/2, and functions
of the form

(41) /  (TPY(@) - gla) da
G(F)\G(Ay)

for w | o¢ as in Corollary 4.4.3.

Let us consider (41) in more detail. Fix w | 9v and let U, G, and so on be as in
§4.4. Let Sy = G(F)\G(Af)/U as in §3.3. Tt follows from the Jacquet-Langlands
correspondence that the C-algebra generated by the operators T, acting on L?(Sp)
is a quotient of T¢c. Thus it makes sense to form er - Py € L?(Sg), which is
nothing more than the projection of Py to the automorphic representation Il of
G’(A) whose Jacquet-Langlands lift is II. By construction the function e - Py has
character y,,! under right multiplication by T'(F,). On the other hand, if II’ is
the automorphic representation of G(A) whose Jacquet-Langlands lift is I then II'
contains a nonzero vector on which T'(F,,) acts through y,' (as II}, admits a toric
newvector in the sense of §3.2). Thus if egPy # 0 we would have nonzero vectors
in both II,, and IT’, on which T'(F,,) acts through x;'. This contradicts results of
Saito, Tunnell, and Waldspurger (as described in [12, §10] or [13, Proposition 1.1],
and using [33, Lemme 9(iii)] to relate T'( E,, )-invariants to T'(E,, )-coinvariants), and
so erPy = 0.

We now deduce, using [36, Proposition 4.5.1] for the vanishing of derivations of
principal series and theta series, that

2l G 4|2 (enHg(Py ), He(P)y " = [OF : Ur]Hry " B(Op; en®y).
As enp®, is the projection of ®, to II, the proof now follows from
B(Or; en®:) - |10f; [ o) = 21 B(Or: 9 L'(1/2, T x T1)
as in the proof of Proposition 3.3.2. (|

As above there is a ring homomorphism T — End(Jy/) taking T, — T2 and
(a) — (a)A, and so T¢ acts on Jy (E,) ®z C.

Theorem 4.6.2. Abbreviate Q, i1 = enHg(Qy) € Jv(Ey) ®zC.
L'(1/2, I x 1I,) 2[F:Ql+1

! —
onl %, (n) Hpo\/Npjg(dc®)

Proof. Recall the constants ary, by, and ¢y of §3.6. The argument of [37, §17] gives
the first equality of

(Po, Pyr)DT e = (1 Quurt, T Qym)N T = deg(m) - (Qtt, Q)Y T

where 7* : Jyy — Jy is the morphism induced by the natural projection 7 : Xy —
Xy of degree [F*V : FXU] = [V : UJAyA;'. It therefore follows from Proposition
4.6.1 that

<Qx,Ha Qx,H>‘1\/I'T'

. Q‘SlHF[@E : UT] L’(1/2aH X HX) bn2[F:Q]+1 <Q 0 >NT
TTCTI . - " o
[V Uy [Exali Nea(@)

and so the theorem follows from the equality of rational functions « [[a,c, = [[ by
proved in §3.6. (]
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