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Exercise 2.1 Prove that all irreducible complex representations of a finite abelian
group are one dimensional. (Suggestion: Use Schur’s Lemma.)

Exercise 2.2 Letp : G — GL(V) and p' : G — GL(V’) be two representations
of a finite group G on finite dimensional vector spaces V, V'. We get two new
representations

pPrRp G- GLV*RV),  pr@p9) =p(9) @0 (9),

and
R:G— GL(Hom(V.V"),  R()T = p'(g)Tp(g) "

Prove the the linear isomorphism
7 : V'@V’ — Hom(V, V'), TA®V)(v) = Av)
is an equivalence of representations of G.

Exercise 2.3a Let the finite group GG act on a finite set X. Prove the Burnside
Counting Lemma:

1
| X/G| = @Zl)ﬂ
geG

without character theory, by counting the set {(¢g,z) : g€ G, v € X, g-x =z}
in two ways.

Exercise 2.3b For each 0 € G5, find the cycle type of the permutation o, induced
by o on the set AZ of two-element subsets of {1,2,3, 4, 5} and use this to compute



the number of graphs on five vertices. Check the result, either by drawing all the
graphs, or using Mathematica.

Exercise 2.4a In the last homework, you found all the irreducible characters of
S4. Which of these is the character of the representation of G, as rotational
symmetries of the cube in R3?

Exercise 2.4b The group G, acts on the set A% of two-element subsets of {1,2,3,4}.
Decompose the character of the permutation representation on A? as a sum of ir-

reducible characters of G4. Do the same with the permutation representation of
S, on A3

Exercise 2.5 Let \; > --- > A\, and yy > --- > pu, be two partitions of n, where
we make some parts equal to zero, in order to always have n parts. (For example,
write 31 as 3100.) Define \ < p if

Mt X St

for all 1 < k < n. Write out the ordering of the partitions of n = 4 and use
the decompositions on the permutation representations of G4 on A% to explain the
labelling

X1 = lg
X31 = trpg
X22 = trep

X211 = trepy
X1111 = €

from the previous homework.



