II. THE ZETA FUNCTION (The Book, chapter 6)
11. Product formula for the zeta function — Recall that for s > 1, the
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k=1
converges to some value < 7. For example,
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Theorem 11.1. The zeta function also has a product form
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where the right side, a product over all primes p, is defined as the limit

1s the list of primes in increasing order.
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Proof. Let S,, be the set of k € N whose prime divisors are among p,
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Now every k € S, is a product k£ = pf*
1
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Taking the limit as n — oo proves the Theorem. [

12. Values of the zeta function — Euler determined the actual sum of the

series ((2d) for any d € N. We only only give a complete proof for {(2).
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Theorem 12.1. ((2) = %.

First proof, incomplete. This is Euler’s method. He starts with the product formula

sinme [Me-%). (12a)

We did not prove formula (12a) in this course. It follows from the cotangent formula
in chapter 19, which we did not cover. At least it is evident that both sides of (12a)
are zero exactly at the non-zero integers, and both sides are 1 when x = 0.

Euler computed ¢(2) by considering the coefficient of 22 on both sides of (12a).
From the Taylor expansion of sinz, we get

sinmz Z (m:)

@n+1)!
So the coefficient of z? in (11a) is —w2/6. On the other hand, the coefficient
of 2% in the right side of (12a) is —Y >, -5 = —((2), so Euler concludes that
¢(2)=n%/6. O

Second proof, complete. It depends on a lemma.

Lemmal2.2. For any m € N, we have

(1)

2 mn 2m(2m — 1)
t2 2 .. tz =
(g1 Tt g ) T b etig ) 6
(2)
9, 9, 27 s, mm | 2m(2m +2)
S Gy T G ) T e (g T) = 6

We will prove this lemma later. Here is how it is used to compute ((2). First
note that all the angles in Lemmal2.2 are contained in the interval (0,7/2). For
y € (0,7/2), we have

0 <siny <y < tany,

which implies

1
cot? y < E < csc? Y.

Hence, for every m € N, we have
m
Z cot?(
k=1

By Lemma 12.2, we get

2m(2m — 1) (2m + m(2m + 2)
: Z PS5
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hence

7> 2m(2m —1) z’”': 1 72 2m(2m+2)
6 (2m +1)2 k2 6 (2m +1)2 -
Take the limit as m — oo. The outer terms converge to ’r— hence the inner sum

does as well.

Proof of 12.2. First of all, part (2) of 12.2 follows from part (1) using the iden-
tity csc26 = 1+ cot?(). Proving part (1) is the heart of the matter. First we
explain the idea. Suppose you have a polynomial p(t) of degree m, whose roots are
a1, A2, ..., Q. This means that

p(t) =c(t —a1)(t — ) - (t — ),
where ¢ is the coefficient of ™ in p(t). The coefficient of t™~1 is
c(—a; —ag— - —apy) = —clag +az+ -+ ap).

This means that

coefficient of ¢™~1
.- = — ; 12b
oLt ozt om coefficient of t™ (12b)

Thus, if you have complicated sum a7 + a2 + - - - + a,, on your hands, but you can

find the coefficients of a polynomial having a4, ..., a,, as its roots, then you can
find the sum using (12b).
In our situation, ay = cot2(2n’§11), for k =1,...,m. To find p(t), we let n =

2m + 1 and start with the identity
cosnz + isinnx = (cosx + isinz)",

then expand the right side using the binomial theorem

n

. n — ..

cosnx +isinnxr = E <£> cos" ¢ z(isin )’
£=0

We equate the imaginary part (coefficient of i) on both sides. The £* term in the
right side has an 4 when £ =2j +1, and 5 =0,1,...,m, and (4)%*! = i(-1)7, so

m
. n i . 924
sinnz = E (—1)"( , )cos” =1 gsin@tl g

o 27+1
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Recall that n = 2m + 1. If we set z = the left side becomes zero, so

2m+1 -|-17

:i_)J 2m+1 cot2m=2i km )
P 27 +1 2m+ 17

This shows that ag = cot?(5287-) is a root of the polynomial

Zm+1
_ 31y (22m N l)tm_J
izo J+1
By (11b), we have
or bt =~ () 2m(m =)

2m+1\
S R
This completes the proof of Lemma 12.2, and Theorem 12.1. [

By comparing coefficients of higher powers of z, Euler found
((4
¢4 =50
and eventually Fuler discovered the general formula, for d € N,

2d

¢(2d) = (~1)d-1224~ u%&,

where B,y are the so-called “Bernoulli numbers”; they are the coefficients in the
Taylor expansion

In other words B,, is the nt* derivative of =%~ ——7, evaluated at x = 0. In particular,

¢(2d) = rgn??, where r4 € Q. (See chapter 19.)

No one knows much about ((2d + 1), except that infinitely many of them, in-
cluding ((3), are irrational. It is natural to guess that ((3) = rx3, where r € Q.
But this » would have an extremely large denominator. To 100 digits, we have

-—~- = 0.0387681796029167989411198903187211498062345680
3955257922312676212377713701228685527185129879390657714 . ..

with no sign of repeating. Taking 100 terms in the continued fraction for %, we
get the rational approximation (accurate to more than 100 decimal places, but not
exact)

¢(3) 11526020629178884927635594898327821529318002049414281
w3 297306212136710759637702242559318365694579816662482057’
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and any rational number which is closer to %, including % itself, if it is rational,

must have larger denominator than this one.

We can put all the ¢ values into a power series

Z(t)=> ((n+2)t™.

Since ((s) < s/(s— 1), it follows that {(n + 2) < 2, so the series Z(t) converges for
0 < t < 1 because it is less than the geometric series 2 ) t™. Now the coefficient of
t" in a power series is n! times the nt* derivative of the series at ¢ = 0. Hence

C(n+2) =n!Z™(0).

Thus, the function Z(t) determines the values ((2 + n). For example, Z(0) = ((2),
Z'(0) = ¢(3), etc.
If we rearrange the sum for Z(t), we get

So the function Z(t) is merely a perturbation of {(2), with ¢ as the perturbation
variable.

13. A formula for m — The formula ¢(2) = 72/6 gives a formula for 7 in terms
of prime numbers. We know that # > 3, so # = 3A for some A > 1. From the
product formula for {(2) we have

™
K
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Solving for 7, we get the formula

(13a)

T=3

Note that each term in the product is > 1, so the product is > 1.
As a numerical check, we compute the product up to the one thousandth prime.

) 7 11 7919

3- . . s ———— = 3.14157 ...
V52 —1 V72-1 V112-1 V79192 -1
Since m = 3.14159... this is not an efficient way to compute m. The interesting

thing about (13a) is the connection between the geometrically defined number 7
and the collection of all prime numbers.

14. ((s) as volume — Consider the function defined over the square

1
l1-zy’
0 < z,y < 1. It looks like a terrifying ski-slope. The volume under the graph is

/01/01 1 —lxy dwdy = /l/li(xy)" dzdy
= Z/ / 2"y" dzdy

(n—i—l)
1
n?
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In three dimensions, we can integrate the function 1_1 — over the cube 0 < z,y,2 <

1 by a similar calculation, and get ((3). More generally, we have

/ / 1 ix:;lxg na:n = ¢(n).

15. Density of the square-free numbers — We have classified the sets of
natural numbers S C N and into two categories, big and small, according as } ;¢ %
is infinite or finite, respectively. A more refined measurement comes from comparing
the growth of the series for S (which may or may not converge) with the growth of
the series for N (which is the divergent harmonic series), using ((s).

Write S = {k1, k2, ...} listed in increasing order. We define the density of S to

be the limit s
d(S) = lim Zkes
s—1 Zk 1 k— s’

It could happen that the limit does not exist. So the d(S) is only defined when the
limit does exist. For example, if S is small, then the numerator ), ¢ kis is bounded
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as s — 1, while the denominator is unbounded (since (1) = o), so d(S) =0 if S

is small. On the other hand, if S = N then the numerator equals the denominator,

so d(N) = 1. In general, the density d(9), if it exists, is some number in [0, 1].
Since it is easier to divide products, we often try to use the product formula

() =[[a-p"

p

to compute densities. This works if the numerator Zke g k7° also has a product
formula over the primes.

For example, let S be the set of square-free numbers in N. (These are the
numbers without square-factors; they appeared in section 11.) Every k € S is a
product of a subset of the primes. Hence

Z e H(l +p~°).

keS p

We can now compute

. ILA+p7)
R | OO
= lim [J(1 —p™)
= lim ((2s) 7!

s—1
=¢(2)7"
6

w2’

Since % = .607..., this means that if you choose a random k € N, it has about a
60 percent chance of being square-free.
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