A Trigonometric Lemma
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In our evaluation of the sum

n? 6’
n=1

we used the following fact from Trigonometry:

Lemma: For any m € N, we have

cot? i + cot? 2 + -+ cot? T = 2m(2m — 1)
2m +1 2m +1 2m +1 6 '

Proof: We will prove this Lemma here, but you are not required to know this.
First we explain the idea of the proof. Suppose you have a polynomial p(¢) of
degree m, whose roots are o, «s, ..., au,. This means that

p(t) = c(t =)t —az) - (t = am),
where c is the coefficient of ™ in p(t). The coefficient of ™1 is
c(—ag —ag— - —apy) = —clag +ag+ -+ ).

This means that

ot coefficient of ¢t 1 0
«Q o R . .
! 2 coefficient of ¢t™

Thus, if you have complicated sum «; + s + - - - + «,;, on your hands, but you
can find the coefficients of a polynomial having a, ..., «,, as its roots, then you
can find the sum using (1).



In our situation, oy = cot%#’jrl), for k = 1,...,m. To find p(t), we let

n = 2m + 1 and start with the identity
cosnz + isinnx = (cosx + isinx)"”,

then expand the right side using the binomial theorem
" /n
.. . n—~ .. ¢
cosnx +isinnr = ;0 (6) cos" " x(isinz)".

We equate the imaginary part (coefficient of 7) on both sides. The /" term in the
right side has an ¢ when ¢ = 2j + 1,and j = 0,1,...,m, and (:)¥*! = i(—1),

SO
m n . .
sinnz = Z(—l)" ( : > cos" ¥ psin® g,
= 27 +1
SO
sin nx - 4 n . .
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7=0
m . n )
= Z(—l)ﬂ( , ) cot" %1 g,
= 27+1
Recall that n = 2m + 1. If we set x = 5 Tiil , the left side becomes zero, so

" 2m +1 , km
=S (~1y §2m=2 .
0 ZO( ) (2j+1>co (2m+1)

=

This shows that oy, = cotz(%) is a root of the polynomial

0= (50 )

By (11b), we have

—D™Y om2m —1
a1+@2+...+am:_< )(ni_l)_ ( )
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This completes the proof of the Lemma. Il



