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Model fitting in (n+1) dimensions

SCOTT D. SLOTNICK
Harvard University, Cambridge, Massachusetts

Conventionally, fitting a mathematical model to empirically derived data is achieved by varying
model parameters to minimize the deviations between expected and observed values in the dependent
dimension. However, when functions to be fit are multivalued (e.g., an ellipse), conventional model fit-
ting procedures fail. A novel (n+1)-dimensional [(n+1)-D] model fitting procedure is presented which
can solve such problems by transforming the n-D model and data into (n+1)-D space and then mini-
mizing deviationsin the constructed dimension. While the (n+1)-D procedure provides model fitsiden-
tical to those obtained with conventional methods for single-valued functions, it also extends param-

eter estimation to multivalued functions.

Fitting a model to empirical data is typically achieved
by minimizing the deviation (i.e., error) between the
model and the data in the dependent dimension for all
data values in the independent dimension. One of the
most simple and effective methods of estimating model
error is the sum-of-squares error, which is integrally re-
lated to maximum likelihood estimation and chi-square
error (Press, Teukolsky, Vetterling, & Flannery, 1992).
The present report is restricted to sum-of-squares error
minimization, for simplicity, though the procedure ap-
plies more broadly.

Although conventional model fitting is adequate for
the large majority of cases, when there is a single depen-
dent value for a given independent value (i.e., a single-
valued function), it fails when there are multiple dependent
values for a given independent value (i.e., a multivalued
function). This problem can be solved with the construc-
tion of a new dimension in which error is minimized. The
(n+1)-dimensional [(n+1)-D] model fitting procedure
will first be introduced in the context of linear modeling
for simplicity and then applied in a situation where
(n+1)-D fitting is required.

(n+1)-D Model Fitting Procedure
The linear model

y=mx+b (1)

with slope m and y-axis intercept b specifies the dependent
value y for any given value of x. For a data set consisting
of atleast 2 points of the form (x,,.,, Y4.)> UNique param-
eter values m and b can be obtained with numerous meth-
ods (e.g., general linear least squares, simplex method, or
Marquardt algorithm; see Press et al., 1992) through
error minimization between all values of y,,, (the ex-

Correspondence should be addressed to S. D. Slotnick, Department
of Psychology, Harvard University, William James Hall, 33 Kirkland
St., Cambridge, MA 02138 (e-mail: slotnick @ wjh.harvard.edu).

Copyright 2003 Psychonomic Society, Inc.

pected value of y from the model) and yg,,,. Although
model fitting is constrained to error minimization at spe-
cific values of x4,,,, the model is valid for any value of x.
In a perfectly fitting model, any value of yg4,, would be
identical to the corresponding value of y,,,, which de-
pends on model parameter estimates and x,,.,. In equa-
tion form, this translates to

Ydata = MXqata + b (2)

where (mxy,, + b) represents y,,,,. Note that Equation 2
is a special case of Equation 1 where the values of y and
x are constrained by the data.

The first step of the (n+1)-D fitting procedure is to al-
gebraically set the left side of Equation 2 equal to zero,
resulting in

0= MXgara + b— Ydata: (3)

In Equation 3, mxy,, + b and y4,, are data dependent val-
ues, their difference representing the quantity to be min-
imized in conventional model fitting procedures. As
such, minimization of this difference is the aim of both
conventional model fitting and (n+1)-D model fitting.
The second step of the (n+1)-D fitting procedure is to
square Equation 3:

0= (mdata)C +b— ydata)z- 4)

This is necessary to ensure that positive and negative er-
rors of fit are weighted equivalently. Although other op-
erators are also viable (e.g., absolute value), squaring the
equation has the advantage of ensuring that larger devi-
ations are weighted more heavily. The third step of the
(n+1)-D fitting procedure is to replace the left side of
Equation 4 with a new dimension:

z= (mxdata +b— ydata)z' (5)

The fourth step of the (n+1)-D fitting procedure is to
minimize the sum-of-squares error in the new dimension,
z in this case, for all independent values of x4, and y .,
using the model fitting algorithm of choice. Note that the
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Figure 1. (a) 2-D source memory zROC data. (b) 3-D fitting
space where error for all x and y is shown as a grid. The error
minimum, demarcated by a line, represents the best 2-D model
fit. (c) Source memory zZROC with best-fit model obtained from
(n+1)-D fit.

(n+1)-D fitting procedure offers a method of represent-
ing the deviation between model and data but still relies
on traditional methods for parameter estimation. Finally,
the fifth step of the (n+ 1)-D fitting procedure is to trans-
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late the minimum of the (n+1)-D model into n-D space;
this is the best-fit model in n-D space.

In fitting the linear model, as with fitting other single-
valued functions, the (n+1)-D procedure minimizes the
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Figure 2. (a) 2-D spatial extent of attentionally mediated inhi-
bition. (b) 3-D fitting space where error is shown as grid. The
error minimum, demarcated by an ellipse, represents the best
2-D modelfit. (c) Extent of attentionally mediated inhibition with
best-fit elliptical model.
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sum-of-squares error between expected and observed
values. The conventional procedure results in the identi-
cal endpoint explaining why both methods result in the
same parameter estimates under these conditions. An
empirical example of linear (n+1)-D model fitting im-
mediately follows.

Fitting Empirical Data

Figure 1 illustrates the (n+1)-D fitting procedure
using actual z receiver operating characteristic (zZROC)
data collected in a source memory experiment (Slotnick,
Klein, Dodson, & Shimamura, 2000). The Marquardt
least-squares algorithm was used to minimize z in Equa-
tion 5 for all x4, and y4,,. resulting in the best-fit model
parameters m and b. An identical fit was produced using
the conventional fitting procedure in 2-D.

In the next example, the (n+1)-D procedure was used
to fit a multivalued function, where the conventional fit-
ting procedure could not provide a solution. Figure 2a il-
lustrates the spatial extent of attentionally mediated in-
hibition in a spatial attention experiment (Slotnick,
Hopfinger, Klein, & Sutter, 2002). The aim was to model
the inhibitory window with an ellipse of the form

2 2
(x-m) | (-
a’ b2
where the ellipse center is located at (4, /,ty), length in
the x-direction is a, and length in the y-direction is b.
When one applies the (n+1)-D fitting procedure, the

final to-be-minimized equation is

1:

) (6)

2 2

2
.= (.Xdataa;:u'x) +(ydalab_2:u'y) -1, (7)

Figure 2 shows the (n+1)-D fitting procedure could pro-
vide the best-fit elliptical model to the data. Although
other methods have previously been described to fit cir-
cular or elliptical models (Gander, Golub, & Strebel,
1994; Sutherland, 2002), the solutions are specific to
those particular models. The (n+1)-D procedure, in
comparison, applies to model fitting in general.

Conclusion

The (n+1)-D model fitting procedure is an alternative
to conventional model estimation. It provides results
identical to those of conventional model fitting, yet it can
operate in cases that are conventionally insoluble. In this
way, (n+1)-D model fitting extends the limits of con-
ventional modeling.
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