MT 453 Elements

Speaker: Kaitlyn Valente
Scribe: Vincent Embser
Artist: Sean Johnson

April 3, 2009

Proposition VI.20

Similar polygons can be cut into similar triangles.
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We are given Pentagon ABC DFE similar to Pentagon F'G'H1J, with correspond-
ing sides AB and FG.
Claim:

1. AABC is similar to AFGK, ABEC is similar to AGKL, andAECD is

simialr to AGH L.
n ABE _ BEC _ ECD _ ABCDE
- FGL — GKL _ GHL — FGHKL®
3 ABCDE _ AB?
- FCHKL — FGZ?*




. /BAE = /GFL,so 42 = SE_(Def. VLI).

ABAF is equiangular to AGF'L by SAS.

So ABAF is similar to AGF L (Prop. VL4 and Def VI1.6)
But ZABC = ZFGH because ABCDE is simlar to FGHK L.
So the remaining /EBC = ZLGH. (C.N.3)

Now E—ﬁ = LC since AABE is similar to AGF L.

And % = g since ABC'DE is similarto FGHK L.

So £5 = L& (ex aequali - V.22)

Thus ABEC' is equiangular to AGLH (Prop. V1.6)

And ABEC is similar to AGH L. (Prop. V1.4 and Def VI.1)
Similarly, AEC'D is similar to ALHK.

So the first claim is proven.
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2. Draw AC and F H.
Let the intersection of AC' and BE be called M, and let the intersection of F'H
and GL be called N.
We know ZABC = /FGH and that g—g = g—g
So AABC'is equiangular to AFGH. (V1.6)
Thus /BAC = /GFH implies /BAM = /GFN.
And ZABE = ZFGL implies ZABM = Z/FGN.
So the remaining ZAM B = ZFNG (1.32).
Thus AAM B is equiangular to AFNG.
Similarly, AC'M B is equiangular to AHNG.
So AM _ FN

G

%M GN.
And =%

MG %
Thus (ex aequali, V.22)
And CEM (VI 1)
So AM A AAEM _ AABE" (V12)
Slm11arly AEEB AF%:CL“EM ACBE

’ H

But since; MH ﬁ}f Kape _ ArL (V.11)

Go AABE MC o JH 6??5 AGHL
0 XFar — aanr- )

Similarly, by drawing BD and G K, we can show that
Thus 24BE _ ACBE _ ACED

And SSFAG BE AGK{CLJ:?E A D aabe +

ACBE ggﬁ'D _ Agé’DE AHKL = AFGL
AGHL + AHKL =~ FGHKL® (Vlz)

So the second claim is proven.

ACBE _ ACED
AGHL =~ AHKL®




3. AABEF is similar to AF'G L (as was shown above).

So {45E — 4B, (V1.19)
ButAffé‘E :F BODE
AFGL FGHKL"®

ABCDE __ AB?
So Femrr = Fer (VLD

Thus the thrid claim is proven.
Q.E.D.

Porism:
For any similar rectilinear figures, they are to each other as the squares of the
corresponding sides.



