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1 Introduction
An automorphism σ of a simple finite dimensional complex Lie algebra g is called torsion, if σ has
finite order in the group Aut(g) of all automorphisms of g. The torsion automorphisms of g were
classified by Victor Kac in [11], as an application of his results on infinite dimensional Lie algebras.

Those torsion automorphisms contained in the identity component G = Aut(g)◦ are called inner;
they were classified in 1927 by Élie Cartan [5] who used (and perhaps introduced) the affine Weyl
group and the geometry of alcoves for this purpose. This paper extends Cartan’s method to cover all
torsion automorphisms of g, thereby recovering Kac’s classification directly from the geometry of the
affine Weyl group, without the use of infinite dimensional Lie algebras.

Kac’s classification can be roughly stated as follows. Each symmetry ϑ of the Dynkin graph D(g)
of g extends to an certain kind of automorphism of g, which we again denote by ϑ, called a pinned
automorphism. The pinned automorphisms represent the cosets of G in Aut(g) and the order of any
torsion element in Gϑ is divisible by the order f of ϑ. For a given pinned automorphism ϑ of g,
Kac defines a certain vector (b0, b1, . . . , bk) of positive integers. Here k is the number of ϑ-orbits on
the nodes of D(g). Then the G-conjugacy classes of elements in Gϑ of order m are parametrized by
vectors (s0, s1, . . . , sk) of nonnegative relatively prime integers si satisfying

f ·
k∑

i=0

bisi = m.
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For a more precise statement see Theorem 3.9. When ϑ = 1, the integers bi are the coefficients of the
highest root in g. For nontrivial ϑ, the bi’s are closely related to the coefficients of the highest short
root in the fixed-point subalgebra gϑ.

The desire for a classical treatment of torsion automorphisms arose from the work of Benedict
Gross and myself on adjoint gamma factors of discrete Langlands parameters, which involves the
characteristic polynomials of torsion automorphisms. Jean-Pierre Serre pointed us to Cartan’s paper,
which led to the approach to Kac’s classification presented here. Gross’ insights, predictions and
requests have helped form this paper, through many discussions and his careful reading of an earlier
version. In particular, Gross suggested that the inner case be treated in detail, before studying general
torsion automorphisms.

Throughout, I make frequent use Kostant’s theory of the principal PGL2, along with conjugacy
results of Segal and Steinberg, and give examples of some interesting torsion classes. For the classical
Lie algebras, the torsion automorphisms can be classified using linear algebra; see section 4, where
each simple Lie algebra is examined separately. I include some facts about centers and component
groups of centralizers that may not have appeared in the literature, and the last section gives a twisted
analogue (Prop. 5.1) of a result of Kostant on principal elements. These complements are used in [8].

2 Inner automorphisms
Reviewing Cartan’s classification [5] of inner automorphisms will serve to introduce some of the struc-
ture in what follows, and as a template for the general case. See [16] for an introduction, and [4] for
foundations of the theory of root systems as used below.

Some general notation: Z, Q, R, C are the integers, rational, real and complex numbers, respec-
tively. If π is a permutation of a set S then Sπ is the fixed-point set of π in S.

2.1 Basic structure
Let Aut(g) be the group of automorphisms of a simple complex Lie algebra g. The identity component
G = Aut(g)◦ is a simple complex algebraic group with trivial center and Lie algebra g. Let T ⊂ B
be a maximal torus and a Borel subgroup of G and let Φ be the set of roots of T in G, with positive
system Φ+ given by the roots in B and let ∆ = {α1, . . . , α`} ⊂ Φ+ be the corresponding simple roots,
where ` is the rank of G.

Since G has trivial center, ∆ is a Z-basis of the weight lattice X = X∗(T ) of algebraic homomor-
phisms T → C×. We let

〈 , 〉 : X × Y −→ Z

be the natural pairing between X = X∗(T ) and the coweight lattice Y = X∗(T ) of algebraic homo-
morphisms C× → T . Let {ω̌1, . . . , ω̌`} be the Z-basis of Y consisting of fundamental co-weights dual
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to ∆:

〈αi, ω̌j〉 =

{
1 if i = j

0 if i 6= j.
.

The Weyl group W = N/T , where N is the normalizer of T in G, acts on the real vector space

V = R⊗ Y

as a group generated by reflections r1, . . . r`, where ri fixes the hyperplane (αi = 0) pointwise. We
regard V as the Lie algebra of the maximal compact subtorus S ⊂ T , via the exponential map

exp : V → S,

which is a surjective group homomorphism defined by the property:

α(exp(x)) = e2πi〈α,x〉, for all α ∈ Φ,

where on the left side we view α as a character of T restricted to S and on the right side α is a linear
functional on V . Then

Y = ker exp = {x ∈ V : 〈α, x〉 ∈ Z ∀α ∈ Φ},

so exp induces an isomorphism
V/Y

∼−→ S.

2.2 Torsion elements in G

An element s ∈ G is semisimple if s acts diagonalizably on g. Any semisimple element is G-conjugate
to an element of T , and two elements of T are G-conjugate if and only if they are W conjugate. Thus,
the set of semisimple conjugacy-classes in G is in bijection with the set of W -orbits on T .

Any torsion element s ∈ G is semisimple and is G-conjugate to an element of S; we have s =
exp(x), for some x ∈ VQ := Q ⊗ Y . Our discussion so far shows that two elements x, x′ ∈ VQ give
G-conjugate elements exp(x) and exp(x′) if and only if x, x′ are conjugate under the affine Weyl group

W̃ := W n Y,

where Y acts on V by translations. This analysis by Cartan in [5, Part I] is perhaps the first appearance
of the affine Weyl group in the literature.

We must now study the action of W̃ on V . For each α ∈ Φ and n ∈ Z, the equation α = n defines
an affine root hyperplane in V . An alcove is a connected component of the set of points in V not lying
on any root hyperplane; the key fact [4, V.3.2] is that W̃ permutes the alcoves transitively.
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The basis ∆ detemines an alcove, as follows. Let α̃0 =
∑`

i=1 aiαi be the highest root with respect
to ∆ (here the ai are positive integers), let α0 be the affine linear function 1− α̃0 on V and set a0 = 1,
so that ∑̀

i=0

aiαi ≡ 1.

Then the alcove determined by ∆ is the intersection of half-spaces:

C = {x ∈ V : 〈αi, x〉 > 0 for 0 ≤ i ≤ `}.

It is convenient to set
ω̌0 = 0 ∈ V.

Then we can write the closure C̄ of C in barycentric coordinates as

C̄ =

{∑̀
i=0

xiω̌i : xi ≥ 0 and
∑̀
i=0

aixi = 1

}
.

Thus, C̄ is the convex hull of its vertices

vi := a−1
i ω̌i, for 0 ≤ i ≤ `.

Note that v0 = ω̌0 = 0 is one of the vertices of C̄.

Since W̃ is transitive on alcoves, the closure C̄ meets all W̃ -orbits in V . It follows that each torsion
element s ∈ G is conjugate to exp(x) for some x ∈ C̄ ∩ VQ. Moreover if x and x′ are in C̄ ∩ VQ, the
elements exp(x) and exp(x′) are G-conjugate if and only if x and x′ are conjugate under the subgroup

Ω := {ρ ∈ W̃ : ρ · C = C}

of W̃ stabilizing C. Pictures of C in the case ` = 2, along with fundamental domains for Ω in C, can
be found in [5, p.224]. See also section 2.4 below.

Let x = C̄ and suppose exp(x) is a torsion element of order m. Since exp(mx) = 1, there are
non-negative integers s1, . . . , s` such that

x =
1

m

∑̀
i=1

siω̌i.

Since

0 ≥ 〈α0, x〉 = 1− 1

m

∑̀
i=0

aisi,

4



we have another non-negative integer s0 := m−
∑`

i=1 aisi, so that s0, s1, . . . , s` satisfy the equation

∑̀
i=0

aisi = m. (1)

Since exp(x) has exact order m, it follows that s0, . . . , s` are relatively prime. We call the sequence
(s0, s1, . . . , s`) the Kac coordinates of s. They determine the action of s on g explicitly as follows. If
α =

∑`
i=1 ciαi ∈ Φ and we set c · s =

∑`
i=1 cisi, then s acts on the root space gα by the scalar ζc·s,

where ζ = exp(2π
√
−1/m). Two such elements s = exp(x) and s′ = exp(x′) are G-conjugate if and

only if their Kac coordinates (s0, . . . , s`) and (s′0, . . . , s
′
`) are conjugate under the permutation action

of Ω on {0, 1, . . . , `} induced by its action on the vertices of C. To visualize this action, it is convenient
to regard (s0, . . . , s`) as a labelling of the nodes of the extended Dynkin diagram D̃(g). These nodes
correspond to the vertices of C and and Ω acts on the labellings via symmetries of D̃(g). Thus, s and
s′ are G-conjugate if and only if their labellings of D̃(g) are conjugate under Ω.

For example if G = E6, the diagram D̃(e6) and the coefficients ai are given by

◦—-◦—-◦—-◦—-◦—
-◦—

-◦
1 2 3 2 1

2
1

and the group Ω is cyclic of order three, acting on D̃(e6) by rotations. There are four classes of elements
of order three, with Kac coordinates

1 1 0 0 0
0
0

1 0 0 1 0
0
0

1 0 0 0 0
1
0

0 0 1 0 0
0
0

.

Rotating each of first three labellings gives the Kac coordinates of a conjugate element.
To describe Ω in general, let Φ̌ denote the co-roots of T in G; they span a sublattice ZΦ̌ of finite

index in Y . The quotient Y/ZΦ̌ is the fundamental group of G. Each coset in Y/ZΦ̌ contains a unique
co-weight ω̌i which is a vertex of C; that is, we have vi = ω̌i and ai = 1. Such co-weights are called
minuscule. For each minuscule co-weight ω̌i there is a unique element ρi ∈ Ω such that ρi · v0 = vi.
This correspondence gives a group isomorphism Y/ZΦ̌ ' Ω, so we have

π1(G) ' Ω = {ρi : ai = 1}.

For more details, see [4, VI.2.3]. The minuscule vertices vi = ω̌i appear already in [5], where they are
denoted by O1, . . . , Oh−1.
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2.3 Centralizers
The centralizer CG(s) of a torsion element s ∈ G can be described in terms of the geometry of the
alcove C and the action on C by Ω. The closure C̄ is partitioned into a disjoint union of 2`+1−1 facets:

C̄ =
⋃
J

CJ ,

indexed by the proper subsets J ( {0, . . . , `}. The facet CJ consists of the points x ∈ C̄ such that
〈αi, x〉 = 0 for i ∈ J and 〈αi, x〉 > 0 for i /∈ J . For example, C∅ = C and for J = {0, . . . , `} − {i}
we have CJ = {vi}. Let ΦJ be the set of roots in Φ which are constant on CJ . Then ΦJ is a root
subsystem of Φ of rank |J |, with basis ∆J := {αj : j ∈ J}. If x ∈ CJ ∩ VQ, the Kac coordinates
(s0, . . . , s`) of the torsion automorphism s = exp(x) have sj = 0 if and only if j ∈ J .

The subalgebra gs of vectors in g fixed by s is reductive, and depends only on J . Namely,

gs = t⊕
∑
α∈ΦJ

gα. (2)

The (unextended) Dynkin diagram D(gs) of gs is the subgraph of D̃(g) supported on J .
The identity component CG(s)◦ of CG(s) is determined by gs, hence it too depends only on J .

Explicitly, the root datum of CG(s)◦ is that of G but with the roots Φ and co-roots Φ̌ replaced by the
roots ΦJ and the co-roots Φ̌J = {α̌ : α ∈ ΦJ}, respectively.

However, the component group As of CG(s) is more sensitive: it depends on the actual point
x ∈ CJ . For example, if g = sln then V is the set of vectors in Rn whose coordinates sum to zero.
The simple roots αi = xi − xi+1 define the alcove

C = {(x1, . . . , xn) ∈ V : xn + 1 > x1 > x2 > · · · > xn}.

There is an open dense subset U ⊂ C for which CG(s) = T when s ∈ exp(U). On the other hand,
at the barycenter x̄ := 1

2n
(n − 1, n − 3, . . . , 3 − n, 1 − n) of C, the element s̄ = exp x̄ has order n

and has Kac coordinates (1, 1, . . . , 1). The centralizer CG(s̄) of s̄ in G = PGLn(C) is a semidirect
product T o 〈σ〉, where σ ∈ N is a lift of a Coxeter element in w ∈ W and has order n. Since it is
the barycenter of C, the point x̄ is fixed by the group Ω which is also cyclic of order n, generated by
the affine transformation ρ1 : (x1, x2, . . . , xn) 7→

(
xn + 1− 1

n
, x1 − 1

n
, x2 − 1

n
, . . . , xn−1 − 1

n

)
and

we can take w to be the projection of ρ1 to W . This example is generalized in the next section.

The relation between As and the geometry of C is governed by the alcove-stabilizer Ω, as follows.

Proposition 2.1 For s = exp(x) with x ∈ C̄, the component group As of CG(s) is isomorphic to the
stabilizer Ωx = {ρ ∈ Ω : ρ · x = x}.

6



Proof: Let W̃x = {w ∈ W̃ : w · x = x} be the stabilizer of x in W̃ . By [4, V, Prop. 4] the subgroup
W̃ ◦

x < W̃x generated by reflections about hyperplanes through x is finite. By [4, V, Thms. 1,2], W̃ ◦
x

acts simply-transitively on the set of alcoves containing x in their closure. It follows that W̃x is also
finite and decomposes as

W̃x = Ωx n W̃ ◦
x . (3)

On the other hand, let Ws be the stabilizer of s in W . The projection π : W̃ → W sends W̃x to Ws.
Since W̃x is finite and Y is torsion-free, the map π is injective on W̃x. If w · s = s, then w · x ∈ x + Y ,
so there is y ∈ Y such that tyw · x = x. It follows that π restricts to an isomorphism W̃x

∼→ Ws.
The image π(W̃ ◦

x ) is the subgroup W ◦
s ⊂ Ws generated by reflections for the roots in Φ+

s := {α ∈
Φ+ : α(s) = 1}. Hence π induces an isomorphism

Ωx
∼→ Ws/W

◦
s . (4)

The group CG(s)◦ is reductive, with maximal torus T and Borel subgroup Bs = B ∩ CG(s). Put

Ns = N ∩ CG(s) and N◦
s = N ∩ CG(s)◦.

Then W ◦
s = N◦

s /T is the Weyl group of T in CG(s)◦ [6, 3.5] and

Ws/W
◦
s ' Ns/N

◦
s . (5)

Since CG(s)◦ acts transitively on its of Borel subgroups and N◦
s acts transitively on the Borel subgroups

of CG(s)◦ containing T , it follows that the inclusion Ns ↪→ CG(s) gives an isomorphism

Ns/N
◦
s ' As. (6)

Combining equations (4), (5) and (6), we get Ωx ' As, as claimed. Finally, since we have seen that Ω
is abelian, it follows that As is abelian. �

In the example for G = E6 in section 2.2, the first three classes have trivial stabilizer in Ω, hence
have connected centralizer in G, while the centralizer of

s =
0 0 1 0 0

0
0

has three components.

Remarks: Recall that we can identify Ω with the fundamental group π1(G) of G. From this point
of view, the embedding As ↪→ π1(G) can be seen as follows. Let G′ → G be the simply-connected
covering of G, with kernel π1(G). Choose a lift g′ ∈ G′ of every every element g ∈ CG(s). Then the
commutator g 7→ [g′, s′] induces a well-defined homomorphism As → π1(G) which is injective, since
the centralizer of s′ in G′ is connected [18, 8.1]. The projection of Ω into W is the subgroup Γ of W
preserving the set ∆̃ = {−α̃0, α1, . . . , α`} and Ωx projects isomorphically onto the subgroup Γs of Γ
preserving the base ∆̃ ∩ Φs of Φs. This group Γs is a complement to W ◦

s in Ws.
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2.4 Kac coordinates of Principal Elements
There is a unique conjugacy class of algebraic subgroups G0 < G which are isomorphic to PGL2,
with the property that if T0 < B0 are a maximal torus in a Borel subgroup of G0 then there is a unique
maximal torus in a Borel subgroup T < B of G such that T0 < T and B0 < B. Such a subgroup G0 is
called a Principal PGL2 in G. In this section we study the Kac coordinates of those torsion elements
of G which are contained in a principal PGL2.

Fix G0, T0, B0 as above. In the line V0 := R⊗X∗(T0) we have the alcove

C0 = {rρ̌ : 0 < r < 1} ⊂ V0.

The simple roots α1, . . . , α` of T in B each restrict to the simple root α of T0 in B0. In fact, T0 is
the closed subgroup of T defined by the equations α1 = α2 = · · · = α`. Let ρ̌ ∈ X∗(T0) be the
fundamental coweight, so that 〈αi, ρ̌〉 = 〈α, ρ̌〉 = 1 for 1 ≤ i ≤ `. Then ρ̌ = ω̌1 + · · · + ω̌` and V0 is
the line Rρ̌ in V . However, only part of C0 is contained in C. Indeed, since the Coxeter number h of
G [4, VI.1.11] satisfies the equation

h =
∑̀
i=0

ai (7)

we have

〈α0, rρ̌〉 = 1− r
∑̀
i=1

ai = 1− r(h− 1).

It follows that rρ̌ ∈ C̄ if and only if r ≤ (h− 1)−1.
Suppose s = exp(rρ̌) ∈ G0 has finite order m > 1. Then r = n/m for relatively prime positive

integers n < m. For 1 ≤ i ≤ ` we then have

αi(s) = α(s) = exp(2πr
√
−1).

If r ≤ (h− 1)−1, so that rρ̌ ∈ C, the Kac coordinates of s are obtained as follows: Since

rρ̌ =
1

m

∑̀
i=1

nω̌i,

we have s1 = s2 = · · · = s` = n. Then

m = s0 +
∑̀
i=1

n · ai = s0 + n(h− 1).
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Hence the Kac coordinates of s = exp(rρ̌) are

(n− nh + m,n, n, . . . , n), where r =
n

m
≤ 1

h− 1
. (8)

The element s is regular in G if and only if r < 1/(h − 1). For this inequality to hold, we must then
have m ≥ h.

If m = h then n = 1 and s is Kostant’s principal element, with Kac coordinates (1, 1, . . . , 1),
having the smallest possible order h of a regular torsion element in G [13]. We have s̄ = exp(x̄),
where x̄ = ρ̌/h is the unique point in the alcove C at which all simple affine roots take the same value,
namely 1/h (cf. [13, 8.6]). Kostant’s principal elements appeared in section 2.3 for G = PGLn. For a
twisted analogue of them, see section 5.1 below.

If we continue on the path rρ̌ for r > 1/(h − 1), the Kac coordinates become less obvious than
those of (8). We need only go up to r = 1/2, since every torsion element of G0 is conjugate to some
exp(rρ̌) for rational r ∈ [0, 1/2]. As we exit C at r = 1/(h − 1) and proceed, we enter new alcoves,
creating segments in each alcove. Each of these segments is W̃ ◦-conjugate to a unique segment in C̄.
The resulting collection of segments in C̄ forms the path P of a billiard ball with initial direction from
0 to ρ̌. Pictures for SO5 and G2 are shown below.
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SO5

(111)

(011)

(101)

(110)

(010)

= ω̌2(001)
1
2
ρ̌

2
3
ρ̌

ω̌1

ω̌0 (α0 + 2α1 + α2 ≡ 1)

ρ̌

α
0 =

0

α
0 =

1

α
1

=
0

α
1

=
1

α 2
=

0

α 2
=

1

(001)

G2

(111)

(011) = 1
5
ρ̌

(101)

(110)

(201)

(010)

1
2
ρ̌

2
5
ρ̌

1
3
ρ̌

1
4
ρ̌

ω̌2

ω̌1

ω̌0 (α0 + 2α1 + 3α2 ≡ 1)

α
0 =

0

α
0 =

1

α
1

=
0

α
1

=
1

α 2
=

0

α 2
=

1

In the picture for SO5 we have continued out to ρ̌, to show how the symmetry rρ̌ ↔ (1 − r)ρ̌ by
conjugation in G0 is transformed into the nontrivial symmetry of the alcove C.
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2.5 Kac coordinates and elliptic regular elements in the Weyl group of E8

An element w ∈ W is elliptic if tw = 0, or equivalently, if Tw is finite. In this case, the map 1 − w :
T → T is surjective, which implies that the conjugation action of T on wT is transitive. Hence all lifts
of w in N are conjugate, and it makes sense to ask for their Kac coordinates.

We say that w is regular if w has a regular eigenvector in t. If w is both regular and elliptic, then any
lift σ ∈ wT has the same order as w. This follows from Springer’s classification of regular elements in
[17].

For example, a Coxeter element is elliptic and regular. Kostant showed that in this case, σ is a
Kostant principal element, hence has Kac coordinates si = 1 for all i, as we saw in the previous
example. We can extend Kostant’s method to other elliptic regular elements w, as follows.

Let σ ∈ wT and let m be the common order of w and σ. The existence of a regular eigenvector
for w implies that 〈w〉 permutes the roots in Φ in orbits of size m [17, Prop.4.1]. Let S be a set of
representatives for the 〈w〉-orbits on Φ. For each α ∈ S choose a root vector Eα ∈ gα and let

Zα := Eα + σ · Eα + · · ·+ σm−1 · Eα.

Since tw = 0, the set {Zα : α ∈ S} is a basis of gσ, and we have

dim gσ = |S| = |Φ|
m

. (9)

On the other hand, one can tabulate the Kac coordinates (si) with
∑`

i=0 aisi = m and compute the
dimension of the centralizer in each case, using (2).

Let us try this for E8, where |Φ| = 240 and there is exactly one elliptic regular class in W for
each order m ∈ {2, 3, 4, 5, 6, 8, 10, 12, 15, 20, 24, 30}. These are precisely the non-identity classes in
W with irreducible minimal polynomials (cf. [14]). For each of these m, a search through all possible
Kac coordinates shows that

dim gτ ≥ 240

m
,

for every τ ∈ G of order m, with equality for a unique class of τ ’s, which must then be the class of a
lift σ ∈ wT , by equation (9). Thus, we can find the Kac coordinates of σ by minimizing dim gτ .

We observe that if we omit s0 from the Kac coordinates of σ and double the remaining si’s, we
obtain the weighted Dynkin diagram of some embedding ϕ : PGL2 ↪→ G (see [6] for background).
This means that σ lies in this ϕ(PGL2), just as the Kostant principal element is contained in the
principal PGL2 . The results are tabulated below, using Carter’s notations [7] and [6] for Weyl group
elements and embeddings ϕ : PGL2 ↪→ G, respectively. The first four lines of this table can be found
in [17, 9.11,2].
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Class of m = |w| dim gσ Kac Coordinates Class of
w ∈ W = |σ| of σ PGL2 ↪→ G

E8 30 8
1 1 1 1 1 1 1 1

1
E8

E8(a1) 24 10
1 1 1 1 1 0 1 1

1
E8(a1)

E8(a2) 20 12
1 1 1 0 1 0 1 1

1
E8(a2)

E8(a5) 15 16
1 1 0 1 0 1 0 1

0
E8(a4)

E8(a3) 12 20
1 0 1 0 0 1 0 1

0
E8(a5)

E8(a6) 10 24
1 0 1 0 0 1 0 0

0
E8(a6)

D8(a3) 8 30
0 1 0 0 0 1 0 0

0
E8(b6)

E8(a8) 6 40
1 0 0 0 1 0 0 0

0
E8(a7)

A2
4 5 48

0 0 0 0 1 0 0 0
0

E8(a7)

D4(a1)
2 4 60

0 0 0 1 0 0 0 0
0

A4 + A2

A4
2 3 80

0 0 0 0 0 0 0 0
1

D4(a1) + A2

A8
1 2 120

0 0 0 0 0 0 0 1
0

2A2

3 Semisimple Automorphisms
We now extend Cartan’s analysis of inner automorphisms to all torsion automorphisms of g. Recall
that we have fixed a maximal torus and Borel subgroup T ⊂ B in G = Aut(g)◦, and ∆ = {α1, . . . , α`}
is the set of simple roots of T in B.

3.1 Pinned Automorphisms
Choose a nonzero vector Xi in the root space gαi

, for 1 ≤ i ≤ `. The triple

E = (T, B, {Xi}`
i=1)
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is called a pinning (Fr. épinglage) and automorphisms of g normalizing T,B and permuting {Xi}
are called pinned automorphisms. The group Aut(g, E) of pinned automorphisms is finite and is a
complement to G in Aut(g):

Aut(g) = Aut(g, E) n G. (10)

A pinned automorphism can be viewed as a permutation of {1, . . . , `} which gives a symmetry of the
Dynkin graph D(g) of g. Conversely, for any permutation π of {1, . . . , `} giving a symmetry of D(g)
there is a unique pinned automorphism ϑ ∈ Aut(g, E) such that ϑXi = Xπi for all i. More precisely,
For each i there exists Yi ∈ g−αi

, such that the Lie algebra g is generated by {Xi, Yi : 1 ≤ i ≤ `} and

ϑXi = Xπi, ϑYi = Yπi.

Thus, Aut(g, E) is isomorphic to the symmetry group of D(g), hence has order six when g has type
D4, order two in types An, Dn(n ≥ 5) and E6, and is trivial otherwise. The nontrivial pinned automor-
phisms and their fixed-point subalgebras are tabulated as follows.

Type g D(g) f = |ϑ| D(gϑ) gϑ

2A2n sl2n+1 ◦—-◦—- · · · ◦—-◦—-◦—-◦ · · ·—-◦—-◦ 2 ◦—-◦—- · · ·—-◦=⇒◦ so2n+1

n ≥ 1
2A2n−1 sl2n ◦—-◦—- · · · ◦—-◦—-◦ · · ·—-◦—-◦ 2 ◦—-◦—- · · ·—-◦⇐=◦ sp2n

n ≥ 2

2Dn+1 so2n+2
◦—-◦– · · · – ◦—-◦—

-◦ 2 ◦—-◦—- · · ·—-◦=⇒◦ so2n+1

3D4 so8
◦—-◦—-◦—

-◦ 3 ◦W◦ g2

2E6 e6
◦—-◦—-◦—-◦—-◦—

-◦ 2 ◦—-◦⇐=◦—-◦ f4

Fix now a pinned automorphism ϑ ∈ Aut(g, E) of order f and denote also by ϑ the permutation of
{1, . . . , `} which it induces. We have f ∈ {1, 2, 3} and f = 1 reduces to the inner case treated above.
Let I be the set of orbits in {1, . . . , `} under ϑ. The fixed-point algebra gϑ is simple and is generated
by the elements

Xι =
∑
i∈ι

Xi, Yι =
∑
i∈ι

Yi, for ι ∈ I

(see [9, X.5].)

Lemma 3.1 If ϑ is a nontrivial pinned automorphism of g then the fixed-point group Gϑ is connected
and is equal to the full automorphism group Aut(gϑ).
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Proof: Let G′ → G be the simply-connected covering of G with kernel Z ′ = π1(G) and let T ′ be the
pre-image of T in G′. The set M = {ωi : ai = 1} of minuscule weights of T ′ restricts bijectively to
the character group of Z ′, so that the ϑ-invariant elements of M are the characters of Z ′/(1− ϑ)Z ′. It
follows that the map

Z ′/(1− ϑ)Z ′ → T ′/(1− ϑ)T ′

induced by the inclusion Z ′ ↪→ T ′ is injective. The connectedness of Gϑ now follows from [18,
9.3,9.5].

Since X1 + · · ·+ X` is a regular nilpotent element in g contained in gϑ, there is a principal PGL2

in G contained in Gϑ. It follows that T ϑ contains regular elements in G. Since the centralizer of a
principal PGL2 in G is trivial, it follows that Gϑ has trivial center.

The nodes of the Dynkin graph D(gϑ) correspond to the ϑ-orbits on {1, . . . , `} and from the table
above, we see thatD(gϑ) has trivial symmetry group. Hence Aut(gϑ) is connected and Gϑ = Aut(gϑ).

�

3.2 Conjugacy results
Lemma 3.2 Every semisimple automorphism σ of g is G-congugate to one of the form ϑs, where
ϑ ∈ Aut(g, E) and and s ∈ T ϑ.

Proof: From [18, Thm 7.5], σ preserves a Borel subgroup of G and a maximal torus therein. Replacing
σ by a G-conjugate, we may assume that these are B and T , respectively. Let ϑ be the projection of σ
in Aut(g, E) according to (10). So σ = ϑs′, for some s′ ∈ G. Since ϑ preserves T,B, the element s′

normalizes T,B. Hence s′ projects to an element w of the Weyl group of T which preserves the set of
simple roots ∆ determined by B. This means w = 1, so s′ ∈ T .

Let p : T ϑ → T/(1− ϑ)T be the restriction to T ϑ of the natural projection T → T/(1− ϑ)T . The
kernel

ker p = T ϑ ∩ (1− ϑ)T

is finite. Indeed, if f is the order of ϑ then the mapping t 7→ t ·ϑ(t) · · ·ϑf−1(t) sends (1−ϑ)T to 1 and
sends every element of T ϑ to its f th power. It follows that ker p is contained in the f -torsion subgroup
of T , hence ker p is finite of order dividing f `. Since T ϑ and T/(1− ϑ)T have the same dimension, it
follows that p is surjective. Hence there is t ∈ T such that

ϑ−1(t)s′t−1 ∈ T ϑ.

Conjugating in Aut(g), we have

tσt−1 = tϑs′t−1 = ϑ · ϑ−1(t)s′t−1 ∈ ϑT ϑ,

14



as claimed. �

We next determine when two torsion automorphisms in ϑT ϑ are G-conjugate. We want to invoke
a result of Segal [15, I.3], which generalizes to disconnected Lie groups the classical theorem of con-
jugacy of maximal tori. Segal’s proof is a variant of Weil’s proof of the classical result, using the
Lefschetz fixed-point formula for compact Riemannian manifolds. Therefore we temporarily move to
the compact setting. Let K be a ϑ-stable maximal compact subgroup of G containing S [9, X.5.2].

Lemma 3.3 If σ, τ ∈ ϑK are G-conjugate then they are K-conjugate.

Proof: The proof that follows is a slight modification of that in [1, 24.7 Prop. 2].
First suppose that H is a group, L is a subgroup of H and M ⊂ H is a system of coset representa-

tives for H/L which is stable under conjugation by L. One checks that for any m ∈ M , the intersection
mLm−1 ∩ L is centralized by m.

Now, since K is a maximal compact subgroup of G, there is a subset M ⊂ G of coset representa-
tives for G/K, stable under conjugation by K (see [1, 24.7 (ii)]. Let

G̃ = 〈ϑ〉G, M̃ = 〈ϑ〉M, K̃ = 〈ϑ〉K.

Then G̃ = M̃K and M̃ is a system of coset representatives for G̃/K which is stable under conjugation
by K.

Now suppose σ, τ ∈ ϑK and g ∈ G are such that τ = gσg−1. Write g = mk with m ∈ M and
k ∈ K. Then

τ ∈ gK̃g−1 ∩ K̃ = mK̃m−1 ∩ K̃,

and m ∈ M ⊂ M̃ , so m centralizes τ . Hence τ = gσg−1 = kσk−1, as desired. �

If σ = ϑs and τ = ϑt are G-conjugate torsion elements in ϑT ϑ then s and t are also torsion, since
they are fixed by ϑ, which is torsion. Hence s and t belong to the maximal compact subtorus S of T .
Let S̃ = 〈ϑ〉S and let NK(S̃) be the group of elements in K which normalize S̃.

Lemma 3.4 If σ, τ ∈ ϑSϑ are G-conjugate, then they are conjugate under NK(S̃).

Proof: By Lemma 3.3, there is k ∈ K such that τ = k−1σk. Then σ ∈ S̃ ∩ kS̃k−1. Let K̃ = 〈ϑ〉K
be as in the proof of Lemma 3.3. By [15, Prop. I.6], there is an element h ∈ CK̃(σ) such that
hS̃h−1 = kS̃k−1. But since ϑ fixes σ we have CK̃(σ) = 〈ϑ〉 · CK(σ), and since ϑ preserves S̃ we
may take h ∈ CK(σ). Hence the element n := h−1k belongs NK(S̃) and we have σ = kτk−1 =
(h−1k)τ(h−1k)−1 = nτn−1, as claimed. �

We identify NK(S)/S = N/T = W . Any element n ∈ NK(S̃) must normalize both S and
ϑS. Given that n ∈ NK(S), then n normalizes ϑS exactly when the coset nS belongs to the ϑ-fixed
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subgroup W ϑ. By [18, (8.2)(5)], every element of W ϑ can be represented in Nϑ. Hence n ∈ Nϑ · T .
This proves that

NK(S̃) ⊂ Nϑ · T.

The action of Nϑ on ϑS factors through W ϑ and from the polar decomposition T = S × H , where
H ' (R×

>0)
`, it follows that the groups W ϑ n T and W ϑ n S have the same orbits on ϑS. We have

proved:

Lemma 3.5 If σ, τ ∈ ϑSϑ are G-conjugate, they are conjugate under the action of W ϑ n S on ϑS.

To study S-conjugacy on ϑSϑ, we linearize as follows. The pinned automorphism ϑ permutes the
basis {ω̌i} of Y . Let

Pϑ = f−1(1 + ϑ + · · ·+ ϑf−1) ∈ End(V )

be the projection onto V ϑ and set
Yϑ = PϑY.

Then Yϑ is a lattice in V ϑ.

Lemma 3.6 Let x, x′ ∈ V ϑ. Then ϑ exp(x) and ϑ exp(x′) are S-conjugate if and only if x− x′ ∈ Yϑ.

Proof: A straightforward calculation shows that

exp(−v) · ϑ exp(x) · exp(v) = ϑ exp(x′)

for some v ∈ V if and only if
x− x′ ∈ [(1− ϑ)V + Y ] ∩ V ϑ.

We show that
[(1− ϑ)V + Y ] ∩ V ϑ = Yϑ. (11)

Since Pϑ kills (1 − ϑ)V and is the identity map on V ϑ, the left side of (11) is contained in the right
side. The reverse containment follows from the fact that the polynomial

p(x) = f−1(1 + x + x2 + · · ·+ xf−1)

satisfies the differential equation p(x) = (1− x)p′(x) + xf−1. �

The W ϑ-action on V ϑ extends to an affine action of the group

W̃ϑ := W ϑ n Yϑ,

where y ∈ Yϑ acts by the translation ty : x 7→ x + y. Lemmas 3.5 and 3.6 combine to yield
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Lemma 3.7 Let x, x′ ∈ V ϑ. Then ϑ exp(x) and ϑ exp(x′) are G-conjugate if and only if x and x′

belong to the same W̃ϑ-orbit on V ϑ.

Since exp(x) is torsion if and only if x ∈ VQ := Q⊗ Y , Lemma 3.7 implies

Corollary 3.8 The map x 7→ ϑ exp(x) induces a bijection between the set of W̃ϑ-orbits on V ϑ
Q and the

set of G-conjugacy classes of torsion elements in ϑG.

3.3 A fundamental domain for W̃ϑ in V ϑ and Kac coordinates
We shall use the geometry of the W̃ϑ-action on V ϑ to recover Kac’s parametrization of the G-conjugacy
classes of torsion elements in ϑG. Throughout this section it may help the reader look ahead at Table
1 and section 4, where the individual cases are treated in detail.

Recall that I denotes the set of orbits in {1, . . . , `} under the permutation induced by the action of
ϑ on the set ∆ = {α1, . . . , α`} of simple roots. For ι ∈ I , let wι be the be the unique element in the
subgroup of W generated by the reflections {ri : i ∈ ι} such that {wιαi : i ∈ ι} = {−αi : i ∈ ι}.
Then W ϑ is a Coxeter group with generators {wι : ι ∈ I} and V ϑ is the reflection representation of
W ϑ (see [18]). The lattice Yϑ has the Z-basis {µ̌ι : ι ∈ I}, where µ̌ι = Pϑ(ω̌i) for any i ∈ ι. That is,

µ̌ι =
1

|ι|
∑
i∈ι

ω̌i,

where |ι| denotes the cardinality of the ϑ-orbit ι. The action of W̃ϑ on V ϑ is generated by the reflections
wι and the translations by µ̌ι. A fundamental domain is contained in an alcove defined by hyperplanes
from a root system Φϑ which is defined as follows. Say that two roots α, β in Φ are ϑ-equivalent if
their restrictions ᾱ and β̄ to V ϑ are positively proportional: ᾱ = rβ̄ for some r > 0. A ϑ-equivalence
class a ⊂ Φ can have one of two types:

I. a = {α, ϑα, . . . } is a ϑ-orbit consisting of mutually orthogonal roots;

II. a = {α, ϑα, α + ϑα}, occurring only in type 2A2n.

Let Φ/ϑ denote the set of ϑ-equivalence classes of roots in Φ. For each a ∈ Φ/ϑ, set

γa :=
∑
α∈a

ᾱ.

If we choose α ∈ a as in the definitions of types I and II, i.e., so that ᾱ is not twice the restriction of
another root in a, and set βa = ᾱ, then γa = faβa, where

fa =

{
|a| in type I
4 in type II.
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Given a ϑ-orbit ι ∈ I , let aι ∈ Φ/ϑ denote the unique ϑ-equivalence class containing ι, and set

γι := γaι , fι := faι .

We obtain a reduced root system

Φϑ := {γa : a ∈ Φ/ϑ}, with base ∆ϑ := {γι : ι ∈ I}.

Note that 〈γι, µ̌ι′〉 = 0 if ι 6= ι′ and that

〈γι, µ̌ι〉 =
fι

|ι|
=

{
1 if aι has type I
2 if aι has type II.

(12)

The equations γa = n, for γa ∈ Φϑ and n ∈ Z, give hyperplanes in V ϑ and the complement of all
these hyperplanes is a union of alcoves which are permuted transitively by the group W̃ϑ = W ϑ n Yϑ.
Outside of 2A2n this follows from (12), which shows that the µ̌ι are the fundamental weights for ∆ϑ.
For 2A2n see section 4.1.

Let γ̃0 be the highest root of Φϑ with respect to the base ∆ϑ. We obtain positive integers cι, for
ι ∈ I , defined as

γ̃0 =
∑
ι∈I

cιγι.

The integers cι are found in Table 1 below. As in the untwisted case, we set

Ĩ := {0} ∪ I, γ0 := 1− γ̃0, c0 = 1,

so that ∑
ι∈Ĩ

cιγι ≡ 1

on V ϑ. The simple affine roots {γι : ι ∈ Ĩ} determine the alcove

Cϑ := {x ∈ V ϑ : 〈γι, x〉 > 0 ∀ι ∈ Ĩ}.

Note that Cϑ is not equal to C ∩ V ϑ, in general. The set of vertices of Cϑ is {vι : ι ∈ Ĩ}, where

v0 = µ̌0 = 0 and vι = 〈γ̃0, µ̌ι〉−1µ̌ι, for ι ∈ I.

A point x ∈ C̄ϑ may be uniquely expressed in barycentric coordinates as

x =
∑
ι∈Ĩ

xιvι, with
∑
ι∈Ĩ

xι = 1 and xι ≥ 0 ∀ ι ∈ Ĩ .
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As in case ϑ = 1, any point in V ϑ is W̃ϑ-conjugate to a point in C̄ϑ and two points in C̄ϑ are conjugate
under W̃ϑ if and only if they are conjugate under the alcove-stabilizer

Ωϑ := {ρ ∈ W̃ϑ : ρ · Cϑ = Cϑ}.

The action of each element ρ ∈ Ωϑ on Cϑ is given in barycentric coordinates as a permutation of Ĩ , via
the action of ρ on the vertices of Cϑ.

We recover the Kac-classification by taking a closer look at the vertices vι = 〈γ̃0, µ̌ι〉−1µ̌ι. From
(12), we have

〈γ̃0, µ̌ι〉 =
fιcι

|ι|
. (13)

I claim that
f divides fιcι for all ι ∈ I. (14)

This is clear if f = |ι|. Otherwise, we are not in type 2A2n and since f is a prime, the orbit ι = {i} is a
singleton. Being the highest root of Φϑ, γ̃0 is a long root, hence it is the sum of a ϑ-equivalence class
(in fact a ϑ-orbit) a0 = {α1, · · · , αf} of cardinality f . From (13) we have

fιcι = 〈γ̃0, µ̌ι〉 = 〈α1 + · · ·+ αf , ω̌i〉 = f〈α1, ω̌i〉,

which is divisible by f , as claimed. If we set

f0 = f,

then (14) also holds for ι = 0. Thus, we have integers

bι :=
fιcι

f
for ι ∈ Ĩ , with b0 = 1. (15)

We can now state the Kac classification of torsion elements in ϑG.

Theorem 3.9 The G-conjugacy classes of torsion elements in ϑG are classified as follows.

1. Every torsion element in ϑG is G-conjugate to one of the form σ = ϑ exp(x), where x ∈ C̄ϑ∩VQ.

2. There are relatively prime integers sι, indexed by ι ∈ Ĩ , such that the expression of x in barycen-
tric coordinates is given by

x =
f

m
·
∑
ι∈Ĩ

bιsιvι

and the order m of σ is given by
m = f ·

∑
ι∈Ĩ

bιsι.
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3. Two torsion automorphisms σ, σ′, with coordinates (sι) and (s′ι), are G-conjugate if and only if
there is a permutation ρ of Ĩ arising from Ωϑ such that s′ι = sρι for all ι ∈ Ĩ .

Proof: The assertions in parts 1 and 3 are immediate from the above discussion and Corollary 3.8.
Since exp(x) and ϑ commute, the order m of σ = ϑ exp(x) is divisible by f and we have exp(mx) = 1.
Hence there are integers s1, s2, . . . , s` such that

x =
1

m

∑̀
i=1

siω̌i.

Since x is ϑ-fixed, each si depends only on the ϑ-orbit ι containing i; we write sι := si for i ∈ ι, and
we have

x =
1

m

∑
ι∈I

|ι|sιµ̌ι. (16)

Since x ∈ C̄ϑ, we have

1 ≥ 〈γ̃0, x〉 =
1

m

∑
ι∈I

sι|ι|〈γ̃0, µ̌ι〉 =
1

m

∑
ι∈I

sιcιfι =
f

m

∑
ι∈I

bιsι.

We define a nonnegative integer s0 by

s0 =
m

f
−

∑
ι∈I

bιsι,

so that
f ·

∑
ι∈Ĩ

bιsι = m.

If d divides sι for all ι ∈ Ĩ , then d divides m/f , so f divides m/d and we have

ϑm/d = 1 = exp
(m

d
x
)

,

implying that σm/d = 1. Therefore d = 1 and the integers sι are relatively prime.
From (16) and (13), the integers (sι) are related to the barycentric coordinates (xι) of x by

|ι|sι

m
=

xι

〈γ̃0, µι〉
=
|ι|xι

cιfι

=
|ι|xι

fbι

,

or
xι =

f

m
· bιsι.

This shows that all sι are nonnegative and completes the proof of part 2. �

Remark: The integers (sι)ι∈Ĩ are the Kac coordinates of σ (cf. [11, Thm 8.5]). The integers bι are the
labels of Kac’s twisted affine diagrams, as we will see in the next section.
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3.4 Fixed-point subalgebras
In this section we determine the subalgebra gσ fixed by a torsion automorphism σ ∈ ϑG, in terms
of the geometry of the alcove Cϑ. The first step is to compute the matrix of ϑ acting on g. For each
ϑ-equivalence class a ∈ Φ/ϑ, the direct sum

ga =
∑
α∈a

gα

is preserved by ϑ, the root spaces being permuted. I claim that if a = {α, ϑα, . . . } has type I, then ϑ
acts on ga via the permutation matrix of an fa-cycle. If fa > 1, and we choose any nonzero Xα ∈ gα,
then {Xα, ϑXα, . . . } is a basis of ga permuted by ϑ. If a = {α} has type I with fa = 1 then we can
find w ∈ W ϑ and ι ∈ I such that α = wβ, where β ∈ ∆. By [18] we can choose a lift n ∈ Nϑ of w so
that Ad(n) : gβ → gα is ϑ-equivariant. By definition, the pinned automorphism ϑ fixes gβ pointwise,
so ϑ also fixes gα pointwise, as claimed.

If a = {α, ϑα, α + ϑα} has type II, and we again choose any nonzero Xα ∈ gα, then
(Xα, ϑXα, [Xα, ϑXα]) is an ordered basis of ga on which ϑ has matrix0 1 0

1 0 0
0 0 −1

 .

Now let σ = ϑs, where s ∈ T ϑ. The characteristic polynomial of σ on ga is given as follows. Recall
from the previous section that we defined βa to be the shortest restriction to V ϑ of a root in a, and that
we have

γa = faβa.

Our matrix calculations show that

det(t− σ|ga) =

{
tfa − βa(s)

fa if a has type I
(t2 − βa(s)

2)(t + βa(s)
2) if a has type II.

(17)

In all cases, the roots of det(t− σ|ga) are distinct and we have

det(1− σ|ga) = 1− βa(s)
fa = 1− γa(s).

If s = exp(x) with x ∈ V ϑ this means that

dim gσ
a =

{
1 if 〈γa, x〉 ∈ Z,

0 if 〈γa, x〉 /∈ Z.
(18)

21



Thus, the integrality of 〈γa, x〉 determines when gσ
a is nonzero. However, the root γa is not the character

of T ϑ on gσ
a . Indeed, if 〈γa, x〉 ∈ Z, the matrix calculations above show that the line gσ

a affords the
character βa or 2βa, the latter occuring iff a has type II and 〈γa, x〉 is odd.

Ss we saw for ϑ = 1, the closure

C̄ϑ = {x ∈ V ϑ : γι ≥ 0 ∀ι ∈ Ĩ}

is partitioned into a disjoint union of 2|Ĩ| − 1 facets:

C̄ϑ =
⋃
J(Ĩ

CJ
ϑ ,

indexed by the subsets J ⊂ Ĩ with J 6= Ĩ . The facet CJ
ϑ consists of the points x ∈ C̄ϑ such that

〈γι, x〉 = 0 for ι ∈ J and 〈γι, x〉 > 0 for ι ∈ Ĩ − J . For x ∈ C̄ϑ, with σ = ϑ exp(x) equation (18)
shows that gσ depends only on the facet J containing x. Since 〈γa, x〉 ∈ Z iff 〈γa, x〉 ∈ {−1, 0, 1}, we
have proved:

Proposition 3.10 If x ∈ CJ
ϑ and σ = ϑ exp(x), then we have the root-space decomposition

gσ = tϑ ⊕
∑

a

gσ
a ,

where the sum is over those ϑ-equivalence classes a ∈ Φ/ϑ for which 〈γa, x〉 ∈ {−1, 0, 1}. Each such
gσ

a is a one-dimensional eigenspace for T ϑ, affording either the root βa or 2βa, the latter occuring if
and only if a has type II and 〈γa, x〉 = ±1.

The root 2βa appears only in the case 2A2n; for more details in this case see section 4.1.

If x = 0, Prop. 3.10 says that gϑ has root system

Φ̂ϑ := {βa : a ∈ Φ/ϑ}, with base ∆̂ϑ := {βι : ι ∈ I},

where βι = f−1
ι γι. If we set β̃0 = f−1γ̃0, then

β̃0 =
∑
ι∈I

bιβι, (19)

where the integers bι = cιfι/f are the ones previously arrived at in (15). For (G, ϑ) not of type 2A2n,
the root β̃0 is the highest short root of Φ̂ϑ. For 2A2n, β̃0 is twice the highest short root of Φ̂ϑ (see 4.1).
In all cases, we set β0 = 1− β̃0, and recall that b0 = f0 = 1, so that∑

ι∈Ĩ

bιβι ≡ 1.
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The centralizers gσ are conveniently described by the Kac diagram D(g, ϑ), which has nodes indexed
by ι ∈ Ĩ and labelled by the integers bι, for ι ∈ Ĩ , along with arrows indicating the relative lengths of
the roots βι.

The Kac diagrams appear in the fourth column of Table 1 below. For x ∈ C̄ϑ, deleting fromD(g, ϑ)
the nodes ι for which 〈γι, x〉 ∈ Z gives the Dynkin diagram D(gσ). We denote the node corresponding
to β0 by •; deleting just this node gives the Dynkin diagram D(gϑ). Above each node of D(g, ϑ), we
give the integers bι. These integers are denoted by Kac as ai in [11, chap. 8]; he arrived at them, along
with his diagrams D(g, ϑ), in a completely different way.

On the left side of Table 1, we also give the diagrams of the root systems Φϑ, along with the integers
cι and fι above and below each node, respectively. The rightmost column of Table 1 gives the alcove
stabilizer Ωϑ, discussed in the next section.
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cι bι

Type Φϑ (Φϑ-diagram) D(g, ϑ) Φ̂ϑ |Ωϑ|
fι

2A2 C1
1◦
4

1•=⇒2◦ B1 1

2A2n Cn
2◦
2
—-

2◦
2
– · · · –2◦

2
⇐=

1◦
4

1•=⇒2◦—-
2◦– · · · –2◦=⇒2◦ Bn 1

n ≥ 2

2A2n−1 Bn
1◦
2
—-

2◦
2
– · · · –2◦

2
=⇒2◦

1

1◦—-
2◦– · · · –2◦⇐=

1◦—
-•

1

Cn 2

n ≥ 3

2Dn+1 Cn
2◦
1
—-

2◦
1
– · · · –2◦

1
⇐=

1◦
2

1•⇐=
1◦—-

1◦– · · · –1◦=⇒1◦ Bn 2

n ≥ 2

3D4 G2
2◦
3
V

3◦
1

1•—-
2◦W

1◦ Ĝ2 1

2E6 F4
2◦
2
—-

3◦
2
=⇒4◦

1
—-

2◦
1

1•—-
2◦—-

3◦⇐=
2◦—-

1◦ F̂4 1

Table 1: Root systems Φϑ, Φ̂ϑ and Kac diagrams D(g, ϑ)
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3.5 The component group of Gσ

Let x ∈ C̄ϑ, with σ = ϑ · exp(x) as before. Lemma 3.10 determines the connected centralizer (Gσ)◦

up to isogeny, in terms of the facet CJ
ϑ containing x. As in case ϑ = 1, the component group Aσ of Gσ

depends on the location of x in CJ
ϑ , and is governed by the alcove stabilizer

Ωϑ = {ρ ∈ W̃ϑ : ρ · Cϑ = Cϑ}.

More precisely, we have:

Lemma 3.11 If σ = ϑ exp(x), with x ∈ C̄ϑ, then Aσ ' Ωϑ,x, where Ωϑ,x is the stabilizer of x in Ωϑ.

Proof: Let Wσ = Nσ/T ϑ be the subgroup of W whose elements can be represented by σ-fixed
elements of N . If n ∈ Nσ, then ϑ(n) ≡ n modulo T . Hence Wσ is a subgroup of W ϑ. Let W̃ϑ,x denote
the stabilizer of x in W̃ϑ. I claim that the projection π : W̃ϑ → W ϑ sends W̃ϑ,x onto Wσ and gives an
isomorphism

W̃ϑ,x
∼→ Wσ. (20)

If w ∈ W ϑ is the projection of an element of W̃ϑ,x then w · x − x ∈ Yϑ. By equation (11), there are
v ∈ V and y ∈ Y such that

w · x− x = (ϑ− 1)v + y.

Setting s = exp(x), t = exp(v), we have

w(s) = t−1ϑ(t)s.

By [18, 8.2(4)] we may choose ẇ ∈ Nϑ such that w = ẇT . Then the element n = tẇ belongs to
Nσ and nT = w. Thus, the projection (20) maps W̃ϑ,x into Wσ. The argument is reversible, showing
that π(W̃ϑ,x) = Wσ. Finally, since the kernel of π is torsion free and W̃ϑ,x is finite, the map (20) is
injective, completing the proof of (20). With this in hand, the rest of the argument is entirely similar to
that of Prop. 2.1, and is left to the reader. �

Remark: From Table 1, we see that for ϑ 6= 1 the group Gσ has at most two components, is always
connected in types 2A2n, 3D4 and 2E6 and is disconnected in types 2A2n−1 and 2Dn+1 exactly when the
Kac coordinates (sι)ι∈Ĩ are fixed by the nontrivial symmetry of D(g, ϑ) (cf. [18, 9.8]).

3.6 The center of Gσ

Let σ = ϑ exp(x), with x contained in the facet CJ
ϑ of C̄ϑ. The center Zσ of Gσ centralizes T σ = T ϑ,

hence is contained in T ϑ. Since Gϑ has trivial center, the character group X∗(T ϑ) is generated by
restrictions of roots of T . It follows that the character group of Zσ is

X∗(Zσ) = X∗(T ϑ)/ZΦ̂J
ϑ = Z∆̂ϑ/Z∆̂J

ϑ,
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where
∆̂J

ϑ = {βι : ι ∈ J}.

Since all but at most one root of ∆̂J
ϑ is contained in ∆̂ϑ, the possible exception being β̃0 =

∑
i∈I biβi, it

follows that X∗(Zσ) has rank equal to |I| − |J | and the torsion subgroup of X∗(Zσ) is cyclic of order
equal to the gcd{bι : ι ∈ Ĩ − J}. For example, Zσ is connected if 0 /∈ J .

3.7 Isolated automorphisms
A semisimple automorphism σ ∈ Aut(g) is isolated if the fixed-point subalgebra gσ is semisimple.
Such a σ is necessarily torsion, lest the Zariski-closure of 〈σ〉 contain a nontrivial torus in the center of
Gσ. The previous section shows that, for x ∈ C̄ϑ, the automorphism σ = ϑ exp(x) is isolated exactly
when x is a vertex of Cϑ. Hence every isolated automorphism of g is conjugate to some

σι := ϑ exp(vι), ι ∈ Ĩ ,

where vι = 〈γ̃0, µι〉−1µ̌ι are the vertices of Cϑ (see section 3.3). The order mι of σι is given by

mι = cιfι = fbι.

From section 3.6, the center of Gσι is cyclic of order bι, generated by σf
ι = exp(fvι). Equivalently, the

center of 〈σι〉Gσι is generated by σι.

4 The various cases

4.1 2A2n

Here g = sl2n+1 and
V = {(x1, . . . , x2n+1) ∈ R2n+1 : Σ2n+1

i=1 xi = 0}.

We have Aut(g) = 〈ϑ〉 · PGL2n+1 with pinned automorphism ϑ of order two, acting on V by

ϑ · (x1, . . . , x2n+1) = (−x2n+1, . . . ,−x1).

Hence
V ϑ = {(x1, . . . , xn, 0,−xn, . . . ,−x1) : xi ∈ R}

may be identified with Rn via the first n coordinates and we may take I = {1, 2, . . . , n} as the indexing
set for the ϑ-orbits on {1, 2, . . . , 2n}. The lattice Yσ has basis {µ̌i : 1 ≤ i ≤ n} where

µ̌i = 1
2
(e1 + e2 + · · ·+ ei),
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and {e1, . . . , en} is the standard basis of Rn. The simple roots αi = xi − xi+1 on V restrict to V ϑ as

βi =

{
xi − xi+1 for 1 ≤ i < n

xn for i = n.

For 1 ≤ i < n the ϑ-equivalence classes ai = {αi, α2n+1−i} have type I and
an = {αn, αn+1, αn + αn+1} has type II, so we have fi = 2 for 1 ≤ i < n, fn = 4 and

γi =

{
2βi = 2(xi − xi+1) for 1 ≤ i < n

4βn = 4xn for i = n.

The root system Φϑ, with basis ∆ϑ = {γ1, . . . , γn}, has type Cn. The highest root γ̃0 is given by

γ̃0 = 2γ1 + 2γ2 + · · ·+ 2γn−1 + γn = 4x1

and arises from the type-II equivalence class a0 = {α0, ϑα0, α0+ϑα0}, where α0 = α1+α2+· · ·+αn =
x1 − xn+1. We have ci = 〈γ̃0, µ̌i〉 = 2 for all i. It follows that the alcove Cϑ ⊂ V ϑ is defined by the
inequalities

1
4

> x1 > x2 > · · · > xn > 0

and has vertices v0 = 0 and vi = 1
2
µ̌i for 1 ≤ i ≤ n. For 1 ≤ i ≤ n we have bi = 2ci/2 = 2, so we get

the diagram D(g, ϑ) in Table 1:
1•=⇒2◦——

2◦ · · · 2◦——
2◦=⇒2◦.

The group Ωϑ is trivial, so every torsion element in ϑG is G-conjugate to a unique one of the form
ϑ exp(x) with x ∈ C̄ϑ ∩ VQ.

The isolated automorphisms
σi := ϑ exp(vi)

have order

mi = fbi =

{
2 if i = 0,

4 if 1 ≤ i ≤ n.

The fixed-point subalgebras are
gσi ' sp2i ⊕ so2(n−i)+1.

By Lemma 3.11 the fixed point subgroups Gσi are connected. They have center of order two, for
1 ≤ i ≤ n with trivial center for i = 0. Indeed, we have

Gσi ' Sp2i × SO2(n−i)+1

27



To see this directly via linear algebra, let (· | ·) be the usual dot-product on C2n+1, let J be the
matrix equal to one on the anti-diagonal and zero elsewhere, and let si be a diagonal matrix with
characteristic polynomial (t2 + 1)i(t− 1)2(n−i)+1. Then the bilinear form

〈u, v〉i := (siu | Jv)

is orthogonal on the 1−eigenspace of si and symplectic on the sum of the imaginary eigenspaces of si.
The subgroup of GL2n+1 preserving 〈·, ·〉i is Sp2i×O2(n−i)+1, whose image in PGL2n+1 is isomorphic
to Sp2i × SO2(n−i)+1.

4.2 2A2n−1

Here g = sl2n and
V = {(x1, . . . , x2n) ∈ R2n : Σ2n

i=1xi = 0}.
We have Aut(g) = 〈ϑ〉 · PGL2n with pinned automorphism ϑ of order two, acting on V by

ϑ · (x1, . . . , x2n) = (−x2n, . . . ,−x1).

Hence
V ϑ = {(x1, . . . , xn,−xn, . . . ,−x1) : xi ∈ R}

may be identified with Rn via the first n coordinates and we may take I = {1, 2, . . . , n} as the indexing
set for the ϑ-orbits on {1, 2, . . . , 2n}. The lattice Yσ has basis {µ̌i : 1 ≤ i ≤ n} where

µ̌i = 1
2
(e1 + e2 + · · ·+ ei)

and {e1, . . . , en} is the standard basis of Rn. The simple roots αi = xi − xi+1 on V restrict to V ϑ as

βi =

{
xi − xi+1 for 1 ≤ i < n

2xn for i = n.

All ϑ-equivalence classes have type I, and are ϑ-orbits on the roots. We have

γi =

{
2βi = 2(xi − xi+1) for 1 ≤ i < n

βn = 2xn for i = n.

The root system Φϑ, with basis ∆ϑ = {γ1, . . . , γn}, has type Bn and the highest root γ̃0 is given by

γ̃0 =
n∑

i=1

ciγi = γ1 + 2γ2 + · · ·+ 2γn−1 + 2γn = 2(x1 + x2),
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arising from the ϑ-orbit a0 = {x1− x2n−1, x2− x2n}. It follows that the alcove Cϑ ⊂ V ϑ is defined by
the inequalities

1
2
− x2 > x1 > x2 > · · · > xn > 0

and has vertices
v0 = 0, v1 = µ̌1, vi = 1

2
µ̌i for 2 ≤ i ≤ n.

The group Ωϑ has order two, and the nontrivial element ρ ∈ Ωϑ acts on V ϑ by

ρ · (x1, x2, . . . , xn−1, xn) = (1
2
− x1, x2, . . . , xn−1, xn).

Hence ρ · v0 = v1 and ρ gives the nontrivial symmetry of the diagram D(g, ϑ) in Table 1:

1◦—-
2◦– · · · –2◦⇐=

1◦—
-•

1

For 1 ≤ i ≤ n, the isolated automorphism

σi := ϑ exp(vi)

has order

mi = fbi =

{
2 if i = 1 or n,

4 if 1 < i < n.

We will ignore i = 1, since σ1 is conjugate to σ0 = ϑ. For 0 ≤ i ≤ n, i 6= 1, The fixed-point subalgebra
is

gσi ' so2i ⊕ sp2(n−i).

For i = 0 the fixed point subgroup Gϑ = Sp2n/{±I} is connected with trivial center. For 1 < i ≤ n
the fixed point group Gσi has two components and has center of order two. Indeed, we have

Gσi ' [O2i × Sp2(n−i)]/{±I2n}.

To see this directly via linear algebra, let (· | ·) be the usual dot-product on C2n, let J be the matrix
equal to one on the anti-diagonal and zero elsewhere, and let si be a diagonal matrix with characteristic
polynomial (t2 + 1)(n−i)(t− 1)2i. Then the bilinear form

〈u, v〉i := (siu | Jv)

is orthogonal on the 1−eigenspace of si and symplectic on the sum of the imaginary eigenspaces of si.
The subgroup of GL2n preserving 〈·, ·〉i is O2i × Sp2(n−i), which has kernel {±I2n} when projected
into PGL2n.
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4.3 2Dn+1

Here g = so2n+2 and V = Rn+1. We have

Aut(g) = 〈ϑ〉 · PSO2n+2 = O2n+2/{±I}

with pinned automorphism ϑ of order two, acting on V by

ϑ · (x1, . . . , xn, xn+1) = (x1, . . . , xn,−xn+1).

Hence
V ϑ = {(x1, . . . , xn, 0) : xi ∈ R}

may be identified with Rn via the first n coordinates and we may take I = {1, 2, . . . , n} as the indexing
set for the ϑ-orbits on {1, 2, . . . , n + 1}. The lattice Yσ has basis {µ̌i : 1 ≤ i ≤ n}, where

µ̌i =

{
e1 + · · ·+ ei if 1 ≤ i < n
1
2
(e1 + · · ·+ en) if i = n.

The simple roots
αi = xi − xi+1 (1 ≤ i ≤ n), αn+1 = xn + xn+1,

on V restrict to V ϑ as

βi =

{
xi − xi+1 for 1 ≤ i < n

xn for i = n.

All ϑ-equivalence classes have type I, and are ϑ-orbits on the roots. We have

γi =

{
βi = xi − xi+1 for 1 ≤ i < n

2βn = 2xn for i = n.

The root system Φϑ, with basis ∆ϑ = {γ1, . . . , γn}, has type Cn and the highest root γ̃0 is given by

γ̃0 =
n∑

i=1

ciγi = 2γ1 + 2γ2 + · · ·+ 2γn−1 + γn = 2x1,

arising from the ϑ-orbit a0 = {x1 − xn+1, x1 + xn+1}. It follows that the alcove Cϑ ⊂ V ϑ is defined
by the inequalities

1
2

> x1 > x2 > · · · > xn > 0

and has vertices
v0 = 0, vi = 1

2
(e1 + · · ·+ ei) for 1 ≤ i ≤ n.
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The group Ωϑ has order two, and the nontrivial element ρ ∈ Ωϑ acts on V ϑ by

ρ · (x1, x2, . . . , xn−1, xn) = (1
2
− xn,

1
2
− xn−1, . . . ,

1
2
− x2,

1
2
− x1).

Hence ρ · vi = vn−i and ρ gives the nontrivial symmetry of the diagram D(g, ϑ) in Table 1:

1•⇐=
1◦—-

1◦– · · · –1◦=⇒1◦

For 1 ≤ i ≤ n, the isolated automorphism

σi := ϑ exp(vi)

has order
mi = fbi = 2 for 1 ≤ i ≤ n.

The fixed-point subalgebra is
gσi ' so2(n−i)+1 ⊕ so2i+1.

Since all bi = 1, the fixed-point subgroup Gσi has trivial center for all i and is connected unless n is
even and i = n/2. In that case, there are two components. More precisely, for i 6= n/2 we have

Gσi ' SO2(n−i)+1 × SO2i+1,

and for n = 2k we have
Gσk ' 2 · [SO2k+1 × SO2k+1]

where the outer involution switches the two components.
To see this directly via linear algebra, note that the automorphism σi is conjugation by an element

of order two in O2n+2 having characteristic polynomial (t + 1)2(n−i)+1(t− 1)2i+1.

4.4 3D4

Here g = so8 has Aut(g) = S3 · PSO8 and we take ϑ ∈ S3 of order three. Denote the set of simple
roots of D4 by ∆ = {α1, α2, α3, α4}, where α2 corresponds to the branch node, and let ω̌i be the
fundamental co-weight dual to αi. We write Ĩ = {0, 1, 2}, where “1” and “2” stand for the ϑ-orbits
{1, 3, 4} and {2}, respectively. The equivalence classes a and corresponding restricted roots βa ∈ Φ̂ϑ

and roots γa ∈ Φϑ are as follows.
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a βa γa

α1

α3 β1 γ1 = 3β1

α4

α2 β2 γ2 = β2

α2 + α1

α2 + α3 β1 + β2 γ1 + 3γ2 = 3(β1 + β2)
α2 + α4

α2 + α3 + α4

α2 + α4 + α1 2β1 + β2 = β0 2γ1 + 3γ2 = γ̃0 = 3(2β1 + β2)
α2 + α1 + α3

α1 + α2 + α3 + α4 3β1 + β2 γ1 + γ2 = 3β1 + β2

α1 + 2α2 + α3 + α4 3β1 + 2β2 γ1 + 2γ2 = 3β1 + 2β2

From Table 1 we have the Kac diagram, with label bι above the node ι©:

1
0©—-

2
1©W

1
2©

which shows that the isolated automorphisms σι = ϑ exp(vι), of order mι = cιfι = fbι, where vι are
the vertices of Cϑ, have semisimple fixed-point groups Gσι of types G2, A2, A1 × A1, for ι = 0, 1, 2
respectively. More precise information, including the exact isomorphism type of Gσι , is given in the
next table.

ι fι cι bι mι = |σι| µ̌ι vι Gσι

0 3 1 1 3 0 ∈ V ϑ 0 ∈ V ϑ G2

1 3 2 2 6 1
3
(ω̌1 + ω̌3 + ω̌4)

1
6
(ω̌1 + ω̌3 + ω̌4) SO4

2 1 3 1 3 ω̌2
1
3
ω̌2 PGL3

Since Ωϑ = 1, Lemma 3.11 shows that each Gσι is connected. From section 3.6 the center of Gσι is
trivial for ι = 0, 2. This gives Gϑ ' G2 and Gσ2 ' PGL3. Since 3.6 also shows that the center of Gσ1

has order two, we can pin down the isomorphism type of Gσ1 as follows. Its simply-connected cover
Gσ1

sc ' SL2 × SL2. The weight β1 appears in g and

〈β1, β0〉 = −〈β1, β2〉 = 1.
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Hence the center of each SL2 factor is nontrivial on g, so the kernel of the covering Gσ1
sc → Gσ1 must

be the diagonal embedding ∆µ2 of µ2 = {±1} into the center of Gσ1
sc . Thus, we find that Gσ1 ' SO4.

With more work, one can also see this by decomposing g = so8 under Gσ1 . Let Symm be the irre-
ducible representation of SL2 on the mth symmetric power of C2 and write Symm,n := Symm⊗ Symn

for the irreducible representations of SL2 × SL2. For each ϑ-orbit a we compute the polynomial

det(t− σ1|ga) = t|a| − e2πi〈γa,v1〉,

as in (17). This leads to the decomposition of the representation of Gσ1 on the σ1- eigenspace g(ζ) for
each sixth root of unity ζ , as follows:

g(1) ' Sym2,0⊕ Sym0,2, g(−1) ' Sym3,1

g(e2πi/3) ' g(e4πi/3) ' Sym0,2, g(eπi/3) ' g(e5πi/3) ' Sym1,1 .
(21)

The parity of m, n for the various Symm,n appearing in g and the fact that Gσ1 is faithful on g, confirm
that Gσ1 ' SO(4).

4.5 Example: 2E6

We label the E6 Dynkin graph as shown:

1©—– 2©—– 3©—– 5©—– 6©∣∣
4©

so that the ϑ-orbits of simple roots are

a1 = {α1, α6}, a2 = {α2, α5}, a3 = {α3}, a4 = {α4},

and
γ1 = 2β1, γ2 = 2β2, γ3 = β3, γ4 = β4.

The highest root of Φϑ is γ̃0 = γa0 , where

a0 = {α1 + 2α2 + 2α3 + α4 + α5 + α6, α1 + α2 + 2α3 + α4 + 2α5 + α6},

so that
γ̃0 = 2γ1 + 3γ2 + 4γ3 + 2γ4,

and therefore
β̃0 = 2β1 + 3β2 + 2β3 + β4,
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giving the Kac diagram from Table 1, with label bι above the node ι©:

1
0©—–

2
1©—–

3
2©⇐=

2
3©—–

1
4©

Since ϑ acts by inversion on Ω ' Z/3, we have Ωϑ = 1, so Lemma 3.11 shows that each Gσι is
connected for all ι. From section 3.6 the center of Gσι is trivial for ι = 0, 4. This gives Gϑ ' F4 and
Gσ4 ' PSp8. The remaining centers have orders bι = 2, 3, 2, for ι = 1, 2, 3 respectively. We can pin
down the isomorphism types as we did for 3D4, by computing 〈βi, β̌i±1〉, to arrive at the table below,
where ∆µn denotes a diagonal embedding of the group of nth roots of unity into the center of a product
of simply-connected groups.

ι fι cι bι mι = |σι| µ̌ι vι Gσι

0 1 1 1 2 0 ∈ V ϑ 0 ∈ V ϑ F4

1 2 2 2 4 1
2
(ω̌1 + ω̌6)

1
4
(ω̌1 + ω̌6) [SL2 × Sp6]/∆µ2

2 2 3 3 6 1
2
(ω̌2 + ω̌5)

1
6
(ω̌2 + ω̌5) [SL3 × SL3]/∆µ3

3 1 4 2 4 ω̌3
1
4
ω̌3 [SL4 × SL2]/∆µ2

4 1 2 1 2 ω̌4
1
2
ω̌4 PSp8

5 Twisted Coxeter elements
We close with a twisted analogue of Kostant’s result on principal elements, mentioned in section 2.4.
Let w ∈ W be the product, taken in any order, of a set of representatives for the ϑ-orbits on the set
{ri : 1 ≤ i ≤ `} of simple reflections in W . The element ϑw ∈ ϑW is called a ϑ-twisted Coxeter
element [17]. Such elements form a single W -conjugacy class in ϑW , independent of the choice of
representatives or the order in the product. The order hϑ of ϑw is the ϑ- twisted Coxeter number. By
construction, the length `(w) = `ϑ is the rank of Gϑ. These are tabulated below, along with the sum
ht(β0) of the labels of the diagrams D(g, ϑ), and the degrees of the basic W -invariant polynomials
affording a primitive f th root of unity as ϑ-eigenvalue.
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Type D(g, ϑ) Φ̂ϑ hϑ ht(β0) f -degrees

2A2
1•=⇒2◦ B1 6 3 3

2A2n
1•=⇒2◦—-

2◦– · · · –2◦=⇒2◦ Bn 4n + 2 2n + 1 3, 5, . . . , 2n + 1
n ≥ 2

2A2n−1

1◦—-
2◦– · · · –2◦⇐=

1◦—
-•

1

Cn 4n− 2 2n− 1 3, 5, . . . , 2n− 1

n ≥ 3

2Dn+1
1•⇐=

1◦—-
1◦– · · · –1◦=⇒1◦ Bn 2n + 2 n + 1 n + 1

n ≥ 2

3D4
1•—-

2◦W
1◦ Ĝ2 12 4 4, 4

2E6
1•—-

2◦—-
3◦⇐=

2◦—-
1◦ F̂4 18 9 5, 9

B. Gross pointed out to me that hϑ = f · ht(β0), meaning that a torsion automorphism σ ∈ ϑG with
Kac-coordinates sι = 1 for all ι ∈ Ĩ has order hϑ. In fact, the table shows that twisted Coxeter numbers
have the properties:

hϑ = f · ht(β0) =
|Φ|
`ϑ

= f · largest f -degree

generalizing other well-known properties of ordinary Coxeter numbers. This indicates that σ might be
a lift to Aut(G) of a twisted Coxeter element. We will prove that is the case:

Proposition 5.1 Let σ ∈ ϑG be a torsion automorphism with Kac coordinates sι = 1 for all ι ∈ Ĩ .
Then σ preserves a Cartan subalgebra of g and acts there via a ϑ-twisted Coxeter element.

For ϑ = 1 this is Kostant’s result, proved in [13], and mentioned in section 2.4 above. We will use some
of Kostant’s arguments in what follows, but instead of his theory of cyclic elements, we will invoke the
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classification of torsion automorphisms. The main point is the following lemma, which is also used in
[8]:

Lemma 5.2 Let σ ∈ ϑN be a torsion automorphism of g of order m, let L denote the number of
σ-orbits on the set Φ of roots of T in g. Then

dim tϑ ≤ dim tσ + L (22)

and equality implies the following:

1. gσ is abelian and tσ = 0, so that dim tϑ = L;

2. the projection of σ to ϑW has the same order m as σ.

3. m ≥ hϑ, with equality if and only if σ has all Kac coordinates sι = 1.

Proof: Partition Φ = Φ1 ∪ · · · ∪ ΦL into σ-orbits of size ni = |Φi| and let gi be the span of the root
vectors Xα for α ∈ Φi. Then

gσ = tσ +
L∑

i=1

gσ
i .

Since σni fixes every root in Φi, it acts on gi as scalar multiplication by some zi ∈ C× and we have

dim gσ
i =

{
1 if zi = 1

0 if zi 6= 1.

On the other hand, since σ ∈ ϑG, the subalgebra tϑ is G-conjugate to a Cartan subalgebra of gσ. It
follows that

dim tϑ ≤ dim gσ = dim tσ + |{i : zi = 1}| ≤ dim tσ + L.

If equality holds, then tϑ and gσ are G-conjugate and and zi = 1 for all 1 ≤ i ≤ L. Hence gσ is abelian
and

gσ = tσ +
L∑

i=1

CXi,

where Xi is a nonzero vector in gσ
i . If H ∈ tσ then the value ηi = 〈α, H〉 is constant for α ∈ Φi, and

[H, Xi] = ηiXi. But since gσ is abelian, we have all ηi = 0, so 〈α, H〉 = 0 for all α ∈ Φ, meaning that
H = 0. Hence tσ = 0 and assertion 1 holds. Moreover, since gσ is abelian it has empty root-system,
so the Kac-coordinates sι of σ are all non-zero and the order m of σ satisfies the inequality

m = f ·
∑
ι∈Ĩ

bιsι ≥ f · ht(β0) = hϑ,
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with equality if and only if all sι = 1. Assertion 3 is proved. The projection of σ to ϑW has order
equal to the least common multiple n of {n1, . . . , nL} and σn = I on t. If zi = 1 for all i, then σn = I
on gi for all i, so n = m, completing the proof of the lemma. �

Next, following Kostant, we have an inequality in the reverse direction. Assume now that tσ = 0.
Let Nσ = {α ∈ Φ+ : σα ∈ −Φ+}. Then |Nσ| = `(w), where ϑw is the projection of σ to ϑW ,
and `(w) is the Coxeter length of w with respect to the base ∆. For each i, the intersection Φi ∩ Nσ

is nonempty. For otherwise, all roots in Φi would have the same sign, so their sum would be non-zero
and σ-invariant, contradicting our assumption that tσ = 0. Therefore, we have

`(w) =
L∑

i=1

|Φi ∩Nσ| ≥ L, (23)

with equality iff |Φi ∩Nσ| = 1 for all i.

We now prove Prop. 5.1, by computing the Kac coordinates of a lift σ ∈ ϑN of a twisted Coxeter
element ϑw in ϑW . From [17, 7.4 (i)] we have that tσ = 0. By the construction of w, we have
`(w) = dim tϑ. From (23) we have dim tϑ ≥ L. Hence we have equality in Lemma 5.2, so σ and ϑw
have the same order, namely hϑ, and sι = 1 for all ι. Since there is a unique torsion class in ϑG with
these Kac coordinates, this proves Prop. 5.1.

Index of Notation
Section 2.1: g, G, T, B, ∆, `, Φ, Φ+, X, Y, αi, ω̌i, W, V, S
Section 2.2: VQ, W̃ , α̃0, α0, ai, C, C̄, Ω, si, vi, D̃(g), Φ̌.
Section 2.3: CJ , ΦJ , Φ̌J , ∆J , gs, gα, t, CG(s).
Section 3.1: E , Aut(g, E),D(g), ϑ, f, I

Section 3.2: Yϑ, W̃ϑ.
Section 3.3: µ̌ι, Φ/ϑ, aι, βa, γa, γι, γ0, γ̃0, cι, bι, fa, fι, f0, Ĩ , Cϑ, vι, Ωϑ, Φϑ, Φ̂ϑ, ∆ϑ, ∆̂ϑ

Section 3.4: ga, C
J
ϑ , Φ̂ϑ, β̃0,D(g, ϑ)
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[5] É. Cartan La géométrie des groupes simples, Ann. di Mat., 4 (1927), pp. 209-256.

[6] R. Carter, Finite groups of Lie type. Conjugacy classes and complex characters, Wiley, 1985.

[7] , Conjugacy classes in the Weyl group, Compositio Math., 25, (1972), pp. 1–59.

[8] B. Gross, M. Reeder Arithmetic invariants of discrete Langlands parameters, preprint, 2008.

[9] S.Helgason, Differential Geometry, Lie Groups and Symmetric Spaces, Academic Press (1978)

[10] K. Hiraga, A. Ichino, T. Tamotsu, Formal degrees and adjoint gamma factors (and errata), J.
Amer. Math. Soc., 21 (2008), no. 1, pp. 283–304.

[11] V. Kac Infinite dimensional Lie algebras, 3rd ed., Cambridge, 1995.

[12] Simple Lie groups and the Legendre symbol, Lecture Notes in Math., 848 (1981), pp. 110-
124.

[13] B. Kostant, The principal three-dimensional subgroup and the Betti numbers of a complex simple
Lie group, Amer. J. Math., 81 (1959), pp. 973–1032.

[14] M. Reeder, Elliptic centralizers in Weyl groups and their coinvariant representations, preprint
available at http://www2.bc.edu/∼reederma/papers.html.

[15] G. Segal, The representation-ring of a compact Lie group, Pub. Math. de l’I.H.E.S., 34 (1968),
pp. 113–128.

[16] J.-P. Serre, Coordonnées de Kac, Oberwolfach Reports, 3 (2006), pp. 1787-1790.

38

http://www2.bc.edu/~reederma/papers.html


[17] T. Springer, Regular elements in finite reflection groups, Inv. Math., 25 (1974), pp. 159–198.

[18] R. Steinberg, Endomorphisms of linear algebraic groups, Mem. Amer. Math. Soc., 80 (1968).

[19] , Torsion in reductive groups, Advances in Math., 15 (1975), pp. 63–92.

39


	Introduction
	Inner automorphisms
	Basic structure
	Torsion elements in G
	Centralizers
	Kac coordinates of Principal Elements
	Kac coordinates and elliptic regular elements in the Weyl group of E8

	Semisimple Automorphisms
	Pinned Automorphisms
	Conjugacy results
	A fundamental domain for W"0365W in V and Kac coordinates
	Fixed-point subalgebras
	The component group of G
	The center of G
	Isolated automorphisms

	The various cases
	2A2n
	2A2n-1
	2Dn+1
	 3D4
	Example: 2E6

	Twisted Coxeter elements

