MT804 Analysis Homework I

Eudoxus

September 27, 2008

p. 119, Exercise 4.2.1 af,g. If necessary you can use parts b,c,d,e without
proof.

p. 123 prove Corollary 4.3.1

p. 125 Exercises 4.3.2,4.3.3

Exercise 4.2.1

(a) Show that A\(@) = 0. More generally, show that A(S) = 0 for any countable
set S C R.

Since S is countable, we can write S = {s,, : n € N}. Let e > 0 and let
I, = (s, — 27" ¢, 5, +2717"). Then

A(S) < i A1) = i 27" =e.

Since € was arbitrary, we have A(S) = 0.

(f) Let C), be as in the construction of the Cantor set. Find \(C),) for each n and
show that A\(C,,) — 0.

Since C,, is obtained from C,_; by removing 2" ! intervals of length 1/3",
we have

ANCp) = AN(Cpr) — (2771/37),

so by induction we have

n n — ntl n
MCp) = 1= 330, (2/3)" = 1 = JEEEA™ — (2/3),

which converges to zero.



(g) Show that A\(C') = 0.

Let € > 0 and choose n large enough that (2/3)" < e. Since C' C C,, we have
AC) < A(Cy) = (2/3)™ < e. Since € was arbitrary, we have A\(C') = 0.

Corollary 4.3.1 Prove that f : I — R is continuous if and only if, f~'(F’) is
closed in [ for every closed set F' C R.

Proof: Assume that f € C'(I) and let F” C R be a closed set. The complement
U = R\ F’is open. By Theorem 4.3.1 there is an open set U C R such that
f~HU") = UnI. The complement F' = R\ U is closed in R and f~!(F") =
INfYU)y=I\(UNI)=INF,so f~'(F')isclosed in I.

Conversely, suppose that f~1(F”) is closed in I for every closed set F’ C R.
Let U’ C R be an open set. The complement F’ of U’ is closed, so f~}(F') =
F N I for some closed set ' C R. We have f~1(U’) = F°N 1, and F* is open, so
J~HU") is open in I. Hence f is continuous on /. W

Exercise 4.3.2 Show that Dirichlet’s function f : R — R, given by

1 ifreQ
f@)_{o ifr¢Q

is discontinuous at every point in R.
Proof: Let z € R. For n € N there exist a rational z,, € (z,z + 1/n) and an
irrational y,, € (x,z + 1/n), by the density of rational and irrational numbers in

R. We have
lim x, =z = lim y,,

n—00 n—00
but

Tim f(z,) =1# 0= lim f(y,).
Hence f is not continuous at x, and since x was arbitrary in R, f is not continuous
at any pointin R. H

Exercise 4.3.3 Given = € [0, 1] with ternary expansion x = (.x1xs - - - )3, define
N, = 40 if x,, # 1¥n € N and

N =min{k : x, =1}
otherwise. Finally, let y,, = x,/2 forn < N and y = 1.

(a) Show that Z;V:l Yn/2" is independent of the ternary expansion of x if x has
two such expansions.



Proof: This can only happen if there is some m € N such that
T = (.xlxg -2, 1000 - - - )3 = (.xlxg <o x,,0222 - - )3.

If 1, = 1 for some £ < m then the two expansions give exactly the same sum.
So suppose that x;, # 1 for all & < m. For the first expansion we then have
N = m + 1, so the sum is

For the second expansion we then have N = oo, so the sum is

7m2

N
n n/2 O n/2 —m—
g_nzzxgn 2m+1+ Z Qn Zw 1_21 =2 1’

n=1 n=1 n=m-+?2

which agrees with the first sum.

(b) Show that the function « : [0, 1] — [0, 1] defined by

is a continuous, monotone function onto [0, 1].

Proof: Let e > (. Following the hint in the book, choose k£ € N such that 27k < ¢
and let § = 37%. Then if x, 2’ € [0, 1] satisfy |z — 2’| < J, they agree in the first &
digits:

[\Dl@

T = (-$1$2"'$k$k+1“')3 and T = ('mle"'xkx;g+1"')3-

Let N,y; and N', y; be as above for x and 2/, respectively. Set y; = 0 fori > N
and y, = 0 for i > N'. The first possibility is that z; # 1 for all i < k. then

- i/2 - Yi - x;/2 ol Yl
I{(ZL’) = Z 9i + Z E and l{(l') = Z 9i + ' E
1=1 i=k+1 =1 i=k+1
SO
: A I N v/ B R
|k(z)—k(z)]| 5 | S Z 7 2 3 1-1n €
i=k+1 i=k+1 i=k+1




The other possibility is that N = N’ < k. In this case, we have

=

—1

k(z) =

]

|k(x) — k(2)] =0 <e.

Next, we show that x is monotonic. Assume = < z’. We must show that x(x) <
k(z"). Write ternary expansions so that we never have all zeros to the right of
some digit. Again assume z; = 2} for all i < k and zy; # 7}, 4+1- We can also
assume that z; # 1 for all i < k, since otherwise x(z) = k(z’) and we’re done.
Letr = Zf:l IE_{Q

Since v < 2, we have 7y, < 2} ;. If 7, = 1 then N = k + 1 and we have
k(x) = r+27""1. We must then have z, ; = 2. Let z, be the next nonzero digit.
Then r(2') > r + 2% 4274 > k(z), as desired.

The other possibility is x4 = 0. In this case we have

k(z) <r-+ Z 27t = p 4 27F L
i=k+2

and w1 € {1,2}, s0
k(x) >r+ 271 > k(2),
again as desired. So  is monotonic.
Finally, we show that x : [0,1] — [0,1] is onto. Let y = (.y1y2- - - )2 be the
binary expansion of a number y € [0, 1], with y; € {0, 1} for all 7. Let z; = 2y;
for all 7. Thenno z; = 1, so

[e.9]

Ti/2 o Vi
K0 =2 =2 =

i=1 i=1

Note that z is actually in the Cantor set, so in fact x : C' — [0, 1] is already
surjective, as well as being injective and continuous.



