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An Empirical Comparison of Stochastic
Dominance among Lognormal Prospects

Hassan Tehranian and Billy P. Helms

1. Introduction

The theory of portfolio selection and diversification developed by
Markowitz [22] and Tobin [33] was based primarily on the criterion of mean-
variance {MV) efficiency. The okjective was to select an efficient set of
portfolios from which every risk averter will choose the optimal portfolio
which maximizes his expected utility. The MV criterion is the appropriate
rule either for the case in which the utility function is quadratic or if
the returns are normally distributed and risk aversion is assumed.]

Two apprcaches to the choice among risky alternatives that have been
developed independently over the past two decades are the gecometric mean
criterion {GM} and the stochastic dominance (SD) decision model. Both can
be justified by the expected utility hypothesis, with the geometric mean cri-
terion following as & result of the assumption that the decision-maker has
a logarithmic utitity function, and the stochastic dominance models requir-
ing the less restrictive assumption of signs of the first few derivatives
of the decision-maker's utility function. This paper compares the concept
of ordinary stochastic dominance to stochastic dominance of the lognormally
distributed prospects from an empirical paint of view. Further light is
also shed on the issue of applying the Markowitz-Tobin mean-variance rule

to the lognormal distribution.

Boston Cellege and the University of Alabama, respectively. The authors
acknowledge the valuable comments and suggestions of E., R. Mansfield, G. 0.
Strong, David Murphy, an anonymous referee, and the contribuntion of Susan
Nelson, rescarch assistant:.

[Recently, Levy and Markowitz [18] have argued that this is not necessary.
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Il. Review of Literature

One criterion for portfolio selection which has received a great deal
of attention in the economic literature is the maximization of the geometric
mean return as evidenced by the research of Latané [14], Samuelson [30, 31],
Hakansscen [9], and Latané and Tuttle [15]. Latané [14] justified the geo-
metric mean criterion on the basis of the maximization of terminal wealth
in a wany-period reinvestment process, the optimal growth approach, and alsc
pointed out that the criterion maximizes expected utility if the Bernoulli
[2] logarithmic utility function is assumed. This application is useful es-
pecially for comparison between prospects taken from the stock market, pro-
vided that the investment horizon is relatively long; if it is, returns,
being the cumulative products of random variables, tend to distribute log-
normal ly.

Empirical evidence that investment returns are lognormally distributed
for portfolios is provided by Cootner [4], Kendall [13], Moore [25], Osborne
[26], and others.2 These authors have also provided evidence that investment
returns for individual securities are lognormally distributed. One set of
theoretical conditions under which lognormally distributed portfolio returns
are consistent with lognormally distributed security returns has been set
forth by Merton [24]. The most recent study on the subject of lognarmality
of security returns, pertfolio selection, and market equilibrium will be
found in Lintner's long manuscript [20]. However, Fama [5] and Mandelbrot
[21] called attention to the fact that there was substantial deviation fromn
normality in the distribution of the log of stock price changes.:3

The notion of stochastic dominance has beern used for many years, but
modern development of the approach is usually credited to Quirk and Saposnik
[29], Hadar and Russeli [B], Hanoch and Levy [10], and Whitmore [341.

Let F and G denote the cumulative distribution of the returns on two
prospects. U, is the set of all nondecreasing utility functions, and U, is

1 2

the set of all nondecreasing concave utility functions. That is to say,
1 1 [}

yoC U] if and only if u > 0, and p « U2 if and only if v > 0, u < Q. We

say that F dominates G in U, (i = 1,2) if Eg U (x) > €, U (x) for all v = U,

2Add]tional studies of daily stock returns will be found in [27], [28],
and, most recently, in [3].

3while the resolution of this debate is beyond the sceope of this paper,
there is sufficient evidence to suggest that deviations from the lognormal
distribution are nonexistent or of too small an order of magnitude to wmake
the lognormal case worth further study.
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(i = 1,2) where at least for one U{x), a strict inequality holds.

Theorem 1. Let F (x) and G (x) be two cumulative distributions
of two distinct portfelios; then, the necessary and sufficient

conditions for dominance of F over G in UI’ U, are given by

| and I, respectively. ?
I. F (x) =G (x}), for all x with at least one strict inequality.
{For proof see [8], [10], [291.)}
. 7 z Fo(t} dt i,£‘: G (t) dt, for all x with at least cone strict

inequality. (For proof see [81, [10].)

Jean [12] has shown that any degree of stochastic dominance, including
first-degree stochastic dominance (FSD), implies a geometric mean ranking,
and, therefore, the geometric mean ranking is a necessary condition for a
stochastic dominance ranking. It is not true for general distributions that
the geometric mean ranking is a sufficient condition for a stochastic domi-
nance ranking. |f a portfolio can be found that has a higher gecometric mean
of terminal values than any other portfalio, then Latané's [14] subgoa]h
may be met by that portfolio, but it cannot be concluded that the subgoal
18 met by that portfolio without further information.

Levy [17] studied the lognormal distribution and concluded that two
conditions--a ranking of the geometric mean and equality of the variance

of the logarithms of the variables--were sufficient for stochastic dominance.

Theorem 2. Let F and & be the cumulative distributions of two
alternative lognormal prospects. A necessary and sufficient

condition for EF U(x) > EGU {x) within U] where U] is the

class of all nondecreasing functions and UZ where U2 is the

class of all nondecreasing concave utility functions, are

given by | and {1, respectively.
>
1. a) EF Log (xi) EG Log (xi),
b} VarF Log (xi) = VarG Log (xi).

{For proof see Levy [17].)

1. a} EF Log (xi) 3_EG Log (xi)’

b) VarF Log (xi) f_\iarG log (xi),
c) EF Log (xi) - EG Log (xi) ‘_%[VarG Log (xi) - VarF Log (xi)].

Latané's principal justification for the geometric mean criterion in
[14, p. 146] was based on his choice of subgoal:
The subgoal proposed here is the choice of the portfolio that has
a greater probability (P') of being as valuable or more valuable
than any other significantly different portfolic at the end of n
years, n being large.
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where at least one of the above inequalities (a) and (b) is strict.
{For proof see Levy [17].)5
The mean-variance analysis is applied mainiy to cne-period investments.

When the number of investment periods is very large, Latané [14] and others
propose to replace the mean-variance rule by the geometric mean criterion.
Samuelson [30), on the other hand, has shown that even for very long invest-
ment seguences the geometric mean rule does not necessarily dominate all other
policies. Samuelson [31] suggests, however, that looking at the pair £ Log
(xi), Var Log (xi) rather than E Log (xi) alone, {as the geometric mean rule
does), improves the decision-making process. Thus, Samuelson's procedure

could be summarized 2s follows:

>

Portfolio F dominates porttolio G 1f, and only if
EF Log (xi) > EG Log (xi),

Var_ Log (x.I = Var

= Log (x.)

G T
where at least one of the strong inequalities holds. Levy [17] has shown that,
in terms of expected utility defined on terminal wealth, that even if the
Samuelson conditions are met, distribution F does not necessarily truly
dominate distribution & for all risk averters.

Feldstein [6] has shown that when the returns are lognormally distri-
buted, the mean-variance rule is a sufficient, but not a necessary invest-
ment criterion. He concluded that the application of the mean-variance rule
to the lognormal distribution might lead to paradoxical results. Levy [17]
has shown that the only possible damage might be the gezneration of an extremely
large efficient set. He pointed out that the mean-variance rule is an optimel

rule for lognormal distributicons provided that:

B O 2 £y (),

VarF Log (x;) 17VarG

{(For proof see Levy [17].)

Log (xi).

t1l1. Data Description

For our empirical comparisons of ordinary stochastic dominance to sto-
chastic dominance of the lognormally distributed prospects, one set of 500
portfolios was analyzed. Each portfolio contained 20 securities with an

equal investmanl in each security. These portfolios were generated randomly

5

x, represents holding period rate of return; that is, ene plus the

rate of return in the Tnvestment in period i.
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with replacement from the set of 685 stocks with complete data for the 1961-
1976 period.

The data used were taken from the University of Chicago Center for Re-
search in Security Price Relative File which contains monthly price, dividend,
and adjusted price and dividend information for all securities listed on the
New York Stock Exchange in the period January 1961-December 1976. The time
series of holding-period returns were computed by adding the end-of-the-month
market value to the distributions {dividends} paid during the month and di-
viding the sum by the first-of-the-month market value. No distinction was
made between capital gain and ordinary income distribution, and no adjustment

was made for sales or redemption fees.

IV, Empirical Resuits

The sample distribution of 192 months' returns for each portfolic was
examined for consistency with a lognormal distribution.6 Distributions were
tested for lognormality using the Kolmogorov-Smirnov test (K-S} [16] for
goodness-of-fit. The K-5 test is the only goodness-of-fit test that is appro-
priate since the variables are measured on a continuous scale and are un-
grouped [7, p. 86-87]. For the K-5 test, the null hypothesis is that the
distribution of each portfolio is lognormal.

The K-§ test is an exact test when ail parameters of the distribution
are known; however, if the mean and variance of the distribution must be esti-
mated using sample data, the K-S test is conservative in that the probability
of a type | error will be smaller than that given by the usual table [23, p.
73]. Indeed when the -5 values were compared to critical values from the
usual K-S table, the hypothesis that each portfolio is loghormal was not re-
Jjected once in the 500 cases. This certainly suggests that the K-S test is
quite conservative. A table developed by Lilliefors [19] using Monte Carle
simulation glves estimated critical values for a sample size of 40 or less
when the mean and variance of the distribution must be estimated. When the
sample size Is much greater than 40, the procedure for estimating the critical
value given by Lilliefors produces inaccurate critical values. A procedure
for developing critical values of the K-S test for any sample size was devel-
oped by Helms, Mansfield, and Strong [11]. Using this procedure, a critical
value of sample size of 192 was calculated. At the 5 percent significance

level the null hypothesis was rejected for 24 of the 500 portfolios.

6Using the log of the return is equivalent to asing the rate of return
assuning continuous compounding as in [1], [5], [32].
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Therefore, the distribution of returns of the portfolios seems to be approxi-
mately lognormal.

Our analysis indicates that of the 500 portfolios examined (without trans-
formation to lognormal return), 11 portfolios are efficient by the Markowitz-
Tebin (MV} rule and 72 portfoilios by the second-degree stochastic dominance
{using Theorem 1, Part [1). The first-degree stochastic dominance efficient
set includes virtually all of the 500 portfolios investigated. Sincz the
efficiency of our algorithms is & function of the frequency with which port-
folios are eliminated, a complete test of the FSD rule on all 50C portfolias
could not be run with menthly return data within a reasonable tire period
and were hence omitted.

0f more importance, however, since the distribution of 500 portfolio
returns followed a lognormal distribution, Thecrem 2 was applied to the 500
portfolios and yielded the results in Table !

Clearly, since the returns are lognormaily distributed, there is no need
to calculate higher moments of Log (xi) for dominance of F over G. Thus,
froin the viewpoint of minimizing computer time and the corresponding costs,
applying lognormal stochastic deminance is more efficient than using the
reqular stochastic dominance criteria.

From an examination of Table !, it can be seen that Levy's necessary
conditions for FSD under lognormal distribution is very ineffective and that
the efficient set is as large as the feasible set. Levy's necessary condi-
tions for $SD under legnormal distribution contain 20 portfolios; that is,

4 percent of the total number of portfolios examined.

One sheould note two major vesults. First, the coinputer time necessary
for running the test is minimized. While under FSD the test on all 500 port-
folios could not be run within a reasonable time, lLevy's necessary conditions
for FSD under lcgnormal distribution took less than two minutes of computer
time. Second, Levy's necessary conditions for second-degree stochastic domi-
nance with lognormal distribution applied Lo the dafta set eliminates 52 nwore
portfolios from the efficient set than 55D with an unknown distribution. Or
more clearly, the second-degree stochastic dominance set contains 100 percent
of Levy's necessary conditions lor $5D with lognormal distribution set.
Since these same 20 are almost 28 percent of the total membership of the
second-degree stochastic dominance efficient set, we conclude that the major
difference in Levy's necessary conditions for lognormal distribution and 55D
efficiency 1s that Levy's necessary conditions for 53D lognormal distribution
set excludes a number of portfelios that are included in the $SD efficient

set.
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Evaluation of other differences in the efficient sets obtained by the
Markowitz=Tobin mean-variance {in terms of X, rather than Log (xi)) rule needs
further attention in the case of lognormal distribution of returns and risk
aversion.

Our empirical analysis (Table 2) indicates that of the 500 portfolios
examined, 9 were efficient by applying Samuelson's criterion [E Log {xi),

Var Log (xi)I, and 10 were efficient by applying Levy's criterion [E (Xi)’
Var Log (xi)]. As previously menticned, the {E (xi), Var (Xi)] rule con-
tained 11 portfolios in the efficient set.

Further consideration shows that the 10 efficient portfclios by Levy's
criterion and 9 efficient portfolios obtained by Samuelson's criterion are
also efficient by the Markowitz mean-variance rule. Thus, the Markowitz
mean-variance efficient set contazins 100 percent of Levy's and Samuelson's
mean-variance efficient set. Moreover, the 9 efficient portfolics by Samuel-
son's criterion (i.e., E Log (x:), Var Log (xi)) are also efficient by Levy's
criterion [E (xi), Var Log (xi)]' However, both Levy's and Samuelson's effi-
cient portfolios are subsets of the Markowitz efficient portfoiios. In addi-

tion, Levy's efficient set is al'so a subset of Samuelson's efficient set.

V. Conclusion

In this paper, the distributien of 500 randomly selected portfolio returns
were tested for lognormal distributions. In most pertfolios, the lognormality
assumption was confirmed. Secondly, lLevy's Theorems 4 and 5 [17] were applied
to the 500 portfelios and it was found that the efficient set in one case
is the same and, in another case, is smaltler than the efficient set under
FSD and SSD. The fact that the portfolios are distributed lognormally allows
the application of Levy's Theorems, which reduces the size of the 55D effi-
cient set and reduces the computer time needed to find the efficient set.
Finally, the empirical results confirm that the application of the Markowitz
mean-variance rule {i.e., E (x}, Var {x)--which is a sufficient but not a
necessary criterion--to the lognormal distribution will result in a larger
efficient set than the optimal rule [E (x), Var Log {x)] as pointed out by
Levy [1771.
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