MTR804 Analysis Homework IV

Solutions

November 16, 2008

7.1.3, 7.1.5, 7.1.6, 774, 775, 7.7.6, 7.7.11.

Exercise 7.1.3 Show that if the Riemann integral of f exists then it is unique.

Proof: Failure of uniqueness would mean there are two real numbers / < J
such that for all € > 0 there exist partitions %, (). with the properties that for any
tagged partitions P,Q with P. € P and Q. C Q, we have |S(f, P) — I| < e and

S(f,Q) = J| <e.
Lete = (J —I)/2 and take P = P. U Q. = @, with arbitrary tags. Then

a contradiction.ll

Exercise 7.1.5 Give an example of an absolutely integrable function that is not
integrable.

Answer: The function f : [0, 1] — R given by

fz) =

1 ifzel0,1]NQ
-1 ifx €[0,1]NQ°

is not integrable for the same reason that Dirichlet’s function is not integrable.
However | f| is a constant function, which is integrable.

Exercise 7.1.6 Let f be integrable on [a, b]. Show that

b b+-c —a
/ f(z) dx = flz—c) d$:/ f(—x) dx
a a+c —b



Proof: For the first one, let f.(z) = f(z — ¢). If P = ((z;), (t;)) is any tagged
partition of [a, b], then P’ = ((; +¢), (t; +¢)) is a tagged partition of [a+ ¢, b+ ]
and S(f., P") = S(f, P). Conversely, by subtracting ¢, we see that every tagged
partition of [a + ¢, b + ] is of the form P

Let € > 0. Choose a partition P, satisfying the definition of integrability of f
on [a,b]. Let Q. = P/. if Q is any tagged partion of [a + ¢, b + ¢] with @ D @,
then ) = P’ for a tagged partition P with P > P.. By integrability on [a, b], we

have \
S(f..Q / f(z) dz| = |S(f, P) —/ f(x) dx| <e.

By uniqueness of the integral, we have

/ab f(z) dx = b+cf(:c —¢)dx

a+c

The second equality goes the same way. This time you multiply by —1 instead of
adding c. B

Exercise 7.7.4 Let f : [0, 1] — R be the function defined by

f(x) 1/q if © = p/q is rational in lowest terms and ¢ > 0
€Tr) =
0 if z € Q°.

Show that fol f exists and equals zero.

Proof: Let € > 0. In earlier homework, we saw that the set of points in [0, 1]
where f(x) > €/2} is finite. Write

{x€0,1]: f(z) > €/2} ={y1,-- -, yn}
Choose a partition P = (z;)?", with
Toi—1 <Y < T2 < Toir1 < Yir1 < T2442

for 0 < ¢ < n, such that x9; — x9;_1 < €/2n for all i. Then L(f, P) = 0 and

€ € € €

i odd i even

Hence f is integrable and fol f < e for arbitrary € > 0, hence fol f=01
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Exercise 7.7.5 Show that a bounded infinite set whose set of limit points is finite
has content zero.

Proof: Let S C [a,b] be a bounded infinite set and let {z1, ..., z,} be the set of
limit points of S. Let € > 0 and let I, ..., I,, be intervals of length ¢/2n such that
x; € I; for each j. The set S’ = S — UI; has no limit points, and is bounded. This
implies that S’ is finite.

Indeed, any y outside of S’ is not a limit point of S’ so there exists ¢ > 0
such that V.(y) NS’ = &. This means S’ is closed. Since it is also bounded, S’
is compact. But for every z € S’ there is 6 > 0 such that Vy(z) N 5" = {z},
again since S’ has no limit points. By compactness, S’ must be finite: S’ =
{21, 2m ).

Each z; is contained in an interval I,,; of width €/2°"!. Then S is covered by
the intervals Iy, ..., [,,+,, whose total length is

n+m

€ e . € €
MI)=n - — +— 2''< — 4+ — =€
Z (1;) n2n+2; <2+2 €

i=1
Therefore S has content zero. ll
Exercise 7.7.6 Let f and g be functions on [a, b] such that f is bounded and g is

integrable. Assume also that the set {z € [a,b] : f(x) # g(z)} has content zero.
Prove that f is integrable on [a, b] and that fab f= f; qg.

Proof: The function h = f — g is bounded, say |h| < M, and is zero off of a
subset S' C [a, b] with content zero. Let € > 0 and cover .S with increasing disjoint
closed intervals Iy,. .., I, such that Y3 A(I;) < ¢/2M. Let P = (z;)3", be the
partition such that [x9;_1, x9;] = I; N [a,b]. Then

n n €
U(h, P)-L(h, P) = Z(ng—mgjxfzj—l’gj,l) < MZ/\([j) < 2Mm = €.

j=1 j=1
Hence h is integrable, and if we choose any tags in P we have
|S(h, P)| < ¢/2.

It follows that fab h = 0. Therefore f = g + h is integrable and

/abf:/abg+/abh:/abg,
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Exercise 7.7.11 Define the average value of an integrable function f : [a,b] — R
to be the number

a) Show that

Av(f) = JLQO”Zf(aJrkb_a)

b) Give an example of a non-integrable function for which the limit in part a)
exists.

Proof: Let P, be the tagged partition obtained by dividing [a, b] into equal sub-
intervals of width (b — a)/n, tagged with the right endpoint of each interval. Then

(b—a)Av(f /f—thfP —hme(a"'kb a>‘b—a7

n

which proves the formula in a). If f is the Dirichlet function on [0, 1], which is
discontinuous at every point of [0, 1] then f is not integrable. But f takes value=1
at every rational number, so the limit in part a) equals 1.



