81. The Main Theorem: Notation and Statement.

Fix and odd prime p. (I cannot find a statement of the Main Theorem for p = 2.) We
write Z = FX x 1+ pZ,, and correspondingly = = 7(z) - (x). The function 7 is called the
Teichmiiller character, and it only depends on x mod p; the function (z) = x/7(x) is called
the projection of x onto T'.

Fix a positive integer m with m # 2 (mod 4) and p}m, and for convenience let ¢, =
mp" 1. Also fix a subfield FF C Q(u,,)" of the maximal real subfield of Q(u,,). Put F, =
F(upm+1), Foo = UF,, A = Gal(Fy/Q) (a quotient of (Z/mp)*), I';, = Gal(F,/Fy), and
I' = Gal(F,/Fp). There is a natural projection map I' — T'/T?" =T,,.

There is a canonical isomorphism [-]:1 + pZ, — I given by observing the action of T
on puye: for each x € 1+ pZ,, [z] is the unique element of I" that satisfies [z]({) = ¢* for
all ¢ € pyeo. (Ask yourself, what is the relation of [-] to the local Artin map over Q,?) We
extend the definition of this function to all of Z by projection, i.e. [a] = [(a)] for arbitrary
a € Zy. We will write [a],, for the image of [a] under the map I' — T',. Throughout, we fix
the topological generator vo = 1+ qo € 1+ pZ, and put v = [yo].

Fix a nontrivial even character y: A — @: , of conductor m or mp. One may view x as
an even character of the “first kind” of conductor m or mp, or as an even Dirichlet character
of conductor m times an even power of the Teichmiiller character 7.

Let K = Q,(x,7) be the extension of Q, generated by the values of x and 7, and let
O = Ok be the ring of p-adically integral elements of K. Let A,, = O[I',,] for n > 0, and let
A = O[I'] = O[T] (under the Iwasawa isomorphism sending v to 1 + 7'). The methods in
Cathy’s talk show that for any finitely generated A-module M, there is a quasi-isomorphism

M~ A% & @D A/ & @D A/

where the m; > 0 are integers and the f; are irreducible distinguished polynomials in A.
We defined the numerical invariants of M to be rank(M) =r, u(M) = > m;, and A(M) =
> deg f;, and the characteristic ideal of M to be the principal ideal char(M) = p* -] f; - A.

Further, for any ¢: A — @; , define the idempotent operator

1 Z

Then Zw ey = 1, and the product ey - ey = ey if ¢ = ¢’ and is 0 otherwise. We will have
occasion to use the “even” and “odd” projectors,

€4 = Z €y

P(—1)==%1

For any A-module M with a commuting A-action (i.e., a Gal(F./Q)-module), we put
M) = eyM and M* = eiM; both of these results are again A-modules. One has
M=@M@)=M"® M, and char(M) = [ char M (¢)) = char(M™) - char(M ).
Finally we come to the two main players, and the Main Theorem which connects them.
We let X,, = CU(F,,)[p™] be the p-primary subgroup of the ideal class group of F,,, and
X =lim_ X,,.



For now, take the following claim on faith.

Fact. There exists a power series f(x,7) € A such that

Ly(x;s) = f(x;% — 1)
for all s € Z,, where L,(x, -) is the p-adic L-function for x as constructed by Akshay.

Granted the existence of this special power series f(x,1’), we may state the Main Theorem
as follows.

Main Theorem. With the preceding notation, char X (7x™') = f(x,T) - A.

This theorem was originally proved by Mazur and Wiles in a tour de force of algebraic
geometry, and later proved in an entirely different (and more “elementary”) way by Kolyva-

gin.
The general method of proving this claim involves making use of the following two lem-

mas.

Lemma. Suppose fi,..., f., fi,..., f. € A are such that A, /f; and A, /f! are finite for all
i and all n > 0. (This amounts to the f; and f/ being relatively prime to v*" — 1 for all n.)
Assume that the following two conditions hold.

(1) fi| f! for all .

(2) There exists a constant ¢ > 0 such that, for n sufficiently large,

[T #(An/ i)

cl< 2 T <

— IT#A/ D)

Then for every i, the elements f; and f/ generate the same principal ideal in A (i.e. they
differ by a unit in A*):

Proof. By the Weierstrass Preparation Theorem, there exist unique m;, m; > 0, distin-
guished h;, b, € O[T], and units U;, U/ € A* such that f; = p™h;U; and f! = p™hiU! for
all 7. Because of (1), we have m; < m} and h;|h; in O[T]. Cathy showed that m; = u(A/f;)
and deg(h;) = A(A/f;) are determined by #(A,,/f;), up to a constant independent of n, for
n sufficiently large (and also the respective statements for the primed quantities). Thus (2)
implies that m; = m, and deg h; = deg h;, forcing h; = h.. Therefore, f; = f! - unit for all i.

A similar result holds for ideals, though neither lemma is strictly more general than the
other.

Lemma. Suppose Iy,..., 1., I],..., I, C A are ideals such that A, /I; and A, /I] are finite
for all n > 0. Suppose further that

(3) for each ¢ we have I; 2 I/, and

(4) for alln >0,
[T #(0n 1) = #(Aa/1).



Then I; = I forall 1 <i <.

Proof. Let A, = A, /I; and A}, = A, /I]. Then there is a canonical surjection A;, —
A; ,, which shows that #A4,,, divides #A;m for all i and n. If we were to have inequality
for any i and n, then the condition (4) would be impossible, so we must have A} = A;,
for each i and each n. Since A/I} — A/I; arises from the maps A;, — A;,, which give an
isomorphism of projective systems, we must have that A/I! — A/I; is an isomorphism as
well, forcing I; = I].

The claims (2) and (4), applied to various modules arising in number theory, gener-
ally result from various “analytic class number formulas.” The claims (1) and (3) require
more novel or sophisticated tools (such as Shimura varieties, Euler systems, or distinguished
annihilators of ideal class groups).

In the following talks, I will

e verify the Fact preceding the Main theorem, so that all of this makes sense,
e prove that (2) always holds for F' = Q, and
e show that, under a common condition, (3) and (4) hold too.

Afterwards, Abhinav will prove (1) and (2) universally.

§2. Construction of f(x,T) as described in Fact.

The exposition in this section has been shamelessly stolen from K. Iwasawa, Lectures on
p-adic L-functions.

To recap, p is an odd prime, m # 2 (mod 4), p /m, x is even of the first kind, of
conductor m or mp, and ¢, = mp" .

If r € R, then write {r} for the smallest nonnegative real number with r — {r} € Z, i.e.
0<{r}<land{r}=r (modZ). Notice that if a € Z/N, then {a/N} makes sense, and
is equal to ag/N, where 0 < ap < N with ap =a (mod N).

Definition. The Stieckelberger elements are given by

a 1
=g = = Y {q—}-Tlx(a)-[a]nl——q— a-7x(a) - [a];"
w€@fan) " o
1 2
= = D (@ x(0) [l € Aull/p),
(aso0)=1

and
M =¥ = (1 = o[yl ")EY.

Proposition. The projection A,+1[1/p] — An[1/p] takes &1 — &,



Proof. Let the projection take &,41 +— &, ;. Our claim is that ,,; = &,. To see this, we
evaluate the sum defining £, ; with a = b+ kgn, 0 < b < gn, (b,q0) = 1,0 < k < p. Then
we have, by the gg-periodicity of the symbols,

s = = O Y b k) = & — P 3 e

k

We just need the last summation to vanish. But since p is odd, (—b) = (b), so [—b],, = [b],.
Also, x is even and 71y is odd, so that 77'x(—a) = —771x(a). Thus, in the last summation,
the terms with b < ¢,,/2 and the terms with b > ¢,,/2 cancel each other out. This establishes
the claim.

Corollary. For m >n > 0, &, — &,, and n,,, — 1, as well.
Proposition. The element 7, € A,[1/p] lies in the subring A, C A,[1/p].

Proof. To see this, first notice that (y9) = 7 and (since v = 1+ ¢ =1 (mod mp))
X(7) = 1. Using these observations together with the definitions, we see that

= n + — 341+ a0)adx(1 + q0)a) (1 + go)al;.

n
a

For each integer a with 0 < a < ¢, and (a,qy) = 1, let o’ and a” be those two integers that
satisfy 0 < @’ < ¢, and d' + a”q, = (1 + qo)a. Easy to check are:

o 7((1+qo)a) =7(d")

® X((1+qo)a) = x(a’)
e [(1+qo)al, = [d]n
o (1+qa) =721+ q)a) (1+qo)a=7"1a)(d+a"q,) = (d)+ 77 d)a"q,

e a — d is a permutation of (Z/g,)*

Thus, substituting in, we get

Ny = fn -+ qln Z (<CI/> + Tfl(a/)a//qn) X(@/)[a/];l _ Z a”Tflx(a’)[a’],;l e A.

The preceding fact did not require that x be nontrivial. However, the following fact does.
Proposition. If y is nontrivial, then &, € A,,.

Proof. We keep the notation used in the preceding proof. Note first that
e (1+qo)(gn—a) = (g, — )+ (g0 — a")qn, so that
° (gn—a)=¢,—d and (¢, —a)" =qo —d”

hd <Qn - CL> = T_l(QH - a) ) (Qn - a) = T_l(_a)((h - CL) = <a> - T_l(a)qﬂ



* X(@n —a) = x(a)
® [q, —a], = [a],.

Writing Y~ for the sum over all 0 < a < ¢, /2 with (a,q) = 1, we have
1 /
& = o > ((a)x(@)al," + (gn — a)x(gn — a)lgn — al,,")

- —q% S ax(@lalit + 3 (@)l

The last term on the right hand side lies in A, so it suffices to show that the first term on
the right hand side does too.

Fix a value ag (with (ag,q) = 1), and write >." for the sum over all integers a with
0<a<q,/2, (a,q0) =1, and also [a], = [ag|,. The last condition implies that (a) = (ag)
(mod ¢y,), and so we get

i

> (ax(@)lal,! = (Z X(a)> (ao)lacl,’  (mod g,Ay).

However, recalling that (Z/q,)* = AxT,,, the sum " runs over a set of coset representatives
for A/{£1}. Since x is a nontrivial even character of A, we find that the sum is zero, whence

"
Y (a)x(@la]," =0 (mod g.7),
and thus
> (a)x(@)al,' =0 (mod g,A,),
or equivalently /
=Y (@x(@ld;’ € A
This shows that &, € A.

Suppose for the moment that x is nontrivial. Then we have elements { = £X = lim. X
and n = n¥ = lim._ nX € A. Using the Iwasawa isomorphism, we associate to them power
series

& e feT),  negxT)e O[]
These two power series are related via

where h(T) = 1 — (1 + T)~! is the power series corresponding to the group ring element
1 — 0[]



However, it x is trivial, then we still get an element nX € A and a corresponding g(x,T),
and we may define
90 T)

fx,T) = h(T)

Then f(x,T) < &X € Frac A.
Moreover, these are the power series we wished to construct, in order to verify the Fact.

€ Frac O[TT7.

Theorem. For all s € Z, (except s = 1 if x is trivial), we have
Ly(x,s) = f(x,7% — 1)

Proof. It suffices to check this when s = 1 — k, with £ > 1 a rational integer, and the
result follows by continuity. Thus it suffices to check that, for such k,

FO (1 @) 1) = = (1= iy 00) Btk

For each t € Z,, there exists a unique continuous homomorphism ¢;: A — O satisfying

(7)) =5, ie. ¢¢([a]) = {a)! for all a € /e

For an integer n > 0, we write ¢, for the composition of ¢; under O — O/q,; this map
factors through a map A,, — O/q,, which we shall by abuse of notation also call ¢;,,. Notice
that if the Iwasawa isomorphism associates A 3 3 < B(T) € O[T], then ¢,(8) = B(v§—1).

We shall calculate the image of 1, under ¢;, and infer from this the image of &, under
¢¢, and deduce our desired result from this. Before we do this, we observe a few things.

t—1 _ —1-t

e Since x and 7 are well-defined on Z/qy = Z/mp, we have 77" 'x(a’) = 77" ""x(a) for

all appropriate a.

e By the binomial theorem,

(1 4 qo)t-i-lat—i-l — (a/ 4 a//qn>t+1 = (a/)t—i-l 4 (a/)ta//qn(t 4 1) (mod qTQL)
e Putting the two above together and summing over a, we get
(1 + qo)t+1 Z TflftX<a)at+l

=) (@)@ (1) )"t (@) (@) ge (mod ).

e Moving the first term on the right over to the left, dividing through by ¢,, and recalling
that a +— d’ is a premutation of our coset representatives, we get

N 1 -
DT @) (@) =~ (=) Yo x(@)a ! (mod g),

a



We now calculate ¢_ ,(n,). Recall from our previous work that n, = >~ "7 x(d')[a/];*
Applying ¢_;, to both sides of this gives

¢7t7n<nn) _ ZCLNT X Za// —-1- t /t
— _( t+1 ZT—l —t attl (mod Qn)-
This equation allows us to readily calculate ¢_;(n). We have

(14 )0n) = (1 + )6-a(m) = —(1= 702§ lim — 37 "x(a)a’™.

n
a

Notice that the term 1 — 7§ is just ¢_¢(1 — 7o[y0] "), which corresponds to h(T) =
1—70(1+7)~! under the Iwasawa isomorphism. Because of the product expression g(x,T) =
h(T)f(x,T), the remaining term above must be (1 + ¢)¢_;(£). Thus we have

1 1

b_(&) = g nlﬂoo q— T—l—tX(a)at-H‘

a

Recalling that f(x,v§ — 1) = ¢:(€), and letting t = k — 1 for k > 1 an integer, we have

fOomw =1 = _EJEEO . ZT""X

Using the fact that 77'"*x(a) = 0 for (a,m) > 1, we write the summation in the limit of the
right hand side above as

PO DD DD DD Dl ( DY )
0<¢1<Qn 0<a<LZn 1<a<qn 1<11<Qn 1<a<qgn 0<a<gn-1
(a,q0)= (a,p)=

In the limit, we may substitute n = n + 1 in the very last summation (adjusting by a power
of p outside the sum), leaving us with

. 1 ) o
FO6w ™" = 1) = =1 (=7 x(p)p™" ™) lim q—Sfka(qn),
with
N
SE(N) = Zx(a)ak.
a=1

Iwasawa proves in Lemma 2.1 of Lectures on p-adic L-functions (I don’t know if Akshay
covered it; it follows from elementary facts about Bernoulli polynomials) that

. 1
lim —Sf,kx(qn) = Bty ks

=0



which, upon substitution into the preceding formula, completes the proof of the Fact.
Now that we have f(x,7) in hand, we know that the Main Theorem makes sense.

Although I did not prove this, since it would have required more crossing t’s and dotting
i’s than I cared for, the methods above can be extended slightly to prove the following more
general fact.

Proposition. Let x be a primitive even Dirichlet character modulo ¢,, and write x = 0,
where 6 is primitive modulo m or ¢y (“6 is of the first kind”), and 7 factors through the
projection (-) (“r is of the second kind”). Let (; = (75 '). Then one has

Ly(x,s)=f(0,Cvg — 1) for all s € Z,,

where f(0,T) is the polynomial associated to 6 in this section.

83. Case F' = (Q, Part I: Class Number Formula.

In this section, we work in the special case that m = 1, so that F' = Q and F,, = Q(ppn+1),
and x is just a nontrivial even character F' — C*, which we will often identify with an even
power of the Teichmiiller character 7. We let F,F denote the maximal real subfield of F,.

We denote f(x,T) for the power series constructed in the preceding section, and also
g(Tx~1, T) for any power series that generates the ideal characteristic ideal charX (7x~!). In
order to ease notation, we shall write f(7T) or g(T'), respectively, for the above power series,
whenever the character x in question is clear.

The purpose of this section is to prove the content of condition (2) the lemmas of §1.
We will phrase our result in such a way that under the cyclicness hypothesis of §5, we will
immediately recover condition (4) of those lemmas.

More specifically, we will show that for some constant ¢ > 0, one has

—1 #An/f(X7 T)
= 1l #M0/g(x 7, T) =¢

X even, nontriv

for all n sufficiently large. We shall first find more convenient forms for the modules in both
the numerator and the denominator in the above middle term. (It is under this restatement
that we will easily recover condition (4) under they cyclicness hypothesis.)

By definition, we have f(x,T) < lim._ £X under the Iwasawa isomorphim that associates
1+ 7T < [1+4 p|. As a consequence, one has

An/F(T) = An/&n,

which takes care of the numerator term. To better handle the denominator term, we have
the following fact.

Proposition. There exists a constant d > 0 such that

—1 < #An/g(X_lTa T)
T #Xa(x)

8

d

<d



for all n sufficiently large.

Proof. Notice that there is exactly one prime above p in each F,, and this prime is
totally ramified in the Z,-extension. Therefore, by the easy case in Cathy’s talk, we have
X, = X/("" — 1)X, and taking eigenspaces on both sides we get

Xo(x ') = X(x ') /(" = DX (x ).

We conclude by comparing the A and p invariants of X (x~'7) and of A/g(x ', T) to find
that there exists a constant d > 0 such that, for all n sufficiently large,

. #MN,/g(x 7, T)
S IR/ - DX ()

which gives us the desired result.

<d,

We need one more lemma concerning the structure of X. The proof of this lemma will
be postponed until §5, since it requires Stieckelberger’s Theorem.

Lemma. For all n > 0, X,,(7) = 0. Consequently,

#er = H #Xn(X_lT)'

X even, nontriv

In order to prove our goal for this section, we have reduced our task to showing the
following fact. (It is this fact which, under the cyclicness hypothesis, will give us property

(4).)

Theorem. For all n > 0, we have

#X,0 = ][ #A/E

X even, nontriv

Proof. Since both quantities above are powers of p, it suffices to compare their p-adic
valuations.

Recall that e4 denote the projection operators onto the eigenspaces for even and odd
Dirichlet characters. A simple calculation shows that ey = (1 & o), where o denotes
complex conjugation in A. Therefore, e, acts by %Noran s+ on X,. Furthermore, since
ere_ = 0, the norm map kills X,. Let Y, denote C{(F)[p>]. Then e,: X;t — Y, and
there is also an “inclusion” map ¢:Y,, — X,, given by considering ideals of F as ideals of
F,,. Using basic facts about Dedekind domains, we know that e, ot acts on ideals of F.f by
raising to the power of [F), : F.f] = 2. Since (2,p) = 1, this e, o« induces an isomorphism of
Y, to itself: ¢ is injective, and e, is surjective. On the other hand, since e, is idempotent,
we have ey |y+ = idy+, so that e, (or the norm map) gives an isomorphism X" =Y.

The upshot of the preceding paragraph is that #X, = #X,,/#Y,, and that each of the
quantities on the right hand side may be computed via the complex-analytic class number
formula. In general, if K is a finite abelian extension of QQ, one has

2"(2m)°*h(K)R(K) H

L(x,1).

#MOO(K) V ’d(K>’ XEA*, x nontriv

9



Since this expression is so common, I'll let you guess what all the constants are; A =
Gal(K/Q). We are going to take the formula for K = F), and divide each side by its
respective side of the formula for K = F. In L. Washington’s Cyclotomic Fields, chapter
4, one can find the relationships between all the above constants for K = FF F},, and how
they all cancel out. Applying to the result the evaluation of Dirichlet L-functions at positive
integers, and taking p-adic valuations of both sides, one gets

Vp(H#Xn /#Y0) = vp (#Hoo(Fn) H Bzm) .

¥ odd

The product above runs over all odd Dirichlet characters modulo p"*!. Using the fact that
H#H1100(F,) = 2p™ | we conclude that

vp(#X,)) = vy < H Bw,1> +n+ 1.

¥ odd

We now turn our attention to the right hand side of the desired equation. In order to
treat it, we quickly review some concepts of elementary (p-adic) linear algebra. If L is a free
Z,-module of finite rank, and if A: L — L is a Z,-linear endomorphism, then one can easily
show that when L/AL is finite, its order is a power of p, and moreover, v,(#L/AL) is equal
to v,(det Ag, ), where Ag, is the induced mapping of vector spaces, L ®z, Q, — L ®z, Q.
Moreover, this determinant is unchanged if we move our attention to the induced map
AL ®z, K — L ®z, K, where K/Q, is a finite extension of fields.

We apply these observations to A = &, acting on L = A,,, and choose K to be the
extension of Q, obtained by adjoining the values of all characters of I',,. (For those who
are keeping score, K is just Qp(pn).) Then A, ®z, K decomposes as a direct sum € K, of
copies of K, one eigenspace for each character p of I',,. On each K, an element z € A, ®z, K
acts (by multiplication) by e,z = p(x), the element we get when we substitute p(y) in place
of each v € I',, appearing in x. In particular, the operator &, x acts diagonally with respect
to the decomposition A, ®z, K = @ K,. Therefore, we simply have

Up(#An /&) = vp(det & k) = vy H p(&n)
pET,

Recalling the definition of &,, and substituting p({a)) in for [a],, we get

W =— Y {pf+1}><71p1<a>:—BXT-1,J-1,1,

a€(Z/pnti)x

by the very definition of the first generalized Bernoulli number.
Putting everything above together, and reindexing over various types of characters, we

have
Up (H #An/é?f) = Up H By1 ],

v odd, no 71

10



where the product on the left extends over all characters x that are nontrival even powers
of 7, and the product on the right extends over all odd Dirichlet characters ¢ modulo p™*!
whose first-kind-component is not equal to 77 1.

For each integer n > 0, we define €(n) by

e(n) = —v, (H B,rlﬂ-,l) ,

where the product ranges over all characters modulo p"™! that are of the second kind. Using
this notation, we rewrite the preceding equations as

o (TT#081) = v, ( I BW) el

Y odd

where the left product is as before, but the right product is over all odd Dirichlet characters
modulo p"*!. Comparing our work with the desired equation, we see that we have reduced
our task to proving that e(n) =n + 1.

In order to show that e¢(n) = n + 1, we will show that €¢(0) = 1, and that for any
nontrivial Dirichlet character 7 of the second kind that is primitive modulo p/*!, one has
Up(Byr-11) = —1/p/~*(p—1). Since there are p/~!(p—1) such characters, we get our desired
result by induction.

The results of §2 allow us to write

; 9 —1)
G(s) = foi — 1) = 282,
—
with ¢(T") € Z,[T]. Moreover, the unproven proposition at the end of that section implies

that if 7 is a primitive character of the second kind modulo p/*!, then

— 1
BfrT_l,l = _f(<7r - 1) = _%7

where (, is a p/th root of unity. However, it is easy to calculate that the valuation of the
denominator on the right is

B 1
plp—1)

Therefore, it suffices to show that g((, — 1) is a unit. This will follow if we can show that
g(T) is a unit, which will result in turn if we can show that ¢(0) is a unit. By the definition
of €(0), and since v,(1 —70) = 1, the claim that g(0) is a unit is equivalent to showing that
€(0) = 1. So we are left with this one calculation.

For any a € (Z/p)* we have 77(a)a = (a) =1 (mod p), hence

Z T Ha)a=p—1=-1 (mod p),

a€(Z/p)*

Up(1 = /GCr) = vp(Gr —70) = (G — 1) + (1 = 70)) = v(G — 1)

11



and finally
1 B 1
B,-1iq = 5 Z 7 Ha)a= -~ (mod Z,),

a€(Z/p)*
so that v,(B,-11) = —1, and €(0) = +1.
This completes the proof of the Theorem.

84. Case F = Q, Part II: Stieckelberger’s Theorem.

The exposition of this section has been shamelessly stolen from L. Washington, Introduc-
tion to Cyclotomic Fields.

This section is aimed at proving Stieckelberger’s Theorem, which underlies the divisibili-
ties (4) of the lemmas of §1 under the cyclicity hypothesis. The underlying means is to show
that a certain group ring element always annihilates the ideal class group of a cyclotomic
field. The connection with our theme is that our elements {X from the preceding happen to
be the projections of the Stieckelberger element under the various idempotent operators e,.

For this section, we engage in a departure from our running notation. We let K' = Q(f,,)
be a cyclotomic field, where m is any positive integer with m # 2 (mod 4), and we put
G = Gal(K/Q) = (Z/m)*. Denote this last isomorphism by [b] < b for (b,m) = 1. Also,
for this section, fix a primitive mth root of unity (,,.

Definition. The Stieckelberger element 6 € Q[G] is given by the (equivalent) formulas

1 Zm Z a
m a[a] m [a]
a=1, (a,m)=1 a€(Z/m)x

Stieckelberger’s Theorem. Let u € Z[G] be such that uf € Z[G]. Then uf annihilates
CUK).

The reason for using the auxiliary element u is that, with the denominator m appearing
in 6, one cannot make a well-defined action of # on C{(K) directly. However, we should
know already that this will pose little problem in our applications, because the projections
£X = ey-1.0 are known to be integral. We discus this more in §5.

The proof of the theorem requires a couple basic properties of Gauss sums, so we make
a brief digression now to prove what is needed.

Let ¢ be a rational prime not dividing m, and let IF, denote the finite field of ¢ elements.
Fix a primitive ¢th root of unity (,. For any character x:[F, — C*, we define its Gauss sum

to be
g(x) ==>_ x(2)G.

ZE]F[

where in this definition we put x(0) = 0 even if y = 1.
We assume that the order of y divides m, i.e. x™ = 1. If x has order dividing m then
its values are contained in K, whence g(x) € K ().
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For lack of inspiration, write a — [a]" for the natural isomorphism F; = Gal(K (u,)/K).
Notice that Gal(K (1)/Q) = (Z/ml)* = (Z/m)* x F;, and we can extend [b] € G to be an
element of this group by letting it act trivially on .

Lemma. With the above notation, the following statements hold.

900 =
" = x(a)~'g(x), for a € F}.

a) g\x)9

(@) 9(x)g
(b) g(x)!
(¢) 90" = g(x").
(d) 9(x)
) ()™

d) g(x)" " € K, for b € Z with (b,m) = 1.
(e) g(x
Proof. (a)
g0 = Y xwrHET =Y @G = Y W)+ Y x@) Y g
y,2720 2,270 2740, (z=1) z#1 270
= ((=1)+) x@) (-1) =t
z#1

O = = DX = —x(@) ! Y xa)GE = x(a) 9.
) = ZX "¢ = g(x").

(d) Using (b) and (c), for [a] € Gal(K (ue)/K) we have
(g(x)” )W _ (g(x)”>w _ (@™’ 9" 9’
g0 9(x") XP(a)g(x®)  g(xh) gl

Since g(x)*~" is fixed by the Galois group, it is in the base field.
(e) Take b =14 m in (d) and notice that [1 + m| = [1] =id.

This ends the digression on Gauss sums, and we now turn to Stieckelberger’s theorem.

Proof of the theorem. Fix an ideal class in C/(K), and using the Cebotarev density
theorem choose a prime A in this class that is unramified and of degree 1 over Q. These
restrictions imply that if £ is the rational prime below A, then £ is totally split in K, so that
(=1 (mod m).

We may choose a primitive root s modulo ¢, that is an integer s such that the image of
s modulo ¢ generates the multiplicative group F,'. Let x be character of F; determined by
X(8) = (m; the character y has order m. As above, let g(x) € K(ue) be the Gauss sum of .

We calculate the factorization of the ideal (g(x)) into prime ideals. Part (a) of the
preceding lemma implies that (g(x)) only involves primes of K (u,) that lie above ¢, and it
suffices to compute the valuations of g(x) with respect to these primes.
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Notice that the primes of K above £ are just the conjugates [b]\, and each of these primes
lies under a unique prime [b|A of K(p,). (Warning: we are using A to mean a different thing
here than in all other sections!) Since K(u,)/K is totally ramified of degree ¢ — 1 at every
prime A over £, we have [b]A*"! = [B]\ in K (p).

Let for b € (Z/m)*, let 7, = vg-14(g(x)). Part (e) of the lemma says that g(x)*' € K.
Then A*~' = X implies that r, = vp-12(g9(x)*"). This says that, as ideals in K,

(900" = T B

be(Z/m)>

This means that > 7,[b] ' annihilates [A\] € C/(K). Our next step is to translate this result
into a statement concerning 6.

Since K (u)/ K is totally ramified at every conjugate of A, the element [s]’ is in the inertia
group and hence acts trivially on the residue field. Using (b) of the lemma above, and the
fact that (G — D' /(¢ —1) =1+ ¢+ + ¢ '=s (mod [b]7'A), one has

9(x) _( 9(x) )W_ g0M g x(s)! (mod [5]1A)
( .

G -1 \(G—1) (G =1 (=1 sm

By the definition of r,, the quantity above is a unit modulo [b)]7*A, whence we have
s =x(s) =(n  (mod [b]7TA).

Since both s™™ and (,, are in K, the congruence must actually hold modulo [b]"'A. Taking
[b] of both, we conclude that
s =¢b (mod \).

Since the primitive mth roots of unity are all distinct modulo A, we may choose a ¢ €
(Z/m)* with

-1 —1
Cm = s e (mod M), or equivalently Ty = ! bc (mod ¢ —1)
m

for all b. Note in particular that we must have r, #0 (mod ¢ —1).
Now, since g(x) divides £, we must have 7, = vp)-15(9(x)) < vp-1a(¢) = £ — 1, and since
g(x) is integral (by definition), we must have , > 0. This, together with the definition of ¢,

implies that
be
=/l —-1)< —
= ( ){m},
which in turn shows that

BUURED BRI EASURE G IEL

b b

annihilates [\], since A=V = (g(x)¢~1). Taking [c]~! of both sides shows that (£ — 1)6
annihilates [A].

While (¢ — 1) is clearly in Z[G] (since =1 (mod m)), we now assume more generally
that w is any element of Z[G] such that uf € Z[G], and deduce that uf[)] is principal.
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Let v = g(x)!9 " € K(u), so that v~ = (g(x)*"H)ld™'* € K by part (e) of the lemma,
and
(,}/571) _ (g(nyl)[c]*lu _ )\(571)9“ _ ()\ue)zq'

This shows that the ideal (v~!) of K is a perfect (¢ — 1)th power. We plug this fact into
the following lemma.

Lemma. Let L be a number field, and € L* be such that the ideal () is a perfect nth
power. Then L(x'/™)/L is unramified away from n.

Proof. Let (x) = I". If v is a place of L that does not divide n, then let O, denote
the completion of O at v. Let 10, = 7*0,, where 7, is a uniformizer. Then x = 7% . v,
where v € O, and thus L,(2'/") = L,(u/™). Since n is prime to the characteristic of v, the
polynomial X™ — u has n distinct roots modulo 7,, and hence any nontrivial automorphism
of L(z'/™)/L must induce a nontrivial automorphism of the residue fields. This means that

the inertia group at v is trivial, and therefore the extension is unramified at v.

Applying the above lemma to y*~!, we find that K (vy)/K is unramified away from ¢ — 1,
and in particular K(y)/K is unramified above ¢. But K C K(v) C K (), and K (ue)/K is
totally ramified above ¢, so we must have K (y) = K, i.e. 7 € K.

Therefore the quality of ideals (\*)*~! = (y~1) = (y)*"! takes place in K. Since the
ideal group of K is free abelian, we can undo the (¢ — 1)th powers to conclude that

A= (),

and uf kills [A\] € C/(K). Applying this fact to a choice of X in each ideal class, we find that
uf kills C4(K), as was to be shown.

§5. Case F = Q, Part III: Cleaning Up.

We now return to the notations in this article which preceded §4. Let y be an even
Dirichlet character modulo p. Stickelberger’s theorem applied to m = p"*! shows that if
u € A,[A] is such that uf is in A,[A], then wf annihilates X,,. In particular, uf must
annihilate X,,(7x™'). We are going to show how to remove the u.

Writing Gal(F,/Q) = A x I',, and as before []: (I-units mod p"*') = T, we must
introduce the notation [[-]]: (Z/p"™')* = A x I, in order to avoid confusion.

Lemma. For b € Z with (b,p) = 1, we have (b — [[b]])0 € Z[A x T,].
Proof. Simply write

o-po=o-p) ¥ {hmr- S (of -

ae(@/p+)x aE(2/p 1)

and observe that for any rational number r and integer b, b{r} — {br} € Z.

Next, we make the following crucial observation. On the eigenspace X,,(x~'7), the oper-

ator (b — [[b]])0 acts by (b — x~'7(b)[b])€X. This follows immediately form the definitions.
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For the moment we take, in particular, n = 0 and ¢ = 1. Choose ¢ = 1 + p. Then
Stieckelberger’s theorem says that

(1+p—7(1+p))& = pB.-1; =—1 (mod p)

annihilates X(7). This forces Xo(7) to be trivial, and by the form of Nakayama’s lemma
proved in Cathy’s talks, that X (7) = 0, and therefore that X,,(7) = X (7)/([y)"" —1)X (1) =
0 for all n > 0. This proves the fact asserted just before the proof of the theorem in §3.
From here on, we assume that x is nontrivial. Choose a primitive (p — 1)th root of unity
s. Since y is nontrivial, we must have that s Z x~!'7(s) (mod p). Also, [s] = [(s)] = [1],
so we get s — x~'7(s)[s] € Z) C Ay. Since (s — [[s]])# annihilates X,(x"'7), and s — [[s]]
acts by a unit, we must have that e,-1,0 = £X € A,, annihilates X,,(x'7). It is important

to underscore this conclusion.
Proposition. With the notations of §3, if x is nontriival then £X annihilates X,,(x~'7).

We now come to the main result of my talks. This result follows quickly from the work
we have done, assuming an important hypothesis.

Cyclicness Hypothesis. Assume that X is cyclic over Ag[A].

Note that Ay is simply Z,, and on the other hand that A¢[A] projects onto Ag[A]~ before
acting, so one has a couple of easy ways of rewriting the above hypothesis. If p’V is an
exponent for X, then by looking modulo p™ we can rephrase our hypothesis as cyclicness
over Z[A]. Nakayama’s Lemma implies that the hypothesis is equivalent to X~ being cyclic

over A[A] (or A[A]7).

A word might also be in order with regards to how often this hypothesis is satisfied. The
amazing thing is that this hypothesis holds in every particular example we have ever checked.
It is a conjecture of Iwasawa—Leopoldt that this is always the case. One may show, using the
theory of cyclotomic units, that the cyclicity hypothesis holds whenever X is trivial. The
claim that X is trivial is called Vandiver’s conjecture, and it is generally how cyclicness is
checked.

Theorem. If the cyclicness hypothesis holds, then so does the main theorem for every
character y of conductor p.

Proof. Let C'€ X~ be a generator. Then for every even character y, the element e,-1,C
generates X (x'7). The A-module map A — X (x~'7) given by z +— x-e,-1,C is surjective;
let I, be its kernel. Then X (x~'7) ~ A/I,. We want to show that I, = (£X).

By the above proposition, one has £X € I, so that I, D (£X). This gives condition (3) of
the lemma of §1.

Since there is exactly one prime above p in each Fj,, and this prime is totally ramified in
the Z,-extension, the easy case of Cathy’s talk shows that

X T') = XTI/ = 1) = A (L 1) = A/,

whence

IT #a/nc= [T #X00'n) =#X, = ] #M./¢€%

X nontriv X nontriv X nontriv
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by the work done in §3. This gives condition (4) of the lemma of §1.

Applying the lemma of §1 now gives us I, = (£X), and hence X (x'7) ~ A/&X. But
the A-module on the right obviously has characteristic polynomial equal to f(x,T"), which
is precisely the claim of the main theorem, so we are done.
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