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1 Introduction

An automorphism o of a simple finite dimensional complex Lie algebra g is called torsion, if o has
finite order in the group Aut(g) of all automorphisms of g. The torsion automorphisms of g were
classified by Victor Kac in [11], as an application of his results on infinite dimensional Lie algebras.

Those torsion automorphisms contained in the identity component G = Aut(g)° are called inner;
they were classified in 1927 by Elie Cartan [5] who used (and perhaps introduced) the affine Weyl
group and the geometry of alcoves for this purpose. This paper extends Cartan’s method to cover all
torsion automorphisms of g, thereby recovering Kac’s classification directly from the geometry of the
affine Weyl group, without the use of infinite dimensional Lie algebras.

Kac’s classification can be roughly stated as follows. Each symmetry 1) of the Dynkin graph D(g)
of g extends to an certain kind of automorphism of g, which we again denote by 1, called a pinned
automorphism. The pinned automorphisms represent the cosets of G in Aut(g) and the order of any
torsion element in G is divisible by the order f of ¥/. For a given pinned automorphism ¢ of g,
Kac defines a certain vector (bg, b1, ..., by) of positive integers. Here k is the number of -orbits on
the nodes of D(g). Then the G-conjugacy classes of elements in Gv of order m are parametrized by
vectors (8o, s1, - - - , i) of nonnegative relatively prime integers s; satisfying

k
1=0
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For a more precise statement see Theorem 3.9. When ¢ = 1, the integers b; are the coefficients of the
highest root in g. For nontrivial 1, the b;’s are closely related to the coefficients of the highest short
root in the fixed-point subalgebra g’.

The desire for a classical treatment of torsion automorphisms arose from the work of Benedict
Gross and myself on adjoint gamma factors of discrete Langlands parameters, which involves the
characteristic polynomials of torsion automorphisms. Jean-Pierre Serre pointed us to Cartan’s paper,
which led to the approach to Kac’s classification presented here. Gross’ insights, predictions and
requests have helped form this paper, through many discussions and his careful reading of an earlier
version. In particular, Gross suggested that the inner case be treated in detail, before studying general
torsion automorphisms.

Throughout, I make frequent use Kostant’s theory of the principal PG Ls, along with conjugacy
results of Segal and Steinberg, and give examples of some interesting torsion classes. For the classical
Lie algebras, the torsion automorphisms can be classified using linear algebra; see section 4, where
each simple Lie algebra is examined separately. I include some facts about centers and component
groups of centralizers that may not have appeared in the literature, and the last section gives a twisted
analogue (Prop. 5.1) of a result of Kostant on principal elements. These complements are used in [8].

2 Inner automorphisms

Reviewing Cartan’s classification [5] of inner automorphisms will serve to introduce some of the struc-
ture in what follows, and as a template for the general case. See [16] for an introduction, and [4] for
foundations of the theory of root systems as used below.

Some general notation: Z, Q, R, C are the integers, rational, real and complex numbers, respec-
tively. If 7 is a permutation of a set .S then S™ is the fixed-point set of 7 in S.

2.1 Basic structure

Let Aut(g) be the group of automorphisms of a simple complex Lie algebra g. The identity component
G = Aut(g)° is a simple complex algebraic group with trivial center and Lie algebra g. Let T C B
be a maximal torus and a Borel subgroup of GG and let ® be the set of roots of 7" in (=, with positive
system & given by the roots in B and let A = {ay,...,a,} C 7 be the corresponding simple roots,
where / is the rank of .

Since G has trivial center, A is a Z-basis of the weight lattice X = X*(7") of algebraic homomor-
phisms 7" — C*. We let

(,): XxY —1Z

be the natural pairing between X = X*(T') and the coweight lattice Y = X, (T") of algebraic homo-
morphisms C* — T Let {&y, . ..,w,} be the Z-basis of Y consisting of fundamental co-weights dual
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to A:
O
The Weyl group W = N/T, where N is the normalizer of T"in G, acts on the real vector space
V=R®Y

as a group generated by reflections rq, .. .7, where r; fixes the hyperplane («; = 0) pointwise. We
regard V' as the Lie algebra of the maximal compact subtorus S C T, via the exponential map

exp:V — S,

which is a surjective group homomorphism defined by the property:

_ 27i{a,x)

alexp(z)) =e : forall o€ @,

where on the left side we view « as a character of 7 restricted to .S and on the right side « is a linear
functional on V. Then

Y =kerexp={ze€V: (o,x) €Z Vaec d},

so exp induces an isomorphism
VY — 8.

2.2 Torsion elements in (¢

Anelement s € G is semisimple if s acts diagonalizably on g. Any semisimple element is G-conjugate
to an element of 7', and two elements of 7" are G-conjugate if and only if they are W conjugate. Thus,
the set of semisimple conjugacy-classes in (G is in bijection with the set of W -orbits on 7.

Any torsion element s € G is semisimple and is GG-conjugate to an element of S; we have s =
exp(z), for some = € Vg := Q ® Y. Our discussion so far shows that two elements =, 2" € Vg give
(G-conjugate elements exp(z) and exp(2’) if and only if x, 2’ are conjugate under the affine Weyl group

Wi=WxY,

where Y acts on V' by translations. This analysis by Cartan in [5, Part I] is perhaps the first appearance
of the affine Weyl group in the literature.

We must now study the action of WonV.Foreacha € ® and n € Z, the equation o = n defines
an affine root hyperplane in V. An alcove is a connected component of the set of points in ' not lying
on any root hyperplane; the key fact [4, V.3.2] is that W permutes the alcoves transitively.
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The basis A detemines an alcove, as follows. Let &g = Zf 1 a;a; be the highest root with respect

to A (here the a; are positive integers), let o be the affine linear function 1 — &g on V and set ag = 1,

so that
¢

Z a;o; = 1.

=0
Then the alcove determined by A is the intersection of half-spaces:

C={zeV:{a,z)>0 for 0<i</}.

It is convenient to set

wy=0€eV.

Then we can write the closure C of C' in barycentric coordinates as

L ¢
1=0 ]

=0
Thus, C'is the convex hull of its vertices

v; = a;ldji, for 0<1¢<V/.

Note that v, = &y = 0 is one of the vertices of C.

Since W is transitive on alcoves, the closure C' meets all W -orbits in V. It follows that each torsion
element s € G is conjugate to exp(x) for some x € C'N V. Moreover if x and 2’ are in C' N Vg, the
elements exp(z) and exp(z’) are G-conjugate if and only if x and 2’ are conjugate under the subgroup

Q:={peW:p-C=C}

of W stabilizing C. Pictures of (' in the case ¢ = 2, along with fundamental domains for {2 in C, can
be found in [5, p.224]. See also section 2.4 below.

Let + = C and suppose exp(z) is a torsion element of order m. Since exp(mz) = 1, there are
non-negative integers sy, . . ., sy such that

Since



.. ¢ . .
we have another non-negative integer sg := m — ) ._; a;s;, so that sg, s1, .. ., s satisfy the equation

¢
a;S; = m. (D
=0
Since exp(x) has exact order m, it follows that s, . .., s, are relatively prime. We call the sequence
(S0, 51, - - -, 8¢) the Kac coordinates of s. They determine the action of s on g explicitly as follows. If

a = Zle cioy; € Pandwesetc-s = Zle ¢;S;, then s acts on the root space g, by the scalar (“*,

where ¢ = exp(2my/—1/m). Two such elements s = exp(z) and s’ = exp(z’) are G-conjugate if and
only if their Kac coordinates (so, ..., s¢) and (s, ..., s,) are conjugate under the permutation action
of Qon {0, 1,..., ¢} induced by its action on the vertices of C'. To visualize this action, it is convenient
to regard (s, . .., s¢) as a labelling of the nodes of the extended Dynkin diagram D(g). These nodes
correspond to the vertices of C' and and € acts on the labellings via symmetries of f)(g). Thus, s and
s' are G-conjugate if and only if their labellings of D( g) are conjugate under ).

For example if G = Fj, the diagram D(¢g) and the coefficients a; are given by

oo oo 123 21
5 2
l 1
o

and the group (2 is cyclic of order three, acting on ﬁ(eg) by rotations. There are four classes of elements
of order three, with Kac coordinates

11 0 0 O 1 0 0 1 O 1 0 0 0 O 0 0 1 0 O
0 0 1 0
0 0 0 0

Rotating each of first three labellings gives the Kac coordinates of a conjugate element.

To describe (2 in general, let & denote the co-roots of T in G they span a sublattice Z® of finite
index in Y. The quotient Y/ Z® is the fundamental group of G. Each coset in Y/ Z® contains a unique
co-weight w; which is a vertex of C'; that is, we have v; = w; and a; = 1. Such co-weights are called
minuscule. For each minuscule co-weight &; there is a unique element p; € €2 such that p; - vy = v;.
This correspondence gives a group isomorphism Y/Z® ~ ), so we have

m(G) ~Q={p;: a;=1}.

For more details, see [4, VI.2.3]. The minuscule vertices v; = w; appear already in [5], where they are
denoted by Oy, ...,0p_1.



2.3 Centralizers

The centralizer C;(s) of a torsion element s € GG can be described in terms of the geometry of the
alcove C' and the action on C by Q. The closure C'is partitioned into a disjoint union of 2** — 1 facets:

c=Jc’,
J

indexed by the proper subsets J C {0, ...,¢}. The facet C” consists of the points € C' such that
{(a, ) = 0 fori € J and (o, x) > 0 fori ¢ J. For example, C? = C and for J = {0,...,¢} — {i}
we have C7 = {v;}. Let ®; be the set of roots in ® which are constant on C/. Then ®; is a root
subsystem of ® of rank |J|, with basis Ay := {a; : j € J}. If z € C7 N Vg, the Kac coordinates
(S0, - .-, 5¢) of the torsion automorphism s = exp(x) have s; = 0 if and only if j € J.

The subalgebra g® of vectors in g fixed by s is reductive, and depends only on J. Namely,

g =t ) ga 2)

The (unextended) Dynkin diagram D(g*) of g is the subgraph of D(g) supported on J.

The identity component Cg(s)° of Cg(s) is determined by g®, hence it too depends only on J.
Explicitly, the root datum of Cg(s)° is that of G but with the roots ® and co-roots ® replaced by the
roots ®; and the co-roots d; = {¢ : « € O}, respectively.

However, the component group A, of Cg(s) is more sensitive: it depends on the actual point
x € C’. For example, if g = sl,, then V' is the set of vectors in R" whose coordinates sum to zero.
The simple roots o; = x; — x;41 define the alcove

C={(z1,...,20) €EV:zy+1>x1 >29> >}

There is an open dense subset U C C' for which Cg(s) = T when s € exp(U). On the other hand,

at the barycenter T := %(n —1,n—3,...,3—mn,1—n) of C, the element § = exp T has order n

and has Kac coordinates (1,1,...,1). The centralizer C(S) of 5in G = PGL,(C) is a semidirect
product 7' x (o), where 0 € N is a lift of a Coxeter element in w € W and has order n. Since it is
the barycenter of C', the point 7 is fixed by the group 2 which is also cyclic of order n, generated by
the affine transformation p; : (x1,z9,...,2,) — (xn +1—-L -1 25— %, e Ty — %) and

n’ n’

we can take w to be the projection of p; to W. This example is generalized in the next section.

The relation between A and the geometry of C' is governed by the alcove-stabilizer €2, as follows.

Proposition 2.1 For s = exp(x) with x € C, the component group A, of C(s) is isomorphic to the
stabilizer Q, = {p € Q: p-z =z}



Proof: Let IV, = {w € W:w-z= x} be the stabilizer of x in W. By [4, V, Prop. 4] the subgroup
W; < Wz generated by reflections about hyperplanes through z is finite. By [4, V, Thms. 1,2], W;
acts simply-transitively on the set of alcoves containing x in their closure. It follows that Wz is also
finite and decomposes as

—

W, = Q, x W2, (3)

On the other hand, let W be the stabilizer of s in 1¥. The projection 7 : W — W sends W to W.
Since W is finite and Y is torsion-free, the map 7 is injective on W,. If w-s = s, thenw -z €  +7Y,
so there is y € Y such that t,w - x = x. It follows that 7 restricts to an isomorphism W = Wi,

The image W(W; ) is the subgroup W2 C W, generated by reflections for the roots in ;1 := {a €
®* : «a(s) = 1}. Hence 7 induces an isomorphism

Q5 W, /WP (4)
The group C(s)° is reductive, with maximal torus 7" and Borel subgroup B; = B N Cg(s). Put
Ny=NNCg(s) and N;=NNCqg(s)°.
Then W = N2 /T is the Weyl group of 7" in C;(s)° [6, 3.5] and
W,/W? 2 N/, )

Since C(s)° acts transitively on its of Borel subgroups and N? acts transitively on the Borel subgroups
of C(s)° containing 7, it follows that the inclusion Ny, — C(s) gives an isomorphism

Ny /N7 ~ As. (6)
Combining equations (4), (5) and (6), we get (2, ~ A, as claimed. Finally, since we have seen that ()
is abelian, it follows that A, is abelian. [ |

In the example for G = FEj in section 2.2, the first three classes have trivial stabilizer in €2, hence
have connected centralizer in G, while the centralizer of

0O 0 1 0 O
s = 0
0

has three components.

Remarks: Recall that we can identify (2 with the fundamental group 7 (G) of G. From this point
of view, the embedding A; — 7 (G) can be seen as follows. Let G’ — G be the simply-connected
covering of G, with kernel 71 (G). Choose a lift ¢’ € G’ of every every element g € C(s). Then the
commutator g — [¢’, s'] induces a well-defined homomorphism A; — m;(G) which is injective, since
the centralizer of s’ in G’ is connected [18, 8.1]. The projection of €2 into W is the subgroup I' of W
preserving the set A= {—ap, a1, ...,a,} and €, projects isomorphically onto the subgroup I'y of T
preserving the base AN ®, of ®,. This group I'y is a complement to W in .
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2.4 Kac coordinates of Principal Elements

There is a unique conjugacy class of algebraic subgroups G, < G which are isomorphic to PG Lo,
with the property that if 7j < B, are a maximal torus in a Borel subgroup of GG then there is a unique
maximal torus in a Borel subgroup 7" < B of G such that T, < T"and By, < B. Such a subgroup G| is
called a Principal PG L in G. In this section we study the Kac coordinates of those torsion elements
of GG which are contained in a principal PG L.

Fix Gy, To, By as above. In the line V; := R ® X, (Tj) we have the alcove

Co={rp: 0<r<1} CV.

The simple roots o, ...,y of T"in B each restrict to the simple root o of Tj in By. In fact, T is
the closed subgroup of 7" defined by the equations oy = ay = -+ = ay. Let p € X, (Tp) be the
fundamental coweight, so that («;, p) = (o, p) = 1for1 <i < {. Then p = & + --- + @, and Vj is
the line Rp in V. However, only part of () is contained in C'. Indeed, since the Coxeter number h of
G [4, VI.1.11] satisfies the equation

h=>Y a 7

L

(g, ) zl—rZai =1—r(h-1).

=1
It follows that rp € C' if and only if r < (h — 1)1

Suppose s = exp(rp) € Gy has finite order m > 1. Then r = n/m for relatively prime positive
integers n < m. For 1 <14 < ¢ we then have

oi(s) = a(s) = exp(2rryv/—1).

we have

Ifr < (h-— 1)_1, so that rp € C, the Kac coordinates of s are obtained as follows: Since

£
§ 12 .
rp = — nwi,
m <
=1

we have s; = s = --- = s, = n. Then

¢
m:so—i-Zn-ai:sO%—n(h—l).
i=1



Hence the Kac coordinates of s = exp(rp) are
(n—nh+m,n,n,...,n), where r=— < ———. (8)

The element s is regular in G if and only if » < 1/(h — 1). For this inequality to hold, we must then
have m > h.

If m = hthenn = 1 and s is Kostant’s principal element, with Kac coordinates (1,1,...,1),
having the smallest possible order h of a regular torsion element in G [13]. We have 5§ = exp(Z),
where = = p/h is the unique point in the alcove C' at which all simple affine roots take the same value,
namely 1/h (cf. [13, 8.6]). Kostant’s principal elements appeared in section 2.3 for G = PG L,,. For a
twisted analogue of them, see section 5.1 below.

If we continue on the path rp for r > 1/(h — 1), the Kac coordinates become less obvious than
those of (8). We need only go up to r = 1/2, since every torsion element of (G is conjugate to some
exp(rp) for rational r € [0,1/2]. As we exit C'at r = 1/(h — 1) and proceed, we enter new alcoves,
creating segments in each alcove. Each of these segments is Wo—conjugate to a unique segment in C.
The resulting collection of segments in C' forms the path P of a billiard ball with initial direction from
0 to p. Pictures for SO5 and G, are shown below.
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In the picture for SO5 we have continued out to p, to show how the symmetry rp < (1 — r)p by

conjugation in (i is transformed into the nontrivial symmetry of the alcove C.
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2.5 Kac coordinates and elliptic regular elements in the Weyl group of Fjg

An element w € W is elliptic if t* = 0, or equivalently, if 7 is finite. In this case, the map 1 — w :
T — T 1is surjective, which implies that the conjugation action of 7" on w1 is transitive. Hence all lifts
of w in NV are conjugate, and it makes sense to ask for their Kac coordinates.

We say that w is regular if w has a regular eigenvector in t. If w is both regular and elliptic, then any
lift o € w1 has the same order as w. This follows from Springer’s classification of regular elements in
[17].

For example, a Coxeter element is elliptic and regular. Kostant showed that in this case, o is a
Kostant principal element, hence has Kac coordinates s; = 1 for all 7, as we saw in the previous
example. We can extend Kostant’s method to other elliptic regular elements w, as follows.

Let 0 € wT and let m be the common order of w and o. The existence of a regular eigenvector
for w implies that (w) permutes the roots in ® in orbits of size m [17, Prop.4.1]. Let S be a set of
representatives for the (w)-orbits on ®. For each a € S choose a root vector E,, € g, and let

Zo =FEy+0-Eq+---+0"" E,.
Since t¥ = 0, the set {Z, : a € S} is a basis of g7, and we have

dimg? = || = H 9)
m
On the other hand, one can tabulate the Kac coordinates (s;) with Zf:o a;s; = m and compute the
dimension of the centralizer in each case, using (2).
Let us try this for Eg, where |®| = 240 and there is exactly one elliptic regular class in W for
each order m € {2,3,4,5,6,8,10,12,15,20,24,30}. These are precisely the non-identity classes in
W with irreducible minimal polynomials (cf. [14]). For each of these m, a search through all possible

Kac coordinates shows that
.. 240
dimg"™ > —,
m
for every 7 € G of order m, with equality for a unique class of 7’s, which must then be the class of a
lift o € w7, by equation (9). Thus, we can find the Kac coordinates of o by minimizing dim g".

We observe that if we omit sg from the Kac coordinates of o and double the remaining s;’s, we
obtain the weighted Dynkin diagram of some embedding ¢ : PG Ly — G (see [6] for background).
This means that o lies in this ¢(PGLs), just as the Kostant principal element is contained in the
principal PG L, . The results are tabulated below, using Carter’s notations [7] and [6] for Weyl group
elements and embeddings ¢ : PG Ly — G, respectively. The first four lines of this table can be found

in [17,9.11,2].
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Class of | m = |w| | dim g° | Kac Coordinates Class of
weW = |o| of o PGLy — G
5 ” g |Iiill 1 L1 5.
Ey(a) | 24 T (1) LY By
Eg(as) | 20 I Il B N O
Ey(as) | 15 6 | L1010 (1) O Bytaw)
Ey(as) | 12 R é O Bytas)
Es(ag) | 10 gq |1O100 (1) 001 Bylag)
Ds(a3) 8 gp 01000 (1) 00 Es(be)
aen |6 o 10001 8 00| pan
e - s 00001800 ata)
Di(a)?| 4 I VPR
Al 3 so [VUUUOYOU D) + 4,
s , 0 00000801 ”

3 Semisimple Automorphisms

We now extend Cartan’s analysis of inner automorphisms to all torsion automorphisms of g. Recall
that we have fixed a maximal torus and Borel subgroup 7" C Bin G = Aut(g)°, and A = {ay, ..., s}
is the set of simple roots of 7" in B.

3.1 Pinned Automorphisms

Choose a nonzero vector X; in the root space g,,, for 1 <14 < . The triple

£ =(T,B,{X}_)
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is called a pinning (Fr. épinglage) and automorphisms of g normalizing 7', B and permuting {X;}
are called pinned automorphisms. The group Aut(g, ) of pinned automorphisms is finite and is a
complement to G in Aut(g):

Aut(g) = Aut(g, &) x G. (10)

A pinned automorphism can be viewed as a permutation of {1,. .., ¢} which gives a symmetry of the
Dynkin graph D(g) of g. Conversely, for any permutation 7 of {1,..., ¢} giving a symmetry of D(g)
there is a unique pinned automorphism ¥ € Aut(g, ) such that 9.X; = X, for all i. More precisely,
For each i there exists Y; € g_,,, such that the Lie algebra g is generated by {X;,Y; : 1 <1i < ¢} and

ﬁXz = Xﬂi> 19}/; = YTrZ'-

Thus, Aut(g, £) is isomorphic to the symmetry group of D(g), hence has order six when g has type
Dy, order two in types A, D,,(n > 5) and Ej, and is trivial otherwise. The nontrivial pinned automor-
phisms and their fixed-point subalgebras are tabulated as follows.

| Type | g | D(g) | f=19]] D(g”) [ a” ]
2A,,, slyyy1 | 0—0—++-0—-0—-0—0-++—-0—-o0 2 O—=-0—- "+ —0=>0 | §09,11
n>1
2 Aon1 slay, 0—-0—n+++ 0—-0—"=0 + - + —=0—-0 2 O—-0—- -+ —0&=0 | §P,,
n>2
2Dypi1 | 502,40 T ]37-0 2 O——0— "+ ——0==0 | §02p41
(@]
0—-0—-0
3D4 503 T 3 o&o do2
(@]
0—-0—-0—-0—-0
2Fs e6 T 2 o—o0<=0—=0 4

I
(@)

Fix now a pinned automorphism ¥} € Aut(g, ) of order f and denote also by ) the permutation of
{1,...,¢} which it induces. We have f € {1,2,3} and f = 1 reduces to the inner case treated above.
Let I be the set of orbits in {1, ..., ¢} under ¥). The fixed-point algebra g” is simple and is generated
by the elements

X, =Y X;, Y, =>Y, for 1€l
1€L i€L

(see [9, X.5].)

Lemma 3.1 If 9 is a nontrivial pinned automorphism of g then the fixed-point group G is connected
and is equal to the full automorphism group Aut(g).
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Proof: Let G’ — G be the simply-connected covering of G with kernel Z’ = 71 (G) and let 7" be the
pre-image of 7" in G'. The set M = {w; : a; = 1} of minuscule weights of 7" restricts bijectively to
the character group of Z’, so that the J-invariant elements of A are the characters of Z'/(1 — 9)Z'. Tt

follows that the map
Z'"1 =97 =T /(1-9)T"

induced by the inclusion Z’ < T is injective. The connectedness of G now follows from [18,
9.3,9.5].
Since X + - - - + X, is a regular nilpotent element in g contained in g, there is a principal PG L,
in G contained in G”. It follows that 7" contains regular elements in G. Since the centralizer of a
principal PG L, in G is trivial, it follows that G has trivial center.
The nodes of the Dynkin graph D(g”) correspond to the ¥-orbits on {1, ..., ¢} and from the table
above, we see that D(g”) has trivial symmetry group. Hence Aut(g”) is connected and GV = Aut(g?).
|

3.2 Conjugacy results

Lemma 3.2 Every semisimple automorphism o of g is G-congugate to one of the form v's, where
¥ € Aut(g, &) and and s € TV,

Proof: From [18, Thm 7.5], o preserves a Borel subgroup of GG and a maximal torus therein. Replacing
o by a G-conjugate, we may assume that these are B and 7', respectively. Let ) be the projection of o
in Aut(g, &) according to (10). So o = ¥/, for some s’ € G. Since ¥ preserves T, B, the element s’
normalizes T', B. Hence s’ projects to an element w of the Weyl group of 7" which preserves the set of
simple roots A determined by B. This means w = 1,s0 s € T.

Letp: TV — T/(1 — 9)T be the restriction to TV of the natural projection T — T'/(1 — 9)T. The
kernel

kerp=T"N(1—-9)T

is finite. Indeed, if f is the order of 1 then the mapping ¢ + ¢ - () - - - ¥/ ~1(¢) sends (1 — )T to 1 and
sends every element of T to its f*" power. It follows that ker p is contained in the f-torsion subgroup
of T, hence ker p is finite of order dividing f¢. Since 7% and T'//(1 — 9)T have the same dimension, it
follows that p is surjective. Hence there is ¢ € T" such that

I )t e T,
Conjugating in Aut(g), we have

tot™' =tds'tT =0 - 97N ()t € 9T,

14



as claimed. |

We next determine when two torsion automorphisms in 97" are G-conjugate. We want to invoke
a result of Segal [15, 1.3], which generalizes to disconnected Lie groups the classical theorem of con-
jugacy of maximal tori. Segal’s proof is a variant of Weil’s proof of the classical result, using the
Lefschetz fixed-point formula for compact Riemannian manifolds. Therefore we temporarily move to
the compact setting. Let /' be a J-stable maximal compact subgroup of GG containing S [9, X.5.2].

Lemma 3.3 Ifo,7 € K are G-conjugate then they are K-conjugate.

Proof: The proof that follows is a slight modification of that in [1, 24.7 Prop. 2].

First suppose that / is a group, L is a subgroup of  and M C H is a system of coset representa-
tives for H/L which is stable under conjugation by L. One checks that for any m € M, the intersection
mLm™! N L is centralized by m.

Now, since K is a maximal compact subgroup of G, there is a subset M/ C G of coset representa-
tives for G/ K, stable under conjugation by K (see [1, 24.7 (ii)]. Let

G=G, M=®M, K-=(@WK.

Then G = MK and M is a system of coset representatives for G /K which is stable under conjugation
by K.
Now suppose o, 7 € YK and g € G are such that 7 = gog~!. Write ¢ = mk with m € M and
k € K. Then
TE gf(g_lﬂf( = mKm™ ﬂf(,
and m € M C M, so m centralizes 7. Hence 7 = gog~! = kok™!, as desired. [ |

If o = ¥s and 7 = ¥t are G-conjugate torsion elements in YT then s and ¢ are also torsion, since
they are fixed by ¢, which is torsion. Hence s and ¢ belong to the maximal compact subtorus .S of T'.
Let S = (¥).S and let N (S) be the group of elements in X" which normalize S.

Lemma 3.4 Ifo,7 € USY are G-conjugate, then they are conjugate under N K(S ).

Proof: By Lemma 3.3, there is k € K such that 7 = k~'ok. Theno € SN kSk™!. Let K = (9)K
be as in the proof of Lemma 3.3. By [15, Prop. L6], there is an element h € C (o) such that
hSh~' = kSk~'. But since ¥ fixes o we have C'z(c) = (9) - Cx(c), and since ¥ preserves S we
may take h € Ci(c). Hence the element n := h~'k belongs Ng(S) and we have ¢ = krk™! =
(W 'k)r(h~'k)~r = nTn~!, as claimed. [ ]

We identify N (S)/S = N/T = W. Any element n € Ng(S) must normalize both S and
US. Given that n € Ng(S), then n normalizes S exactly when the coset n.S belongs to the 9-fixed
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subgroup wo. By [18, (8.2)(5)], every element of W7 can be represented in [V Y Hencen € NV -T.
This proves that B
Ng(S) C N-T.

The action of N on 9. factors through W and from the polar decomposition 7' = S x H, where
H ~ (R%,)%, it follows that the groups W? x T and W" x S have the same orbits on S. We have
proved:

Lemma 3.5 Ifo,7 € 9SY are G-conjugate, they are conjugate under the action of W% x S on 9.

To study S-conjugacy on ¥S”, we linearize as follows. The pinned automorphism v permutes the
basis {w; } of Y. Let
Py=f'14+9+---+9/7") € End(V)

be the projection onto V¥ and set
Yy = ByY.

Then Yy is a lattice in V7.
Lemma 3.6 Let z,2’ € VV. Then ¥ exp(x) and ¥ exp(z') are S-conjugate if and only if v — x' € Y.
Proof: A straightforward calculation shows that

exp(—v) - exp(z) - exp(v) = ¥ exp(z’)

for some v € V if and only if
r—2 c[(1-9)V+Y]nV’

We show that
(1 -9V +Y]NVY =Y. (11)

Since P kills (1 — )V and is the identity map on V7, the left side of (11) is contained in the right
side. The reverse containment follows from the fact that the polynomial

px)=f A +z+22+- +2/7h

satisfies the differential equation p(z) = (1 — z)p(z) + /1. [ |

The W?-action on V¥ extends to an affine action of the group
Wy =W’ x Yy,
where y € Yy acts by the translation ¢,, : x — x + y. Lemmas 3.5 and 3.6 combine to yield
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Lemma 3.7 Let z,2' € V’. Then ¥ exp(x) and ¥ exp(x') are G-conjugate if and only if v and x'
belong to the same Wy-orbit on V?.

Since exp(z) is torsion if and only if z € Vg := Q ® Y, Lemma 3.7 implies

Corollary 3.8 The map x — v exp(x) induces a bijection between the set of Wﬂ—orbits on V(g and the
set of G-conjugacy classes of torsion elements in VG.

3.3 A fundamental domain for /Wﬁ in V” and Kac coordinates

We shall use the geometry of the Wg—action on V¥ to recover Kac’s parametrization of the G-conjugacy
classes of torsion elements in ¥/G. Throughout this section it may help the reader look ahead at Table
1 and section 4, where the individual cases are treated in detail.

Recall that [ denotes the set of orbits in {1, ..., ¢} under the permutation induced by the action of
v on the set A = {ay,...,a,} of simple roots. For ¢ € I, let w, be the be the unique element in the
subgroup of W generated by the reflections {r; : ¢ € ¢} such that {w,o; : i € 1} = {—a; : i € ¢}.
Then W is a Coxeter group with generators {w, : « € I} and V" is the reflection representation of
WY (see [18]). The lattice Yy has the Z-basis {ji, : ¢+ € I}, where ji, = Py(w;) for any i € ¢. That is,

1
ﬂb - mzd)m

where |¢| denotes the cardinality of the ¥)-orbit ¢. The action of fVIZg on V7 is generated by the reflections
w, and the translations by /i,. A fundamental domain is contained in an alcove defined by hyperplanes
from a root system ®, which is defined as follows. Say that two roots «, 3 in ¢ are v-equivalent if
their restrictions @ and 3 to V'V are positively proportional: & = 73 for some r > 0. A ¥-equivalence
class a C ® can have one of two types:

I. a = {a,Ya,...} is a ¥-orbit consisting of mutually orthogonal roots;
II. a = {a,Ya,a + Ja}, occurring only in type ?As,,.
Let ® /19 denote the set of ¥-equivalence classes of roots in ¢. For each a € /4, set

Yo 1= Z@.

aca

If we choose v € a as in the definitions of types I and II, i.e., so that & is not twice the restriction of
another root in a, and set 3, = @, then v, = f,3,, where

I = |a| in type I
‘T4 in type II.
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Given a ¥-orbit ¢ € I, let a, € ¢/ denote the unique ¥-equivalence class containing ¢, and set
Ve i = Yas fo=fa.
We obtain a reduced root system
Oy :={7,: a € P/V}, with base Ay :={y: e}

Note that (v, fi,,) = 0 if ¢ # ¢/ and that

(12)

O fu) = m )2 if a, has type II.

fo {1 if a, has type |
The equations , = n, for 7, € ®y and n € Z, give hyperplanes in V' and the complement of all
these hyperplanes is a union of alcoves which are permuted transitively by the group Wg = W? x Y.
Outside of 24,,, this follows from (12), which shows that the /i, are the fundamental weights for Ay.
For ?4,,, see section 4.1.

Let 7o be the highest root of &, with respect to the base Ay. We obtain positive integers c,, for

v € I, defined as
5/0 = Z C,Ye-

el

The integers ¢, are found in Table 1 below. As in the untwisted case, we set

I={0}ul, Y 1= 1 — Ao, co = 1,

Z cy, =1

el

so that

on V?. The simple affine roots {~, : ¢ € I } determine the alcove
Cy={xeV’: (y,2)>0 Viell
Note that Cy is not equal to C' N V7, in general. The set of vertices of Cy is {v, : ¢ € I }, where
vo=jio=0 and v, = (Jo, ) ‘ft, for €l
A point 2 € Cy may be uniquely expressed in barycentric coordinates as

x:meL, with ZxLzl and z,>0 V.el.

LGI~ LGI~
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Asin case ¥ = 1, any point in V' is /V[v/,g-conjugate to a point in Cy and two points in Cy are conjugate
under Wy if and only if they are conjugate under the alcove-stabilizer

Qﬂ::{pewﬁ: p-Cy=Cy}.

The action of each element p € {2y on Cy is given in barycentric coordinates as a permutation of I, via
the action of p on the vertices of Cy.
We recover the Kac-classification by taking a closer look at the vertices v, = (o, j1,) " *f,. From
(12), we have
fue

(Yo, f1.) = i (13)

I claim that
f divides f,c, forall . € I. (14)

This is clear if f = |¢|. Otherwise, we are not in type ?A,,, and since f is a prime, the orbit . = {7} is a
singleton. Being the highest root of ®y, 7, is a long root, hence it is the sum of a J-equivalence class
(in fact a ¥-orbit) ag = {cy, - - - , s} of cardinality f. From (13) we have

fLCL = <:Y07[LL> = <Oq +"'+O‘f7d)i> = f<041,d)¢>,

which is divisible by f, as claimed. If we set

fO = f7
then (14) also holds for « = 0. Thus, we have integers
b, = f}q for el with by = 1. (15)

We can now state the Kac classification of torsion elements in 9G.

Theorem 3.9 The G-conjugacy classes of torsion elements in VG are classified as follows.

1. Every torsion element in 9G is G-conjugate to one of the form o =  exp(z), where x € CyNVq.

2. There are relatively prime integers s,, indexed by 1 € I, such that the expression of x in barycen-
tric coordinates is given by
f
T = ol Z b,s,v,
el

and the order m of o is given by

m=f- Zbﬁu
el
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3. Two torsion automorphisms o, o', with coordinates (s,) and (s,), are G-conjugate if and only if
there is a permutation p of I arising from Qy such that s, = s,, forall . € I.

Proof: The assertions in parts 1 and 3 are immediate from the above discussion and Corollary 3.8.
Since exp(x) and ¥ commute, the order m of ¢ = ¥ exp(z) is divisible by f and we have exp(mz) = 1.
Hence there are integers s, so, . . ., S¢ such that

l
1 Z .
r= — SiW;.
m“
i=1

Since x is ¥-fixed, each s; depends only on the J-orbit ¢ containing ; we write s, := s; for ¢ € «, and

E LVL' 16

el
Since x € Cy, we have

1 2 <’?0,.’L'> ;ZSL‘ | ’YO?/-LL - ZSLCLfL - ZbLsL'

el LEI el

We define a nonnegative integer sy by

so that

If d divides s, for all « € I, then d divides m /f,so f divides m/d and we have
94 =1 = exp (%x) ,

implying that 0"/ = 1. Therefore d = 1 and the integers s, are relatively prime.
From (16) and (13), the integers (s,) are related to the barycentric coordinates (z,) of x by

m/d

|¢]s, __ | |33L ||z,
m <'707/LL> LfL be 7
or
T, = i - b,s,.
m
This shows that all s, are nonnegative and completes the proof of part 2. |

Remark: The integers (s,),.; are the Kac coordinates of o (cf. [11, Thm 8.5]). The integers b, are the
labels of Kac’s twisted affine diagrams, as we will see in the next section.
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3.4 Fixed-point subalgebras

In this section we determine the subalgebra g fixed by a torsion automorphism o € ¥G, in terms
of the geometry of the alcove Cy. The first step is to compute the matrix of ¢ acting on g. For each
v-equivalence class a € ¢ /1, the direct sum

9o = Zga

aca

is preserved by ¥, the root spaces being permuted. I claim that if « = {«, J«, ...} has type I, then ¥
acts on g, via the permutation matrix of an f,-cycle. If f, > 1, and we choose any nonzero X, € g,
then {X,,YX,, ...} is a basis of g, permuted by 9. If a = {«a} has type I with f, = 1 then we can
findw € WY and ¢« € I such that « = w3, where 3 € A. By [18] we can choose a lift n € N? of w so
that Ad(n) : gs — g, is ¥-equivariant. By definition, the pinned automorphism ¥ fixes gz pointwise,
so ¢ also fixes g, pointwise, as claimed.
If a = {«, Ja, a« + o} has type II, and we again choose any nonzero X, € g,, then

(Xa, ¥X,, [Xa, 9X,]) is an ordered basis of g, on which ¢ has matrix

01 0
10 0
00 -1

Now let o = ¥Js, where s € T”. The characteristic polynomial of o on g, is given as follows. Recall
from the previous section that we defined (3, to be the shortest restriction to V¥ of a root in a, and that
we have

Yo = faﬁzz-

Our matrix calculations show that

tle — B,(s)/a if a has type I

(1% — Ba(8)*)(t + Ba(s)?) if a has type IL. 17

det(t - U|ga) = {

In all cases, the roots of det(t — o|g,) are distinct and we have

det<1 - U’ga) =1- ﬂa(s)fa =1- ’Ya(s)'

If s = exp(z) with z € V? this means that

dim g7 = { (18)



Thus, the integrality of (7,, =) determines when g7 is nonzero. However, the root -, is not the character
of T on g?. Indeed, if (v,,z) € Z, the matrix calculations above show that the line g° affords the
character 3, or 2(3,, the latter occuring iff a has type Il and (~,, x) is odd.

Ss we saw for ¢} = 1, the closure

Co={zecV’:~>0 VLEI}

is partitioned into a disjoint union of 2l — 1 facets:
A J
Cy=Jcy,

indexed by the subsets J C I with J # I. The facet Cy consists of the points z € Cy such that
(y,z) = 0fort € Jand (v,,z) > 0for. € I — J. For z € Cy, with 0 = 9 exp(x) equation (18)
shows that g” depends only on the facet .J containing z. Since (7v,, z) € Z iff (v,,z) € {—1,0,1}, we
have proved:

Proposition 3.10 If z € C and o = ¥ exp(x), then we have the root-space decomposition
o =ta> g,

where the sum is over those 9-equivalence classes a € ® /0 for which (v,,z) € {—1,0,1}. Each such
g2 is a one-dimensional eigenspace for T, affording either the root 3, or 203,, the latter occuring if
and only if a has type Il and (7,,x) = £1.

The root 23, appears only in the case 24,,,; for more details in this case see section 4.1.
If z = 0, Prop. 3.10 says that g” has root system
Dy :={B,:aec®/V},  withbase Ay:={3 :1e}

where 3, = f1v,. If we set 3, = f~ 4o, then
Bo =Y bf, (19)
el

where the integers b, = c,f,/ f are the ones previously arrived at in (15). For (G, 1) not of type 245,
the root 60 is the highest short root of <I>19 For %A, ﬁo is twice the highest short root of @19 (see 4.1).
In all cases, we set Gy = 1 — ﬁo, and recall that by = fy = 1, so that

> b =1

el
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The centralizers g° are conveniently described by the Kac diagram D(g, ), which has nodes indexed
by . € I and labelled by the integers b,, for . € I, along with arrows indicating the relative lengths of
the roots (3,.

The Kac diagrams appear in the fourth column of Table 1 below. For x € Cy, deleting from D(g, 1)
the nodes ¢ for which (v,, z) € Z gives the Dynkin diagram D(g”). We denote the node corresponding
to (3, by e; deleting just this node gives the Dynkin diagram D(g”). Above each node of D(g, 1), we
give the integers b,. These integers are denoted by Kac as a; in [11, chap. 8]; he arrived at them, along
with his diagrams D(g, ), in a completely different way.

On the left side of Table 1, we also give the diagrams of the root systems ®, along with the integers
¢, and f, above and below each node, respectively. The rightmost column of Table 1 gives the alcove
stabilizer {2y, discussed in the next section.
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c, b,
Type | @y (Py-diagram) D(g, V) Dy | Q]
i
1 12
24, (& 2 e—>0 B, 1
2 2 2 1|1 2 2 2 2
245, | C,, | o—o—-- -—o<:2 o&—0—O0—-- — o=—o0 | B, 1
2 2 2
n>2
1 2 2 1
12 2 2 O——=0Q—" =00
2Aon_1 | By 00—+ -+ —0==0 T C,| 2
°
1
n>3
2 2 2 11 11 11
2Dn+1 Cn ?—-Cl)— s —?<: (23 0<—O0—O0— - - — 0——0 Bn 2
n > 2
2 .3 121 A
3D, | Gy 00 e—o0&o0 Gy | 1
2 3 4 2 1 2 3 2 1 -
2E6 Fy O0—-0——=>0—-0 —-0—0<&—0—0 Fy 1
2 2 1 1

Table 1: Root systems @, &, and Kac diagrams D(g, ¥)
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3.5 The component group of G°

Let x € Cy, with o = o - exp(z) as before. Lemma 3.10 determines the connected centralizer (G°)°
up to isogeny, in terms of the facet C;J containing x. As in case ¥ = 1, the component group A, of G°
depends on the location of z in CJ, and is governed by the alcove stabilizer

Qﬁ:{pGWﬁ: p-Cy=Cy}.
More precisely, we have:
Lemma 3.11 If o = Y exp(x), with x € Cy, then A, ~ Qg ,, where Q. is the stabilizer of x in Qy.

Proof: Let W, = N?/TY be the subgroup of 1 whose elements can be represented by o-fixed
elements of N. If n € N7, then ¥(n) = n modulo 7T". Hence W, is a subgroup of W7, Let Wﬂ7x denote
the stabilizer of x in Wﬁ. I claim that the projection 7 : Wﬁ — WY sends Wg@ onto W, and gives an
isomorphism

Wyo 5 W, (20)
If w € WY is the projection of an element of WM then w - x — x € Yy. By equation (11), there are

v € Vandy €Y such that
w-r—z=(—1)v+y.

Setting s = exp(z), t = exp(v), we have
w(s) =t 1I(t)s.
By [18, 8.2(4)] we may choose @ € NV such that w = wT. Then the element n = tu belongs to

N? and nT" = w. Thus, the projection (20) maps Wﬁw into W,. The argument is reversible, showing

that W(Wﬁ’m> = W,. Finally, since the kernel of 7 is torsion free and Wy , is finite, the map (20) is
injective, completing the proof of (20). With this in hand, the rest of the argument is entirely similar to
that of Prop. 2.1, and is left to the reader. |

Remark: From Table 1, we see that for ¢ # 1 the group G? has at most two components, is always
connected in types ?A,,, °D, and ?Ey and is disconnected in types ?4,,,_; and ?D,,,; exactly when the
Kac coordinates (s,),. are fixed by the nontrivial symmetry of D(g, ¥J) (cf. [18, 9.8]).

3.6 The center of GG°

Let o = ¥ exp(z), with = contained in the facet C}j of Cy. The center Z, of G° centralizes T° = T7,
hence is contained in T%. Since GV has trivial center, the character group X*(T") is generated by
restrictions of roots of 7". It follows that the character group of Z, is

X*(Z,) = X*(T") /23] = ZAy)ZA,
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where X
A;ﬁ:{@: L€ J}.

Since all but at most one root of A;; is contained in Ay, the possible exception being By = > icr bili, it
follows that X*(Z,) has rank equal to || — |J| and the torsion subgroup of X*(Z,) is cyclic of order
equal to the ged{b, : ¢ € I — J}. For example, Z, is connected if 0 ¢ J.

3.7 Isolated automorphisms

A semisimple automorphism o € Aut(g) is isolated if the fixed-point subalgebra g is semisimple.
Such a o is necessarily torsion, lest the Zariski-closure of (o) contain a nontrivial torus in the center of
G°. The previous section shows that, for z € Cy, the automorphism o = ¥ exp(x) is isolated exactly
when z is a vertex of C'y. Hence every isolated automorphism of g is conjugate to some

o, .= vexp(v,), vel,
where v, = (Yo, /m_l [1, are the vertices of C'y (see section 3.3). The order m, of ¢, is given by
m, = CLfL = be

From section 3.6, the center of G is cyclic of order b,, generated by o/ = exp(fv,). Equivalently, the
center of (0,) G is generated by o,.

4 The various cases

4.1 324,

Here g = sl3,41 and
V = {($17 e 7x2n+1) € R2n+l : Z?g—flxl = 0}

We have Aut(g) = () - PG Lo, 1 with pinned automorphism ¢ of order two, acting on V' by

79 . (.fEl, e ,$2n+1> = (—$2n+1, cey —.731).
Hence
VY — {(z1,...,2,,0, =2y, ..., —x1) : 7; € R}
may be identified with R via the first n coordinates and we may take I = {1,2,...,n} as the indexing

set for the J-orbits on {1,2,...,2n}. The lattice Y, has basis {/; : 1 < i < n} where
i = 5(e1+ea+ - +e),
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and {ey,...,e,} is the standard basis of R". The simple roots ov; = z; — ;41 on V restrict to VY as

Ti— Tit1 forl1<i<n
617 .
Tn for 1 = n.

For 1 < i < n the J-equivalence classes a; = {;, ag,+1-;} have type I and
an = {apn, ni1, @y + e} has type I, so we have f; = 2for1 <i <mn, f, =4 and
o Qﬁz = 2(1‘1 — JZZ‘+1) forl <i<n
" )46, = 4a, for i = n.

The root system @, with basis Ay = {~1,...,7.}, has type C,,. The highest root 7, is given by
’70:2’)/1+272++27n—1+’7n:41‘1

and arises from the type-II equivalence class ay = { g, Yag, ap+dag}, where ag = a1+ - -+a,, =
T1 — Tpy1. We have ¢; = (o, fi;) = 2 for all 4. It follows that the alcove Cy C V'V is defined by the
inequalities

T>T>Ty > > 1, >0

and has vertices vp = 0 and v; = %[M for 1 <i <mn.Forl <i<nwehaveb; =2¢;/2 =2, so we get

the diagram D(g, ¢J) in Table 1:
12 2 2 2 2

e—>0——0 -+ 0——0—0.
The group 2y is trivial, so every torsion element in ¥G is G-conjugate to a unique one of the form
Yexp(z) with z € Cy N Vg.
The isolated automorphisms
o; = vexp(v;)

2 if i =20
mz:fbl:{ I ? )

4 if 1<i<n.

have order

The fixed-point subalgebras are
87" = 8Py, D 502(n—i)41-

By Lemma 3.11 the fixed point subgroups GG’ are connected. They have center of order two, for
1 < i < n with trivial center for : = 0. Indeed, we have

G ~ Spy; X SOQ(n—i)—i—l
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To see this directly via linear algebra, let (- | -) be the usual dot-product on C*"*1, let .J be the
matrix equal to one on the anti-diagonal and zero elsewhere, and let s; be a diagonal matrix with
characteristic polynomial (#? + 1)*(t — 1)2"=9+! Then the bilinear form

(u,v); :== (s;u | Jv)

is orthogonal on the 1—eigenspace of s; and symplectic on the sum of the imaginary eigenspaces of s;.
The subgroup of G L, 11 preserving (-, -); is Spy; X O3(n—i)+1, whose image in PG Ly, 41 is isomorphic
t0 Spai X SOz(n—iy+1-

4.2 %A,

Here g = sl,,, and
V= {(xb s 7I2n> S R2n . 21221,%2 = O}

We have Aut(g) = () - PG Ly, with pinned automorphism ¢ of order two, acting on V' by

9 - (ﬁl, ce ,{['Qn) = (—ZEQn, ey —{L‘l).
Hence
V' ={(zy,..., 20, —Tp,...,—21) : z; € R}
may be identified with R" via the first n coordinates and we may take I = {1,2,...,n} as the indexing

set for the J-orbits on {1,2,...,2n}. The lattice Y, has basis {/; : 1 < i < n} where
/li: %(€1+62+"'+6i)

and {eq, ..., e,} is the standard basis of R". The simple roots «; = x; — x; 1 on V restrict to V7 as

ﬁ— T, — Tiq1 forl <i<n
’ 2x, for: = n.

All ¥-equivalence classes have type I, and are J-orbits on the roots. We have

)

o 262 = 2(.131 — Iz’+1) forl <i<n
B B, = 2x, for i = n.

The root system @, with basis Ay = {~1,...,7,}, has type B,, and the highest root 7 is given by
Yo = ZCz‘%’ =1+ 27+ + 291+ 29, = 2(21 + T9),
i=1
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arising from the 9J-orbit ag = {21 — 29,1, T2 — o, }. It follows that the alcove Cy C V¥ is defined by
the inequalities
1

§—$2>$1>$2>“'>$n>0

and has vertices
vo=0, v =p, vi:%ﬂi for 2 <7 <n.

The group €2y has order two, and the nontrivial element p € {2y acts on V? by
P (T1,T9, .o Ty, Tp) = (% — L1, T2, L1, Ty)-

Hence p - v9 = v; and p gives the nontrivial symmetry of the diagram D(g, 1)) in Table 1:

1 2 2 1
O——T— c e —0<——0
1
[ J

1

For 1 <7 < n, the isolated automorphism
o; := vexp(v;)

has order

my = b — 2 %fz‘zl'orn,
4 if 1 <i<n.

We will ignore ¢ = 1, since o is conjugate to oy = ¢). For 0 < ¢ < n, i # 1, The fixed-point subalgebra
is
g7 >~ 509; P SPo(n—i)-

For i = 0 the fixed point subgroup GV = Sp,,/{%1} is connected with trivial center. For 1 < i < n
the fixed point group GG* has two components and has center of order two. Indeed, we have

G ~ [021' X SpZ(nfi)]/{iIQn}-

To see this directly via linear algebra, let (- | -) be the usual dot-product on C?", let J be the matrix
equal to one on the anti-diagonal and zero elsewhere, and let s; be a diagonal matrix with characteristic
polynomial (#2 4 1)=9 (¢ — 1)%. Then the bilinear form

(u,v); = (s;u | Jv)

is orthogonal on the 1—eigenspace of s; and symplectic on the sum of the imaginary eigenspaces of s;.
The subgroup of G Ly, preserving (-, -); is Og; X Spa(,—s, Which has kernel {+1I5,} when projected
into PG Lo,,.
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4.3 2Dn+1

Here g = 509,10 and V = R""1. We have
Aut(g) = (V) - PSOq40 = Ogppo/{£1}
with pinned automorphism ¥ of order two, acting on V' by

V(1. Ty Tpg1) = (T4, oo, Ty —Tpg1).
Hence
V’g:{(:vl,...wn,()): z; € R}

may be identified with R" via the first n coordinates and we may take I = {1,2,...,n} as the indexing
set for the J-orbits on {1,2,...,n + 1}. The lattice Y, has basis {j1; : 1 <1i <n}, where

er+---+e; if 1<i<n
%(el+--~+en) if 7 =n.

The simple roots
;=2 — T (1 <i<n),  app = Tp + Tpy,

on V restrict to V? as
5_ T; — Tig1 forl <i<n
' Ty for i = n.

All ¥-equivalence classes have type I, and are ¥J-orbits on the roots. We have

| Bi=zi—zipn forl<i<mn
L 206, = 2x, fori = n.

The root system @, with basis Ay = {~1,...,7.}, has type C,, and the highest root 7, is given by

%:Zci%:271+272+‘~~+2%71+%:256’1,
i=1

arising from the ¥J-orbit ag = {x1 — 241, 71 + Tpy1}. It follows that the alcove Cy C V7V is defined
by the inequalities
1>z >z > >, >0
and has vertices
vy = 0, vi:%(el—l—---+ei) for 1<7¢<n.
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The group €2y has order two, and the nontrivial element p € 2y acts on V? by

p'($13x27"'7$n—17wn) = (%_xna%_xn—la--'a%_x27%_I1)~

Hence p - v; = v,_; and p gives the nontrivial symmetry of the diagram D(g, ?J) in Table 1:

1 1 1 1 1
0eE—0—0—---— 0—>0

For 1 < ¢ < n, the isolated automorphism
o; == Uexp(v;)
has order

The fixed-point subalgebra is
97" > §05(,i)11 D §0241.

Since all b; = 1, the fixed-point subgroup G°* has trivial center for all ¢ and is connected unless 7 is
even and ¢ = n/2. In that case, there are two components. More precisely, for i # n/2 we have

G =~ SOs(n—iy+1 X SO241,

and for n = 2k we have
G ~ 2. [SO%_H X SO2k+1]

where the outer involution switches the two components.
To see this directly via linear algebra, note that the automorphism o; is conjugation by an element
of order two in Oy, ;5 having characteristic polynomial (¢ + 1)2m=9+1(z — 1)%+1,

44 3D,

Here g = sog has Aut(g) = S3 - PSOg and we take ¥ € S; of order three. Denote the set of simple
roots of Dy by A = {ay, as, a3, as}, where ay corresponds to the branch node, and let @; be the
fundamental co-weight dual to a;. We write I = {0, 1,2}, where “1” and “2” stand for the ¥-orbits
{1,3,4} and {2}, respectively. The equivalence classes a and corresponding restricted roots 3, € &y
and roots vy, € Py are as follows.
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a \ Ba \ Ya
a1
a3 B 1 =35
Oy
Qg Bo Y2 = o
s +
Qg + Qg B+ Be Y1+ 372 = 3(B1 + B2)
(0] + (8 7]
Q9 + (6% + gy
g+ oy + oy 2014 B2 = Bo | 271 + 372 = Fo = 3(261 + B2)
(0] + aq + Q3
a1+ Qo+ a3+ oy 361 + B2 Y1+ Y2 = 361 + 5o
oy + 20&2 + Q3 + y 351 + 262 71 + 2’72 = 351 + 262

From Table 1 we have the Kac diagram, with label b, above the node (1):

1 2 1

0O—D&®
which shows that the isolated automorphisms o, = 9 exp(v,), of order m, = ¢, f, = fb,, where v, are
the vertices of Cy, have semisimple fixed-point groups G of types Go, Ay, Ay X Ay, forv = 0,1,2

respectively. More precise information, including the exact isomorphism type of G, is given in the
next table.

e[ Ll [ b [m=]o]] i | v | ¢ |
03|11 3 0ecVv? 0ecV? G
11322 6 $(01 + @3 4+ @4) | 5(01 + @34+ @4) | SOy
211131 3 Dy 09 PGLs

Since €2y = 1, Lemma 3.11 shows that each G°* is connected. From section 3.6 the center of G is
trivial for . = 0, 2. This gives G¥ ~ G5 and G2 ~ PG L3. Since 3.6 also shows that the center of G
has order two, we can pin down the isomorphism type of G as follows. Its simply-connected cover
G9! ~ SLy x SLy. The weight (3; appears in g and

(B1,80) = (B, B2) = 1.
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Hence the center of each SL, factor is nontrivial on g, so the kernel of the covering G} — G must
be the diagonal embedding Ay of 115 = {41} into the center of GJ}. Thus, we find that G ~ SO,.

With more work, one can also see this by decomposing g = sog under G?'. Let Sym™ be the irre-
ducible representation of S L, on the m' symmetric power of C? and write Sym™" := Sym™ ® Sym”
for the irreducible representations of SLy x S Ls. For each ¥-orbit a we compute the polynomial

det(t — 0'1|ga) — t|a‘ . 627”(’)/@7”00’

as in (17). This leads to the decomposition of the representation of G* on the o;- eigenspace g(() for
each sixth root of unity (, as follows:

g(1) ~ Sym*" @ Sym"?, g(—1) ~ Sym*!

A A A , 21
g(627rz/3) ~ g(647”/3) ~ SymO’Z, g(em/?)) ~ 9(657rz/3) ~ Syml,l ) 21)

The parity of m, n for the various Sym™" appearing in g and the fact that G°! is faithful on g, confirm
that G* ~ SO(4).

4.5 Example: ?F
We label the /s Dynkin graph as shown:

@4@4?@@
@
so that the 1J-orbits of simple roots are
a; = {1, as}, az = {ay, as}, a3 ={az}, as={au},

and
11 =204, Yo = 22, V3 = [s, Ya = P
The highest root of @y is Yy = ,,, Where

CLOZ{(X1+2042+2043+044+065+046, a1+a2+2a3+a4+2a5+a6},

so that
Yo = 21 + 372 + 473 + 274,

and therefore .
Bo = 2061 + 302 + 285 + Bu,
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giving the Kac diagram from Table 1, with label b, above the node (1):

1 2 3 2 1

O—0O—0=0—=3
Since ¥ acts by inversion on 2 ~ Z/3, we have )y = 1, so Lemma 3.11 shows that each G is
connected for all .. From section 3.6 the center of G°¢ is trivial for . = 0, 4. This gives G’ ~ F; and
G?* ~ PSps. The remaining centers have orders b, = 2, 3,2, for = 1,2, 3 respectively. We can pin
down the isomorphism types as we did for 3D, by computing (3;, Bii1>, to arrive at the table below,
where Ay, denotes a diagonal embedding of the group of n'”* roots of unity into the center of a product
of simply-connected groups.

el fla b m=lol] p | v | G |
O 111 2 0eVv? 0eVvy F,
1121212 4 (@1 + @e) | $(@1 + ws) | [SLa x Spe/Ape

2121313 6 $(D2 4+ ws) | $(w2 +ws) | [SLs x SLs)/Aps
311 4 2 4 w3 %1@3 [SL4 X SLQ]/A/,L2
411121 2 Wy T4 PSps

5 Twisted Coxeter elements

We close with a twisted analogue of Kostant’s result on principal elements, mentioned in section 2.4.
Let w € W be the product, taken in any order, of a set of representatives for the ¥-orbits on the set
{r; + 1 < i < {} of simple reflections in . The element Yw € YW is called a J-twisted Coxeter
element [17]. Such elements form a single W -conjugacy class in ¥\, independent of the choice of
representatives or the order in the product. The order hy of Yw is the V- twisted Coxeter number. By
construction, the length ¢(w) = ¢ is the rank of GV. These are tabulated below, along with the sum
ht(5y) of the labels of the diagrams D(g, ?J), and the degrees of the basic W/ -invariant polynomials
affording a primitive f* root of unity as J-eigenvalue.
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Type D(g, ) By | hy | ht(R) | f-degrees
9 12
A2 ——>0 B 6 3 3
24 12 2 2 2
on | &=0—o0—---—0=—=0 | B, |[4n+2 | 2n+1 | 3,5,...,2n+1
n>2
12 2 1
O—-0—+++—0<&=—0
2Ay, 4 T C,|4n—-2|2n—11]3,5,...,2n—1
I
n>3
9 111 1 1
Dy, | #&o—o—.-—0=—0 | B, |2n+2 | n+1 n+1
n>2
3D, o3& Gy | 12 4 4,4
2By | e—0—oe=0—0 | Fy | 18 9 5,9

B. Gross pointed out to me that hy = f - ht(/3), meaning that a torsion automorphism o € JG with
Kac-coordinates s, = 1 for all « € I has order hy. In fact, the table shows that twisted Coxeter numbers
have the properties:

||

hy = f-ht(fy) = = f - largest f-degree

generalizing other well-known properties of ordinary Coxeter numbers. This indicates that o might be
a lift to Aut(G) of a twisted Coxeter element. We will prove that is the case:

Proposition 5.1 Let o € UG be a torsion automorphism with Kac coordinates s, = 1 for all v € I.
Then o preserves a Cartan subalgebra of g and acts there via a 9-twisted Coxeter element.

For v = 1 this is Kostant’s result, proved in [13], and mentioned in section 2.4 above. We will use some
of Kostant’s arguments in what follows, but instead of his theory of cyclic elements, we will invoke the
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classification of torsion automorphisms. The main point is the following lemma, which is also used in

[8]:

Lemma 5.2 Let 0 € UN be a torsion automorphism of g of order m, let L denote the number of
o-orbits on the set © of roots of T' in g. Then

dimt’ < dimt” + L (22)
and equality implies the following:
1. g7 is abelian and t° = 0, so that dim ' =L,
2. the projection of o to 9W has the same order m as o.
3. m > hy, with equality if and only if o has all Kac coordinates s, = 1.

Proof: Partition ® = ®; U --- U @, into o-orbits of size n; = |®;| and let g; be the span of the root
vectors X, for a € ®;. Then
o=t 0

i=1

Since o™ fixes every root in ®@;, it acts on g; as scalar multiplication by some z; € C* and we have

d. . 1 if Zi = 1
meg. =

On the other hand, since 0 € G, the subalgebra t” is G-conjugate to a Cartan subalgebra of g7. It
follows that
dim ¢’ < dimg” = dimt” + [{i: z =1} < dimt" + L.

If equality holds, then t” and g° are G-conjugate and and z; = 1 forall 1 < i < L. Hence g is abelian
and

L
gU =1+ Z CX@;
i=1

where X is a nonzero vector in g7. If H € t° then the value 7; = («, H) is constant for o € ®;, and
[H, X;] = n;X;. But since g is abelian, we have all ; = 0, so («, H) = 0 for all & € ®, meaning that
H = 0. Hence t = 0 and assertion 1 holds. Moreover, since g° is abelian it has empty root-system,
so the Kac-coordinates s, of ¢ are all non-zero and the order m of o satisfies the inequality

m:f'ZbLSL > fht<60) :hﬂv

el
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with equality if and only if all s, = 1. Assertion 3 is proved. The projection of o to YW has order
equal to the least common multiple n of {ny,...,ny} and 0™ = I on t. If z; = 1 for all i, then 6" = [
on g; for all 7, so n = m, completing the proof of the lemma. |

Next, following Kostant, we have an inequality in the reverse direction. Assume now that t7 = 0.
Let N, = {a € &t : ca € —®T}. Then |N,| = ¢(w), where Yw is the projection of o to YWV,
and /(w) is the Coxeter length of w with respect to the base A. For each ¢, the intersection ®; N N,
is nonempty. For otherwise, all roots in ®; would have the same sign, so their sum would be non-zero
and o-invariant, contradicting our assumption that t” = 0. Therefore, we have

L
(w) =" 1B NN, | > L, (23)

i=1
with equality iff |®; N N, | = 1 for all i.

We now prove Prop. 5.1, by computing the Kac coordinates of a lift 0 € ¥V of a twisted Coxeter
element Jw in YW. From [17, 7.4 (i)] we have that t = (0. By the construction of w, we have
{(w) = dim t’. From (23) we have dimt” > L. Hence we have equality in Lemma 5.2, so o and Yw
have the same order, namely hy, and s, = 1 for all .. Since there is a unique torsion class in YG with
these Kac coordinates, this proves Prop. 5.1.

Index of Notation

Section 2.1: g, G, T, B, A, £, ®,®% XY, o, w3, W, V, S
Section 2.2: Vi, W, o, ag, a;, C, C, Q, s;,v;, D(g), .
Section 2.3: C7, &, &, Aj, g%, ga, t, Car(s).

Section 3.1: &£, Aut(g, £),D(g), 9, f, I

Section 3.2: Yy, Wﬁ.

Section 3.3: /lu (I)/lgvAGU @aa Yas Vs Y0, :}/07 Cyy bbv fa7 fb? fO? j’ Cﬂ’ U, Qﬁ’ (I)ﬁ’ (i)ﬁ’ Aﬂ’ Aﬁ
Section 3.4: g,, CJ, Dy, o, D(g, V)
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