MODULI OF GENERALIZED LINE BUNDLES ON A
RIBBON
DAWEI CHEN AND JESSE LEO KASS
Abstract. A ribbon is a first-order thickening of a non-singular curve.
We show that a compactification of the moduli space of generalized line
bundles on a ribbon is given by the Simpson moduli space of semi-stable
sheaves. We then describe the geometry of this space, determining the
irreducible components, connectedness, and the smooth locus.
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1. Introduction
This paper describes the moduli space of slope semi-stable sheaves on a
ribbon. A ribbon is a first-order thickening of a non-singular curve, and in
the context of this paper, their study began with work of Bayer–Eisenbud
([BE95]) and Eisenbud–Green ([EG95]), where ribbons were used to study
Green’s conjecture on linear series using degeneration techniques. More
recently, the first author used these techniques to study Brill–Noether loci
([Che10]). Given a linear series on a non-singular curve, the technique is
to specialize the curve to a ribbon and then specialize the linear series to a
series on the ribbon. Here one encounters a difficulty: It is only possible to
specialize the linear series if the specialization is allowed to be a generalized
linear series.
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Recall that a linear series is a line bundle I together with a subspace of
the space of global sections. Eisenbud and Green defined a generalized linear
series on a ribbon by allowing I to be a more general coherent sheaf that
they called a generalized line bundle. They observed that the set of all generalized line bundles of fixed degree cannot be parameterized by an algebraic
k-scheme because the class of such sheaves is unbounded. Given a finite birational morphism f : X ′ → X of ribbons, the direct image I := f∗ (I ′ ) of
a line bundle I ′ is a generalized line bundle, and we obtain all generalized
line bundles on X by varying over all possible X ′ . The genus of X ′ is an
important invariant of I = f∗ (I ′ ), so following Drézet ([Dré08, §5.4]), we
define the index b(I) of I by b(I) := g(X) − g(X ′ ). The index of a generalized line bundle can be arbitrarily negative, and unboundedness follows.
The question posed by Eisenbud and Green ([EG95, p. 758, midpage]) is: If
X is a rational ribbon (i.e. Xred ∼
= P1 ), then is it possible to compactify the
moduli space of degree 0 line bundles on X by a moduli space of degree 0
generalized line bundles with non-negative index?
Requiring that the index is non-negative is one way to recover boundedness. Another way is to impose the condition of slope semi-stability. In the
general theory of moduli of sheaves, it has long been recognized that many
natural classes of sheaves are unbounded, but one can recover boundedness
by considering sheaves that satisfy slope semi-stability. In great generality,
Simpson ([Sim94]) has constructed moduli spaces M(OX , P ) of semi-stable
sheaves with Hilbert polynomial P on a polarized scheme (X, L). M(OX , P )
is a coarse moduli space of semi-stable sheaves, but sheaves up to Gr-(or Jordan) equivalence rather than isomorphism. Sheaves satisfying the stronger
condition of stability sweep out an open locus Ms (OX , P ) ⊂ M(OX , P ). For
stable sheaves, Gr-equivalence coincides with isomorphism, and Ms (OX , P )
is the fine moduli space of stable sheaves. The goal of this paper is to describe the Simpson moduli spaces M(OX , P ) and Ms (OX , P ) when X is a
ribbon.
Throughout the paper, we denote by g the genus of a ribbon X and by
ḡ the genus of its reduced support Xred . Given a polarized ribbon (X, L),
we study the Simpson moduli space parameterizing semi-stable sheaves with
Hilbert polynomial Pd (t) := deg(L)t + d + 1 − g, the Hilbert polynomial of
a degree d line bundle (see Section 3 for more on Pd ).
There are two types of sheaves that are parameterized by M(OX , Pd ):
generalized line bundles on X and rank 2 vector bundles on Xred . More
precisely, we have
Theorem A. Let (X, L) be a polarized ribbon. If F is a coherent sheaf on
X, then F corresponds to a point of M(OX , Pd ) (resp. Ms (OX , Pd )) if and
only if F is isomorphic to one of the following sheaves:
• a degree d generalized line bundle I of index less than or equal to
(resp. strictly less than) 1 + g − 2ḡ;
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• the direct image i∗ E of a rank 2, slope semi-stable (resp. slope stable)
vector bundle on Xred of degree d + 2ḡ − 1 − g. Here i : Xred ֒→ X
is the inclusion map.
This is a reformulation of Theorem 3.5. When Xred = P1 , this theorem
was proven by Yang [Yan03, Thm. 5.8], and there is also significant overlap
between Theorem A and earlier work of Drézet and Donagi–Ein–Lazarsfeld.
The relation between their work and the present paper is discussed at the
end of this section.
Consider Theorem A when X is a rational ribbon (i.e. ḡ = 0), which
was the case considered in [BE95]. The theorem then asserts that the stable
locus Ms (OX , P0 ) of the Simpson moduli space is the fine moduli space
parameterizing generalized line bundles of index at most g. When g is even,
every semi-stable sheaf is stable, and Ms (OX , P0 ) is projective. Otherwise,
Ms (OX , P0 ) is not projective, and its complement in the projective scheme
M(OX , P0 ) consists of a single point. In other words, the Simpson moduli
space satisfies the properties Eisenbud and Green ask for precisely when g
is even. This result is restated as Corollary 4.1 in Section 4.
We prove several results about the geometry of M(OX , Pd ). The following
theorem enumerates the irreducible components of M(OX , Pd ).
Theorem B. Let X be a ribbon. Set
(
⌊(g + 2)/2⌋ − ḡ
n :=
⌊(g + 1)/2⌋ − ḡ

if d is even;
if d is odd.

Assume there exists a stable generalized line bundle of degree d (i.e. g >
2ḡ − 1 holds). Then M(OX , Pd ) has exactly n irreducible components of
dimension g whose general element corresponds to a generalized line bundle.
There is at most one additional component. When it exists, this component is of dimension 4ḡ − 3 and the general element corresponds to a stable
rank 2 vector bundle on Xred . This additional component does not exist when
ḡ = 0, 1 but does exist when the two conditions ḡ ≥ 2 and 4ḡ − 3 ≥ g are
satisfied.
This is a combination of Theorems 4.6 and 4.7. We remark that for
ḡ ≥ 2 and 4ḡ − 3 < g, we do not know whether M(OX , Pd ) has an irreducible component whose general element is a stable rank 2 vector bundle
(see Question 4.8).
As with Theorem A, when Xred = P1 , Theorem B was proven by Yang
[Yan03, Thm. 5.8], and we discuss the relation between this result and results
in the literature at the end of this introduction.
We also verify connectedness of M(OX , Pd ). The statement below is a
restatement of Theorem 4.10.
Theorem C. For a ribbon X, the moduli space M(OX , Pd ) is connected.
Finally, we determine the smooth locus of M(OX , Pd ).
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Theorem D. Let X be a ribbon. If ḡ ≥ 2 and g ≥ 4ḡ − 2, then the smooth
locus of M(OX , Pd ) is equal to the open subset of line bundles on X.
This is Corollary 4.14, which is a consequence of the computation of
the tangent space to Ms (OX , Pd ) at a point (Proposition 4.11), and these
tangent space computations were established earlier in work by Inaba and
Drézet that we discuss at the end of this introduction. When ḡ = 0, 1 or
g < ḡ − 2, the techniques we use to prove Thereom D do not allow us to
compute the smooth locus. It would be interesting to extend the theorem
to these cases, and we discuss this topic in more detail after the proof of
Corollary 4.14.
The results of this paper relate to earlier work of the second author. In
[Kas13], he related the line bundle locus in family of fine moduli spaces of
sheaves to the Néron model. The main result ([Kas13, Thm. 3.10]) states
that given a family of curves over a Dedekind scheme B with regular total
space Xb , the line bundle locus in a suitable family of fine Simpson moduli
spaces of sheaves is the Néron model of its generic fiber. However, for some
families, a suitable Simpson family may not exist.
Indeed, the existence of such a Simpson family implies that Raynaud’s
maximal separated quotient of the Picard functor is isomorphic to the Néron
model of its generic fiber, and these two schemes are not isomorphic for certain families of curves constructed by Raynaud, Liu, and Lorenzini ([Ray70,
9.2], [LLR04, 9.2]). Their construction is arithmetic. They work over the
spectrum of a mixed characteristic DVR with inseparable residue field, and
using a purely inseparable element of the residue field, their family is an explicit family of plane curves. The main results of this paper explain the geometry of this example. In the examples from [Ray70] and [LLR04], the geometric special fiber X is non-reduced, as it must be by [Ray70, Thm. 8.1.4].
Theorem A provides a direct, geometric explanation for why a suitable Simpson family does not exist: For certain non-reduced X, e.g. rational ribbons of
odd genus, the Simpson moduli space always contains a strictly semi-stable
point.
Now we compare our results to past work on ribbons. In [Ina04], MichiAki Inaba studied the moduli space of stable sheaves on a non-reduced
scheme and, in particular, proved results about the local structure of the
moduli space of slope stable sheaves on a ribbon ([Ina04, Thm. 2.6]). Closest
to our results is [Ina04, Rmk. 2.7], which contains tangent space computations similar to Lemma 4.13.
Beginning with [Dré06], Jean-Marc Drézet has written several papers
([Dré06], [Dré08], [Dré09], [Dré11]) studying slope semi-stable sheaves on
a multiple curve, the n-th order analogue of a ribbon. Much of this work focuses on “quasi-locally free sheaves,” a class of sheaves that includes line bundles, but not generalized line bundles. Most relevant to this paper is [Dré11]
(esp. Thm. 5.4.2), which the authors became aware of while preparing the
current document. In that paper, Drézet provides sufficient conditions for a
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pure sheaf of dimension 1 (there called a “torsion-free sheaf”) on a primitive
multiple curve to be (semi-)stable. Also relevant are Drézet’s classification
of pure sheaves with Hilbert polynomial Pd ([Dré08, §5.4]) and infinitesimal
computations appearing in [Dré06] (especially [Dré06, Prop. 8.1.3], which
includes cases of Lemma 4.12).
Finally, after this paper was written, the authors were made aware of the
papers [DEL97] and [Yan03]. In [DEL97], the authors study the Hitchin
and Mukai systems, and the moduli space of stable sheaves associated to a
ribbon lying on a K3-surface arises as the nilpotent cone of the Mukai space.
The structure of the nilpotent cone is studied in some detail. In particular,
under the additional hypothesis that the nilradical N of X is isomorphic
−1
of Xred (so g = 4ḡ − 3), Theorem B is
to the anti-canonical bundle KX
red
stated as [DEL97, Thm. 3.2].
In [Yan03], the author studies the moduli space of sheaves on a rational
ribbon, and the main result [Yan03, Thm. 5.8] is our Theorems A and B in
the special case X is a rational ribbon. The methods used in [Yan03] are
different from the methods used in this paper: Yang studies sheaves on a
ribbon by considering them as extensions of sheaves on the reduced subcurve
Xred .
This paper is organized as follows. In Section 2, we collect some basic
definitions and facts about coherent sheaves on ribbons that are used later.
Theorem A is proven in Section 3, as a culmination of results on semistability. Finally, the geometry of M(OX , Pd ) is studied in Section 4. The
main results proven in that section are Theorems B, C and D.
Acknowledgements. The authors would like to thank Robert Lazarsfeld for informing them of his paper [DEL97] with Donagi and Ein and for
providing helpful expository suggestions. The authors would also like to
thank Daniel Erman for expository feedback, Yusuf Mustopa for enlightening conversations about vector bundles on curves, Matt Satriano for helpful
discussions on homological algebra. Finally the authors thank the anonymous referee for many useful comments that helped improve the exposition
of the paper.

2. Coherent Sheaves on a Ribbon
Let us first fix some conventions. We work over an algebraically closed
field k. A curve is an irreducible, projective k-scheme of dimension 1. A nonsingular curve is a curve that is smooth over k. A ribbon X is a curve such
that the reduced subscheme Xred is a non-singular curve and the nilradical
N is locally generated by a non-zero, square-zero element of OX . A ribbon
X is a rational ribbon if Xred is isomorphic to P1 .
Here we collect the facts about coherent sheaves on ribbons that are
needed to describe the Simpson moduli space. In this section, let X be a
fixed ribbon with generic point η. The degree deg(I) of a coherent sheaf I
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on X is
deg(I) := χ(I) − χ(OX ).
The genus g(X) of a curve X is
g := 1 − χ(OX ).
By definition, the nilradical N is locally generated by a single square-zero,
but non-zero element of OX , hence it may be considered as a line bundle on
Xred . Using the exact sequence
N ֒→ OX ։ OXred ,
the degree of N as a line bundle on Xred can be computed as
(2.1)

deg(N ) = 2ḡ − 1 − g,

where g is the genus of X and ḡ the genus of Xred . This quantity plays an
important role in many of the results of this paper, appearing, for example,
as a bound in Theorem A.
Notice that we have defined the genus g by g := 1 − χ(OX ). The genus
of an integral curve X always equals h1 (X, OX ), but this equality may fail
to hold when X is a ribbon. Indeed, the two numbers are equal precisely
when N has no global sections, which holds when g is sufficiently large but
not in general.
We now begin our review of coherent sheaves on a ribbon. First, some
definitions from [EG95].
Definition 2.1. If F is a coherent sheaf on X, then we write d(F) for the
dimension of the support of F. We say that F is pure if d(F) = d(G) for all
non-zero subsheaves G ⊂ F.
If F is a coherent sheaf, then we say that a regular function f ∈ H 0 (U, OX )
is a non-zero divisor on F if the multiplication map f · : F|U → F|U is
injective. The sheaf F is said to be torsion-free if every non-zero divisor on
OX is a non-zero divisor on F. The sheaf F is said to be rank 1 if the generic
stalk Fη is isomorphic to OX,η . A generalized line bundle is a coherent sheaf
that is rank 1 and torsion-free.
Next, we describe some basic properties of pure sheaves on a ribbon.
Some of them are well-known to experts, but we include their proofs for the
reader’s convenience.
Lemma 2.2. Let I be a coherent sheaf on a ribbon X satisfying d(I) = 1.
Then I is torsion-free if and only if I is pure.
The following concise proof was suggested to the authors by the referee.
Proof. By definition, I is not torsion-free ⇐⇒ there exists an open affine
subset U , a non-zero divisor f ∈ H 0 (U, OX ), and a non-zero g ∈ H 0 (U, I)
such that f g = 0 ⇐⇒ there exists a non-zero g ∈ H 0 (U, I) such that
ann(g) 6⊂ N |U ⇐⇒ there exists a non-zero g ∈ H 0 (U, I) with finite support
⇐⇒ I has a non-zero subsheaf with finite support ⇐⇒ I is not pure.
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Lemma 2.3. If I is a pure sheaf on a ribbon, then End(I) is pure.
Proof. If d(I) = 0, then d(End(I)) = 0, hence End(I) is pure. Suppose
that d(I) = 1. It is enough to prove that if φ is an element of the stalk of
End(I) at the closed point x that is annihilated by the maximal ideal, then
φ = 0. Given such a φ, for every s ∈ Ix the element φ(s) ∈ Ix is annihilated
by the maximal ideal, so φ(s) = 0 as I is pure.

Lemma 2.4. If I is a pure sheaf of generic length 2, then the kernel of the
map ϕ : OX → End(I) is either the zero ideal (0) or the nilradical N .
The following argument was suggested by the referee.
Proof. Set K equal to the kernel of ϕ. The quotient OX /K injects into
End(I), and the quotient is nonzero because e.g. the constants k ⊂ OX map
to nonzero endomorphisms. Since End(I) is pure (by the previous lemma),
we can conclude that OX /K is pure of dimension 1. By primary decomposition, K must be contained in the nilradical (as the primes associated to K
must all be height 0 and N is the only prime with this property).
The localization Nη of the nilradical at the generic point η ∈ X is free of
rank 1 over the field OXred ,η , so the localization Kη of the kernel is either
zero or all of Nη . If Kη = 0, then K = 0 by purity. Otherwise the quotient
N /K has the property that the localization at η is zero, hence the quotient
is supported on a finite set of point. But the quotient is a submodule of the
pure module OX /K, so N /K = 0 and hence K = N .

One application of Lemma 2.2 is the following result, which provides an
alternative characterization of generalized line bundles.
Lemma 2.5. Let X be a ribbon and I a pure sheaf whose generic stalk is
an OX,η -module of length 2. Then I is a generalized line bundle if and only
if the map ϕ : OX → End(I) is injective.
Proof. Let X and I be given. We have shown that torsion-free is equivalent
to pure (Lemma 2.2), so the content of the lemma is that I is rank 1 if and
only if ϕ is injective. The map ϕ factors as
ϕ

OX −−−−→ End(I)




y
y
ϕη

OX,η −−−−→ End(Iη ),
where η is the generic point.
When I is a generalized line bundle, the vertical maps are injective (because OX and I are pure) and OX,η → End(Iη ) is an isomorphism (because
I is rank 1). We conclude that ϕ is injective.
Conversely, assume that ϕ is injective. Pick a generator ǫ of the generic
stalk Nη . By hypothesis, multiplication by ǫ on Iη is not the zero map, so
there exists an element s0 ∈ Iη with ǫs0 6= 0. We claim that the map ϕη is an
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isomorphism. The kernel of ϕη is ann(s0 ), which is contained in Nη (because
I is pure). In fact, this containment is proper because ǫs0 6= 0. Since Nη is an
OXred ,η -module and OXred ,η is a field, we conclude that ann(s0 ) = 0, proving
injectivity. Surjectivity also follows: Both the module Iη and the submodule
generated by s0 have length 2, so they must coincide. We conclude that Iη
is isomorphic to OX,η , and the proof is complete.

The following result provides a classification of pure sheaves whose generic
stalk has length 2. It can be found in the work of Drézet, but we include a
proof for the sake of completeness.
Proposition 2.6 ([Dré06, §5.4]). Let X be a ribbon and I a pure sheaf
whose generic stalk is an OX,η -module of length 2. Then I is isomorphic to
one of the following:
(1) a generalized line bundle;
(2) the direct image i∗ (E) of a rank 2 vector bundle E on Xred under the
inclusion map i : Xred ֒→ X.
Proof. Given I, consider the natural map OX → End(I). By Lemma 2.4,
the kernel of this map is either 0 or the nilradical N . When the kernel is 0,
Lemma 2.5 states that I is a generalized line bundle. Thus, we focus on the
case where the kernel is N .
In this case, consider I as a module E over OX /N = OXred . Certainly, E
then satisfies I = i∗ (E). The module E is pure on the smooth curve Xred ,
hence locally free and the generic rank is 2 by hypothesis. In other words,
E is a rank 2 vector bundle on Xred , completing the proof.

We conclude this section with a discussion of the sheaves appearing in
Proposition 2.6. At this level of generality, there is not much to be said about
the classification of rank 2 vector bundles on Xred . When Xred has genus 0,
every vector bundle is a direct sum of line bundles. But in general, there are
non-split rank 2 vector bundles and the classification is more complicated.
In Section 3, we introduce stability conditions and the semi-stable vector
bundles on Xred are coarsely parameterized by the corresponding Simpson
moduli space.
There is a classification of generalized line bundles on X, which can be
found in [EG95, Thm. 1.1]. Given an effective Cartier divisor D on Xred , we
can consider D as a closed subscheme of X and form the blow-up f : X ′ :=
BlD (X) → X. The blow-up X ′ is itself a ribbon and f is a finite morphism.
In fact, the quotient f∗ (OX ′ )/OX is isomorphic to OD . If L′ is a line bundle
on X ′ , then the direct image I := f∗ (L′ ) is a generalized line bundle. [EG95,
Thm. 1.1] states that every generalized line bundle is of this form for a
unique blow-up f : X ′ → X and a unique line bundle L′ . Given I, we call
f : X ′ → X the associated blow-up. Following Drézet ([Dré08, §5.4], we use
the Green-Eisenbud result to define an invariant of I.
Definition 2.7. Let I = f∗ (I ′ ) be a generalized line bundle on X for the
blow-up f : X ′ = BlD (X) → X and the line bundle I ′ on X ′ . As a divisor
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P
on Xred , write D =
np p. Given a point p0 ∈ X, we define the local index
of I at p0 , written bp0 (I), to be bp0 (I) := np0 . The local index sequence
is the collection
{bp0 (I) : bp0 (I) 6= 0}, and the index of I is defined by
P
b(I) :=
bp (I). In particular, we have
b(I) = g − g ′ ,
which follows from f∗ (OX ′ )/OX ∼
= OD and b(I) = deg(D).

The integers b(I) and bp0 (I) can also be defined intrinsically. The index
b(I) is the length of End(I)/OX , while bp0 (I) is the length of the localization
End(Ip0 )/OX,p0 . Later in Fact 2.15 we show that if I = Ip0 is the ideal of a
closed point p0 ∈ X, then I is a generalized line bundle of degree −1 with
local index at p0 equal to 1.
Later on we will use the following basic relation between the degree and
local index of a generalized line bundle ([EG95, p. 759, midpage]).
Fact 2.8. If I is a generalized line bundle, then deg(I) − b(I) = 2b(I ′ ) is
even.
One consequence of the classification theorem of Green–Eisenbud is that
the Jacobian J 0 (X) (i.e. the space of degree 0 line bundles) acts transitively
on the set of generalized line bundles with fixed local index sequence. This
fact will be used later, so we record it.
Lemma 2.9. Let X be a ribbon. If I1 and I2 are two generalized line
bundles that have the same local index at p for all p ∈ X, then there exists a
line bundle L on X such that I1 is isomorphic to L ⊗ I2 . Furthermore, any
two line bundles with this property differ by an element of ker(f ∗ : Pic(X) →
Pic(X ′ )), where f : X ′ → X is the blow-up associated to Ii .
Proof. If f : X ′ → X is the blow-up as in Definition 2.7, then we can write
∗ )/O ∗ has finite
Ii = f∗ (Li ) for line bundles L1 and L2 on X ′ . Since f∗ (OX
′
X
∗ ) → H 1 (X ′ , O ∗ ) is surjective, i.e., the map
support, the map H 1 (X, OX
′
X
f ∗ : Pic(X) → Pic(X ′ ) is surjective. Therefore, we can find a line bundle L
such that f ∗ (L) = L1 ⊗L−1
2 . An application of the projection formula shows
that this line bundle satisfies the desired conditions, and that any other line
bundle M with this property must satisfy f ∗ (M) ∼

= f ∗ (L).
The structure of the Jacobian J 0 (X) can be described explicitly: The
pullback map i∗ : J 0 (X) → J 0 (Xred ) from the Jacobian of X to the Jacobian
of Xred is surjective with kernel equal to the vector space group associated
to H 1 (Xred , N ). This description of J 0 (X) can be found in [Dré08, § 2.3]
or [BLR90, Sect. 9.2]. One approach is to use the description of J 0 (X)
as the identity component of the moduli space Pic(X) of line bundles on
X. In [BLR90], Pic(X) is described as the scheme that represents the étale
∗ ), where g : X → Spec(k) is the structure morphism, and
sheaf R1 g∗ (OX
then computed using long exact sequence associated to the “exponential
sequence”
∗
∗
.
N ֒→ OX
։ OX
red
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We collect the following result which will be used in Section 4.
Fact 2.10. Let X be a ribbon.
(1) The dimension of J 0 (X) equals h1 (X, OX );
(2) For g ≥ ḡ+1, J 0 (X) is not a proper k-scheme (as then H 1 (Xred , N ) 6=
0).
If we pass from X to its completed local ring at a point, then we can
describe generalized line bundles more explicitly.
Definition 2.11. Set O0 := k[[s, ǫ]]/(ǫ2 ). Define the n-th blow-up algebra
to be On := k[[s̃, ǫ̃]]/(ǫ̃2 ), considered as an O0 -algebra via s 7→ s̃, ǫ 7→ ǫ̃s̃n .
We write In for On , considered as an O0 -module.
The following lemma justifies the term “blow-up algebra.”
Lemma 2.12. The blow-up of Spec(O0 ) along the ideal (sn , ǫ) is Spec(On ) →
Spec(O0 ).
Proof. By definition, the blow-up is the projectivization of the Rees algebra
∞
M
M
M
M
(sn , ǫ)k T k .
··· =
(sn , ǫ)T
(s2n , ǫsn )T 2
R+ := O0
k=0

Here T is a formal variable and R+ is graded so that T has grade 1 and
elements of O0 grade 0. As an O0 -algebra, R+ is generated by U := sn T
and V := ǫT . If (R+ [U −1 ])0 is the grade 0 subring of the localization R[U −1 ]
and similarly with (R+ [V −1 ])0 , then by definition, Proj R+ is covered by the
open affine schemes Spec((R+ [U −1 ])0 ) and Spec((R+ [V −1 ])0 ).
The ring R+ [V −1 ], and thus (R+ [V −1 ])0 , is zero because V is both invertible and a zero divisor. As a consequence, the blow-up is equal to
Spec((R+ [U −1 ])0 ), and we complete the proof by showing this algebra is
isomorphic to On .
In (R+ [U −1 ])0 , we have
sn V /U =ǫU/U
=ǫ.
This shows that the rules s̃ 7→ s, ǫ̃ 7→ V /U define a O0 -algebra homomorphism On → (R+ [U −1 ])0 . This homomorphism is surjective because V /U
and 1 = U/U generate (R+ [U −1 ])0 as a O0 -algebra.
To show injectivity, let f (s̃) + ǫg(s̃) ∈ On , with f (s̃), g(s̃) ∈ k[[s]], be an
element that maps to zero. By the definition of localization, we must have
U b (U f (s) + V g(s)) = 0 in R+
or equivalently
snb (sn f (s) + ǫg(s)) = 0 in (sn , ǫ)b+1 ⊂ O0 .
Since snb is a nonzero divisor in O0 and sn a nonzero divisor in On , we can
conclude that f (s̃) + ǫ̃g(s̃) = 0.
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The formation of a blow-up commutes with passing to the completed
local ring, so if f : X ′ := BlD (X) → X is the blow-up from Definition 2.7
bX,p →
and q ∈ X ′ a point mapping to p ∈ X, then the induced map O
bX ′ ,q is isomorphic to O0 → Onp . Combining this observation with [EG95,
O
Thm. 1.1], we deduce the following lemma.
Lemma 2.13. Let X be a ribbon, p0 ∈ X a point and I a generalized
bX,p . Then under this
line bundle. Fix an isomorphism between O0 and O
0
bX,p is identified with a module isomorphic to In , where
isomorphism, I ⊗ O
0
n = bp0 (I).

Proof. Write I = f∗ (L′ ) for the blow-up f : X ′ := BlD (X) → X and a
line bundle L′ on X ′ . If q ∈ X ′ is the unique point mapping to p, then
bX,p with O0 extends to an identification of the map
the identification of O
bX,p → O
bX ′ ,q on completed local rings with O0 → On . In particular,
fˆ: O
b
I ⊗ OX,p is identified with the direct image of a line bundle on On , and such
a module is isomorphic to On itself.


One may easily compute that O0 → On is the algebra extension corresponding to the blow-up of O0 along (sn , ǫ). Given a blow-up f : X ′ :=
BlD (X) → X as in Definition 2.7 and a point q ∈ X ′ mapping to p ∈ X, the
bX,p → O
bX ′ ,q can be identified with O0 → Onp . Combining
induced map O
this observation with [EG95, Thm. 1.1], we can deduce the following lemma.

Lemma 2.14. Let X be a ribbon, p0 ∈ X a point and I a generalized
bX,p . Then under this
line bundle. Fix an isomorphism between O0 and O
0
b
isomorphism, I ⊗ OX,p0 is identified with a module isomorphic to In , where
n = bp0 (I).

Proof. Write I = f∗ (L′ ) for the blow-up f : X ′ := BlD (X) → X and a line
bundle L′ on X ′ . Note that f is a set-theoretical bijection. If q ∈ X ′ is the
bX,p with O0 extends
unique point mapping to p, then the identification of O
ˆ
b
b
to an identification of the map f : OX,p → OX ′ ,q on completed local rings
bX,p is identified with the direct image
with O0 → On . In particular, I ⊗ O
of a line bundle on On , and such a module is isomorphic to On itself.


Fact 2.15. It follows from this lemma that the local index at p0 of the ideal
Ip0 of a closed point p0 is 1. Indeed, if we pass from X to the ring O0 , the
multiplication by s defines an isomorphism between the O-module O1 and
the ideal (ǫ, s).
More generally, if I is the ideal sheaf of the unique closed subscheme Z
of length b0 that is supported at p0 and contained in Xred (so locally I is the
ideal (ǫ, sb0 )), then I is a generalized line bundle of local index b0 at p0 . The
degree of this generalized line bundle is −b0 , as can be seen by computing
the Euler characteristic using the exact sequence I ֒→ OX ։ OZ .

For later computations, it is convenient to have an alternative description
of In . This module can also be described as the ideal (sn , ǫ) of O0 . One
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isomorphism from In to (ǫ, sn ) is given by the map sending 1 ∈ In to sn and
ǫ̃ ∈ In to ǫ. This common module admits the following presentation:
he, f : ǫf = 0, sn f = ǫei.
Here the element e corresponds to 1 ∈ In and f corresponds to ǫ̃. This
presentation in fact extends to the period resolution:

(2.2)

· · · −→ O02

ǫ sn
ǫ sn
0 −ǫ
0 −ǫ
−→ O02 −→ O02 −→ In −→ 0.
!

!

Later, we shall use this presentation to describe how In deforms.
3. Stable Sheaves on a Ribbon
Here we study the stability of generalized line bundles. In general, the
stability of a coherent sheaf on a projective scheme is a condition defined
in terms of an auxiliary ample line bundle L. However, on a ribbon the
stability condition is independent of L, as we will see. To fix ideas, let us
first work with a polarized ribbon (X, L). As before, we write g for the
genus of X, ḡ for the genus of Xred and N for the nilradical of X. We now
recall the definition of the Hilbert polynomial.
Given a coherent sheaf I on X, the Hilbert Polynomial P (I, t) of I with
respect to L is the unique polynomial satisfying
P (I, n) = χ(I ⊗ L⊗n ) for all n ∈ N.
The basic features of the Hilbert polynomial are described in e.g. [AK79,
pp. 21-22]. When I is a generalized line bundle of degree d, its Hilbert
polynomial is of the form
Pd (t) = deg(L) · t + χ(I)
= deg(L) · t + d + 1 − g.
Recall that d(I) is the dimension of the support of I. If d(I) = 1, the
slope µ(I) of I with respect to L is defined to be
µ(I) := χ(I)/ deg(L).
We say that I is slope semi-stable with respect to L if I is pure and for all
non-zero subsheaves J ⊂ I we have
µ(J ) ≤ µ(I).
If this inequality is always strict for J 6= I, we say I is slope stable. A semistable sheaf that is not stable is said to be strictly semi-stable. An equivalent
formulation of semi-stability is that µ(I) ≤ µ(J ) for all quotients I ։ J
with J pure of dimension d(J ) = d(I), and similarly with stability.
We have just given the general definition of semi-stability, but observe
that, on a ribbon, the condition is independent of L. Indeed, the slope
µ(I) depends on L, but replacing L with a different ample line bundle M
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modifies the slope by a factor of deg(L)/ deg(M), so the slope semi-stability
condition is unchanged.
Given a semi-stable sheaf I, there exists a filtration 0 = I0 ⊂ · · · ⊂ In = I
with the property that the successive quotients Ik /Ik−1 are slope stable of
dimension d(I) and the slopes µ(Ik /Ik−1 ) are all equal. If I is stable, this
filtration is trivial. If I is strictly semi-stable, this filtration may not be
unique, but the associated direct sum
M
Gr(I) :=
Ik /Ik−1
k

is unique up to isomorphism. Two strictly semi-stable coherent sheaves
I and I ′ are said to be Gr-equivalent if there is an isomorphism Gr(I) ∼
=
Gr(I ′ ). Given a semi-stable sheaf I, observe that Gr(I) is also a semi-stable
sheaf whose associated direct sum is Gr(I).
We now specialize to the case of semi-stable sheaves on X with Hilbert
polynomial
(3.1)

Pd (t) := deg(L)t + d + 1 − g.

As said before, this is the Hilbert polynomial of a degree d generalized line
bundle. We will show that the stability condition on a generalized line
bundle is controlled by a distinguished quotient. Following [EG95, p. 759],
we make the following definition.
Definition 3.1. The sheaf Ī associated to a generalized line bundle I is
defined to be the maximal torsion-free quotient of I ⊗ OXred , i.e., Ī =
(I|Xred /torsion).
By Fact 2.8, the sheaf Ī is a line bundle on Xred of degree (deg(I) −
b(I))/2. By the projection formula, the Hilbert polynomial of i∗ (Ī) with
respect to L is equal to the Hilbert polynomial of Ī with respect to i∗ (L).
This common polynomial is
deg(L)
t + (deg(I) − b(I))/2 + 1 − ḡ.
2
Using Ī as a test quotient sheaf, we conclude that if I is semi-stable, then
its index must satisfy
(3.2)

(3.3)

b(I) ≤ 1 + g − 2ḡ.

In fact, this inequality characterizes slope semi-stability.
Lemma 3.2. Let (X, L) be a polarized ribbon and I a generalized line bundle of degree d. Then I is slope semi-stable with respect to L if and only
if Inequality (3.3) holds. Similarly, I is slope stable if and only if Inequality (3.3) is strict.
Proof. Inequality (3.3) is equivalent to the slope inequality µ(I) ≤ µ(Ī),
so one implication is clear. For the converse, we assume µ(I) ≤ µ(Ī) and
then prove µ(I) ≤ µ(J ) for all pure quotients q : I ։ J with d(J ) = 1.
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There are two separate cases to consider: the case where the leading term
of P (J , t) is deg(L) · t and the case where it is deg(L)/2 · t.
First, suppose the leading term of P (J , t) is deg(L) · t. We claim that
q is in fact an isomorphism, and thus there is no slope inequality to check.
We begin by showing that J is a generalized line bundle. The condition on
the Hilbert polynomial is equivalent to the condition that the generic stalk
Jη has length 2, so by Proposition 2.6 it is enough to show that J is not
the direct image of a rank 2 vector bundle on Xred . This, however, is clear:
Jη is generated by a single element (the image of a local generator of I),
but the direct image of a rank 2 vector bundle does not have this property.
Having shown that J is a generalized line bundle, the result follows easily.
Consider the kernel of q. Because both I and J are generalized line bundles,
q is generically an isomorphism, hence ker(q) is generically zero. But ker(q)
is a subsheaf of the pure sheaf I, so this forces ker(q) = 0. We can conclude
that q is an isomorphism.
Next we consider the case where the leading term of P (J , t) is deg(L)/2·t.
To begin, we claim that the kernel K of OX → End(J ) equals N . Consider
the generic stalk Jη . The assumption on the Hilbert polynomial implies
that the length of Jη , and hence of every non-zero cyclic submodule, is 1.
In particular, if s0 ∈ Jη is non-zero, then OX,η · s0 = Jη / ann(s0 ) has length
1. Since I has length 2, we may conclude that Kη = ann(s0 ) is non-zero.
By Lemma 2.4, we can conclude that K = N .
q̄
Because K = N , we may factor q as I → i∗ (Ī) → J . Furthermore,
consider J as a module over OX /N = OXred , which is also a line bundle
on Xred because it is locally free (as it is pure) of generic rank 1. Thus, q̄
is a surjection between line bundles on Xred , so it must be an isomorphism.
In particular, the inequality µ(I) ≤ µ(J ) is exactly the hypothesis of the
lemma. This completes the proof.

The lemma also shows that the strictly semi-stable generalized line bundles are exactly the generalized line bundles of index b(I) = 1 + g − 2ḡ. It
is natural to ask what their associated graded modules are.
Lemma 3.3. Let (X, L) be a polarized ribbon and I a generalized line bundle
of index b(I) = 1 + g − 2ḡ. Set F1 (I) to be the kernel of I → Ī. Then
0 ⊂ F1 (I) ⊂ I is a filtration whose successive quotients are stable with the
same Hilbert polynomial, and
Gr(I) = F1 (I) ⊕ Ī.
Proof. Both F1 (I) and Ī are pure of dimension 1 (in fact, direct images of
the line bundles on Xred ), so it is enough to show µ(Ī) = µ(F1 (I)). This
follows from the work we have already shown. One computes
µ(Ī) = (deg(I) − b(I) + 2 − 2ḡ)/ deg(L),
µ(F1 (I)) = (deg(I) + b(I) + 2ḡ − 2g)/ deg(L).
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It is easy to check that these two numbers are equal precisely when b(I) =
1 + g − 2ḡ.

The submodule F1 (I) can be described more explicitly. Say the blow-up
f : X ′ → X associated to I is given by blowing up the divisor D ⊂ Xred .
Then F1 (I) = N ⊗ Ī(D). (This is [EG95, p. 759, bottom of page]).
F1 (I) ⊕ Ī is, of course, the direct image of a split rank 2 vector bundle on
Xred . For the sake of completeness, we should also discuss the slope stability
condition on the direct image i∗ (E) of a vector bundle, but there is little to
say. Slope stability of i∗ (E) is equivalent to slope stability of E. This will
be used in a later section, so let us record it as a fact.
Fact 3.4. Let X be a ribbon. Then the direct image i∗ E of a rank 2 vector
bundle E on Xred is semi-stable if and only if for every subbundle F ⊂ E,
we have
deg(F)/ rank(F) ≤ deg(E)/ rank(E).
In particular, if X is a rational ribbon (i.e. Xred ∼
= P1 ), then there are no
stable sheaves of this form and the only semi-stable sheaves are i∗ (O(e) ⊕
O(e)).
(3.4)

We summarize the results of this section with the following theorem.
Theorem 3.5. Let X be a ribbon of genus g with a polarization L. Let I be
a coherent sheaf on X whose generic stalk has length 2. Then I is pure and
slope (semi-) stable with respect to L if and only if it is one of the following
sheaves:
(1) a generalized line bundle with index b satisfying (b ≤ 1 + g − 2ḡ)
b < 1 + g − 2ḡ;
(2) the direct image i∗ (E) of a (semi-) stable rank 2 vector bundle E on
Xred .
In particular, slope stability of I is independent of L.
The special case of rational ribbons is particularly nice.
Corollary 3.6. Let (X, L) be a polarized rational ribbon. If I is a slope
semi-stable sheaf with Hilbert polynomial Pd (t), then it is one of the following
sheaves:
(1) a degree d generalized line bundle whose index satisfies b(I) ≤ 1 + g;
(2) the direct image i∗ (E), where E = O((d−1−g)/2)⊕O((d−1−g)/2).
The second case can only occur when d − 1 − g is even.
If I is strictly semi-stable, then it is one of the following sheaves:
(1) a degree d generalized line bundle whose index satisfies b(I) = g + 1;
(2) the direct image i∗ (E), where E = O((d−1−g)/2)⊕O((d−1−g)/2).
In particular, any two strictly semi-stable sheaves are Gr-equivalent, and if
d − 1 − g is odd, then slope semi-stability is equivalent to slope stability.
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4. Moduli of Sheaves on a Ribbon
Semi-stable generalized line bundles were described in Section 3. The significance of these sheaves is that their Gr-equivalence classes are are coarsely
parameterized by a moduli space. Simpson [Sim94] has constructed the
coarse moduli space of semi-stable sheaves up to Gr-equivalence on an arbitrary polarized projective k-scheme, in particular on a ribbon. In his paper,
Simpson works over the complex numbers, but his work has since been generalized to positive characteristic ([Mar96, Thm. 0.6] or [Lan04, Thm. 0.2]).
Here we describe the geometry of the Simpson moduli space. As before, X
will be a ribbon of genus g with nilradical N . We write ḡ for the genus of
Xred .
On a ribbon, we have seen that the slope stability condition is independent
of the choice of polarization, but to fix ideas, let us temporarily work with
a polarized ribbon (X, L). Given a polynomial P (t), the Simpson moduli
functor M♯ (OX , P ) : k-Sch → Sets is defined by letting the set of T -valued
points equal the set of isomorphism classes of OT -flat, finitely presented
OXT -modules that are fiber-wise slope semi-stable with Hilbert polynomial
P (t). Inside of the Simpson moduli functor, we can consider the subfunctor
M♯s (OX , P ) that parameterizes slope stable sheaves.
The basic existence theorem [Sim94, Thm. 1.21] states that there exists a pair (M(OX , P ), p) consisting of a projective scheme M(OX , P ) and
a natural transformation p : M♯ (OX , P ) → M(OX , P ) that universally corepresents M♯ (OX , P ). In other words, p is universal with respect to natural
transformations from M♯ (OX , P ) to a k-scheme and this property persists
under base change by an arbitrary morphism T → M(OX , P ). Furthermore,
p induces a bijection between the k-valued points of M(OX , P ) and the set of
Gr-equivalence classes of semi-stable sheaves on X with Hilbert polynomial
P (t). We call M(OX , P ) the Simpson moduli space.
Restricting to stable sheaves, there is an open subscheme Ms (OX , P ) of
M(OX , P ) whose pre-image under p is M♯s (OX , P ). The restriction M♯s (OX , P ) →
Ms (OX , P ) realizes Ms (OX , P ) as the scheme that represents the étale sheaf
associated to Ms (OX , P ). (This is a restatement of [Sim94, Thm. 1.21(4)].)
The scheme Ms (OX , P ) is called the stable Simpson moduli space.
If we specialize to the case where P (t) equals Pd (t) := deg(L)t + d + 1 − g,
the Simpson moduli space can be described using the results from Section 3:
it is the coarse moduli space of Gr-equivalence classes of length 2, semi-stable
sheaves of degree d. The stable locus is the fine moduli space parameterizing
those sheaves that are stable. In [EG95], Eisenbud and Green asked if it is
possible to compactify the Jacobian of a rational ribbon by a moduli space
parameterizing generalized line bundles of index at most g. The Simpson
moduli space is a natural candidate for such a compactification.
Corollary 4.1 (Reformulation of Corollary 3.6). Let X be a rational ribbon.
Then the stable Simpson moduli space Ms (OX , P0 ) parameterizes generalized
line bundles of degree 0 and index at most g. If g is even, then Ms (OX , P0 )
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is projective. If g is odd, the complement of the stable locus in M(OX , P0 )
consists of a single point that represents the Gr-equivalence class of the sheaf
i∗ (O((−1 − g)/2) ⊕ (−1 − g)/2)).
This equivalence class consists of the above sheaf and every generalized line
bundle of degree 0 and index g + 1.
We now turn our attention to describing the global and local geometry of
the Simpson moduli space.
4.1. Global Structure. Having defined M(OX , Pd ), we study the global
geometry of this space. First, observe that it is impossible for a rank 2
vector bundle on Xred to specialize to a generalized line bundle on X.
Lemma 4.2. Suppose T is a k-scheme and I a sheaf that represents a T valued point of M♯ (OX , P ). Define T0 ⊂ T to be the locus of points t ∈ T
with the property that the restriction of I to the fiber Xt := XT ×T Spec(k(t))
is a generalized line bundle. Then T0 ⊂ T is open.
Proof. By [Sim94], the moduli space of semi-stable vector bundles on Xred
is projective, hence is universally closed. It follows that T \T0 is closed. 
Next, we compute the dimension of various loci of generalized line bundles
in M(OX , P ).
Definition 4.3. Let X be a ribbon of genus g and b := (b1 , . . . , bk ) a (possibly empty) sequence of positive integers satisfying b1 + · · · + bk ≤ g − 2ḡ.
Define Zb ⊂ Ms (OX , Pd ) to be the subset of stable generalized line bundles
of degree d whose local index sequence equals b.
Lemma 4.4. If d − b1 − · · · − bk is odd, then Zb is empty. Otherwise, it is
a locally closed, irreducible subset of dimension
dim(Zb ) = g − (b1 − 1) − · · · − (bk − 1).
Proof. Set b := b1 + · · · + bk , the index of a generalized line bundle with local
index sequence b. When d − b is odd, the claim is follows from Fact 2.8.
Thus, assume that d − b is even. We prove the lemma by parameterizing Zb
by an irreducible variety of the appropriate dimension.
Let U ⊂ Hilbb (Xred ) denote the subset parameterizing closed subschemes
Σ supported at k distinct points with multiplicities b1 , . . . , bk . The ideal
IΣ in OX of such a subscheme is a generalized line bundle of degree −b
with local index sequence b by Fact 2.15. Furthermore, U is locally closed
and irreducible of dimension k, because it is isomorphic to an open subset
of the k-th symmetric power of Xred . The hypothesis on b implies that a
generalized line bundle of index b is stable, so we can define a morphism
U × Picd+b (X) → M(OX , Pd ) by the rule (Σ, L) 7→ IΣ ⊗ L.
Observe that U has been chosen so that if p1 , . . . , pk is a collection of k
distinct points, then there is a unique closed subscheme Σ corresponding
to a point of U with the property that bpi (IΣ ) = bi . By Lemma 2.9, we
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may deduce that the image of U × Picd+b (X) → M(OX , Pd ) is Zb . Note
that the fiber over a point is an irreducible variety of dimension b, given by
ker(f ∗ : Pic(X) → Pic(X ′ )) where f : X ′ → X is the associated blow-up.
We can immediately conclude that Zb is irreducible and constructible.
Furthermore, using the formula b(I) = len(End(I)/OX ) for index, it is
easy to see that the index of a generalized line bundle can only increase
under specialization. Because Zb is constructible, it follows that this subset
is locally closed. To complete the proof, we compute the dimension of Zb :
dim(Zb ) = dim(U × Picd+b
X ) − dim(Fiber)
= (g + k) − b.

Lemma 4.5. Let X be a ribbon and I a generalized line bundle. Say that
p0 ∈ X is a point such that bp0 (I) = b0 + 2 for some b0 ≥ 0. Then there is a
Spec(k[α])-flat, finitely presented OX×Spec(k[α]) -module J whose special fiber
is isomorphic to I and whose generic fiber Iα for general α is a generalized
line bundle with local index
(
bp (I) if p 6= p0 ;
bp (Iα ) =
b0
if p = p0 .
Proof. Given I, we first exhibit another generalized line bundle I ′ with
the same local index as I at every point p ∈ X that admits a suitable
deformation. Then we use Lemma 2.9 to deform I.
Suppose that p0 , p1 , . . . , pk are the points p with bp (I) 6= 0. Define Z to
be the (unique) closed subscheme of Xred that is supported at p0 , p1 , . . . , pk
and has length bpi (I) at pi . If we consider Z as a closed subscheme of X,
then the ideal sheaf I ′ := IZ is a generalized line bundle with the property
that bp (I) = bp (I ′ ) for all p ∈ X. We deform I ′ by deforming Z as a closed
subscheme.
Fix an open affine neighborhood U of p0 with the property that pi ∈
/U
for i 6= 0 and Z|U (considered as a subscheme of X) is defined by (ǫ, sb0 +2 )
for regular functions ǫ, s with ǫ generating the nilradical. We can explicitly
deform (ǫ, sb0 +2 ) as follows. By e.g. properness of the Hilbert scheme, we can
extend the ideal (ǫ, sb0 ) ∩ (ǫ − αb0 +1 (s − α), (s − α)2 ) to a proper flat family
J ′ over Spec k[α]. We claim that this extension is the desired deformation,
i.e. that the fiber over 0 ∈ Spec k[α] is I ′ .
To verify the claim, observe that the intersection (ǫ, sb0 ) ∩ (ǫ − αb0 +1 (s −
α), (s − α)2 ) contains sb0 (s − α)2 and
ǫ−αsb0 +1 +α2 sb0 = ǫ−αb0 +1 (s−α)−(s−α)2 α(αb0 −1 +αb0 −2 s+· · ·+sb0 −1 ).
These two elements must lie in the general fiber Iα′ of J ′ , so the fiber over 0
must contain (sb0 +2 , ǫ), and hence equal (sb0 +2 , ǫ) by degree considerations.
For general α, the ideal (ǫ − αb0 +1 (s − α), (s − α)2 ) defines a double point at
s = α, which is Cartier on X, hence it has index 0. This explains where the
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extra 2 goes from the exponent of s in I ′ . The ideal (ǫ, sb0 ) has local index
b0 at p0 . Therefore, Iα′ is the desired deformation of I ′ .
This proves the lemma when I = I ′ . To deduce the general case, by
Lemma 2.9 there exists a line bundle L such that I = I ′ ⊗ L. If we define J
to be the tensor product of J ′ with the constant family with fiber L, then
J satisfies the conditions of the lemma. This completes the proof.

Theorem 4.6. Let X be a ribbon and i an integer satisfying
(
(g + 2)/2 − ḡ if d is even;
1≤i≤
(g + 1)/2 − ḡ if d is odd.
Define Z̄i ⊂ M(OX , Pd ) to be the Zariski closure of Zb , where b = (1, . . . , 1)
is the sequence of 1’s with length equal to 2i − 2 if d is even and 2i − 1 if d
is odd.
Then Z̄i is a g-dimensional irreducible component of M(OX , Pd ). Furthermore, if Z̄ ⊂ M(OX , Pd ) is any irreducible component that contains a
stable generalized line bundle, then Z̄ = Z̄i for some i.
Proof. The theorem follows from Lemmas 4.2, 4.4, and 4.5. Observe that
a repeated application of Lemma 4.5 shows that ∪Z̄i contains the locus of
generalized line bundles. Furthermore, the subsets Z̄i are all irreducible and
of dimension g by Lemma 4.4. We now use these facts to prove the theorem.
First, let us prove that every irreducible component that contains a stable generalized line bundle is of the form Z̄i for some i. Say Z̄ is an irreducible component that contains a stable generalized line bundle. The
subset of Z̄ consisting of stable generalized line bundles is non-empty and
open (Lemma 4.2), hence dense. We may conclude that Z̄ is contained in
the union ∪Z̄j , but each of the Z̄j ’s is irreducible, so this is only possible if
Z̄ = Z̄i for some i.
This shows that some of the Z̄i ’s are irreducible components of M(OX , Pd ).
To complete the proof, we must show that every Z̄i is a component, so let
Z̄i be given. Certainly this subset is contained in some component, which
we have shown must be of the form Z̄j for some j. In other words, we have
Z̄i ⊂ Z̄j . As both are irreducible of dimension g, this is only possible if
Z̄i = Z̄j , showing that Z̄i is a component. This completes the proof.

Theorem 4.6 describes all the irreducible components of M(OX , Pd ) that
contain a stable generalized line bundle. What about the locus parameterizing sheaves of the form i∗ E for E a semi-stable rank 2 vector bundle on
Xred ? We prove the following result.
Theorem 4.7. Let X be a ribbon of genus g.
(1) If g ≤ 2ḡ−1, then no component of M(OX , Pd ) contains a stable generalized line bundle. Furthermore, the moduli space is empty when
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(4.1)

ḡ = 0 and d − g is even. Otherwise M(OX , Pd ) is irreducible and

0
if ḡ = 0;



1
if ḡ = 1, d − g is even;
dim M(OX , Pd ) =

2
if ḡ = 1, d − g is odd;



4ḡ − 3 if ḡ ≥ 2.

(2) If g > 2ḡ −1, then M(OX , Pd ) has at most one irreducible component
that does not contain a stable generalized line bundle. When this
component exists, it has dimension 4ḡ − 3. This component does not
exist when ḡ ≤ 1, but does exist when ḡ ≥ 2 and 4ḡ − 3 ≥ g.
Theorem 4.7 follows from known results about moduli of vector bundles
on non-singular curves, so before giving the proof, we recall the relevant
facts from [LP95].
Computing Euler characteristics, we see that the direct image of a rank
2 semi-stable vector bundle E on Xred corresponds to a point of M(OX , Pd )
precisely when deg(E) = d + 2ḡ − g − 1. Thus, if we set
e := d + 2ḡ − g − 1
and M(2, e) equal to the coarse moduli space of Gr-equivalence classes of
semi-stable rank 2 vector bundles on Xred of degree e (which exists by,
say, Simpson’s work), then the rule E 7→ i∗ E defines a closed embedding
M(2, e) → M(OX , Pd ) with image equal to the subset parameterizing sheaves
of the form i∗ E. The geometry of M(2, e) depends on the genus of Xred .
There are three cases to consider: ḡ = 0, ḡ = 1 and ḡ ≥ 2.
When ḡ = 0, every rank 2 vector bundle splits as a direct sum of line
bundles, so there are no stable vector bundles and the strictly semi-stable
vector bundles are of the form OP1 (e/2)⊕OP1 (e/2) for e even. Thus, M(2, e)
is empty when e is odd (i.e. d − g is even) and equal to a point when e is
even (i.e. d − g is odd).
The next case to consider is ḡ = 1. Again, the geometry of M(2, e)
depends on the parity of e. For e odd (i.e. d − g even), every semi-stable
rank 2 vector bundle of degree e is stable and the determinant map defines
an isomorphism M(2, e) → Pice (Xred ) ([LP95, Thm. 8.29]). In particular,
M(2, e) is irreducible of dimension 1. By contrast, there are no stable vector
bundles of odd degree on Xred ([LP95, p. 160-161]), and M(2, e) is irreducible
of dimension 2 ([LP95, Thm. 8.29]).
The final case is ḡ ≥ 2. In this case, there always exists a stable rank
2 vector bundle of degree e ([LP95, Thm. 8.28]), and M(2, e) is irreducible
of dimension 4ḡ − 3 ([LP95, Thm. 8.14, 8.26]). We now use these facts to
prove the theorem.
Proof of Theorem 4.7. The case where g ≤ 2ḡ − 1 follows from Theorem 3.5.
That theorem asserts that there are no stable generalized line bundles, so the
natural map M(2, e) → M(OX , Pd ) is a set-theoretic bijection, and the claim
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follows from the results about M(2, e) just reviewed. For the remainder of
the proof, we assume g > 2ḡ − 1.
The case ḡ = 0 can be treated without difficulty. By the classification
of vector bundles on P1 , it is enough to show that if d − g is odd, then the
point of M(OX , Pd ) corresponding to the direct image of
O(e/2) ⊕ O(e/2)
is contained in the closure of the locus of generalized line bundles. The
vector bundle in question is Gr-equivalent to a generalized line bundle of
index g + 1, and every such generalized line bundle is the specialization of a
stable generalized line bundle by Lemma 4.5, combined with Corollary 3.6.
We now turn our attention to the case where ḡ = 1. When d − g is odd,
the claim follows from essentially the same argument as in the ḡ = 0: there
are no stable vector bundles of degree e on Xred and every strictly semistable rank 2 vector bundle is Gr-equivalent to a generalized line bundle of
index g − 1. However, when d − g is even, a different argument is needed.
Consider first the special case where we not only assume ḡ = 1 and d − g
is even, but also g = 2. Then there are exactly two types of semi-stable
sheaves with degree d: line bundles on X and sheaves of the form i∗ E for
E a rank 2 stable vector bundle on Xred . The moduli space Picd (X) is not
projective, hence its image in M(OX , Pd ) is not closed (because M(OX , Pd )
is projective). Therefore, its closure in M(OX , Pd ) must contain some stable
vector bundle. But the natural action of Pic0 (X) on the set of stable rank
2 vector bundles of degree e is transitive, so if the closure of Picd (X) contains one such vector bundle, then it contains all such vector bundles. This
completes the proof when g = 2.
The case where g > 2 can be deduced from this. Suppose now that we
relax the condition g = 2 to g ≥ 2. Blowing-up a length g − 2 closed
subscheme contained in Xred , we obtain a finite morphism f : X ′ → X with
g(X ′ ) = 2. Now suppose that we are given a sheaf of the form i∗ E for E
a stable rank 2 vector bundle on Xred . We need to show that i∗ E is the
specialization of a stable generalized line bundle. By what we have shown,
there exists a family of sheaves I ′ on X ′ whose generic fiber is a stable line
bundle and whose special fiber is isomorphic to i∗ E. The direct image of
this family under f realizes i∗ E as the specialization of stable generalized
line bundles. This completes the proof in the case that ḡ = 1.
The remaining case is ḡ ≥ 2 and 4ḡ − 3 ≥ g. Under these conditions, we
wish to show that the closure of the image of M(2, e) → M(OX , Pd ) is an
irreducible component. Because M(2, e) is itself irreducible, it is enough to
show that the image is not contained in ∪Z̄j . This follows from a dimension count: ∪Z̄j has dimension equal to g, which is less than or equal to
dim M(2, e) = 4ḡ − 3.

Observe that Theorem 4.7 shows that there are ribbons with the property
that every semi-stable rank 2 vector bundle is the specialization of a stable
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generalized line bundle, and there are ribbons that do not have this property.
However, it does not fully analyze the case when the inequalities ḡ ≥ 2 and
g > 4ḡ − 3 are both satisfied. Thus, it would be interesting to know the
answer to the following question:
Question 4.8. Let X be a ribbon such that ḡ ≥ 2 and g > 4ḡ − 3. Does
there exist an irreducible component of M(OX , Pd ) whose general element is
a rank 2 vector bundle on Xred ?
We now prove that M(OX , Pd ) is connected. To establish this, we need
another lemma about deformations of generalized line bundles.
Lemma 4.9. Let X be a ribbon and I a generalized line bundle. If the local
index sequence of I is (b1 + 1, b2 , . . . , bk ), then I is the specialization of a
generalized line bundle with local index sequence (1, b1 , b2 , . . . , bk ).
Proof. The proof is similar to the proof of
is to show that the ideal (ǫ, sb1 +1 ) can be
index b1 at {ǫ = s = 0} and local index
deformation over k[α] is given by the ideal

Lemma 4.5. The essential point
deformed to an ideal with local
1 at a second point. One such
generated by ǫ and sb0 (s − α).


Theorem 4.10. For a ribbon X, the moduli space M(OX , Pd ) is connected.
Proof. The case where g − 2ḡ + 1 ≤ 0 can be dispensed with immediately.
When this inequality holds, M(OX , Pd ) is either empty or irreducible by
Theorem 4.7. Thus, for the remainder of the proof we assume g − 2ḡ + 1 > 0.
In this case, we prove connectivity by exhibiting a point lying in every
irreducible component. Set e := d − g + 2ḡ − 1. There are two separate cases
to consider: e even and e odd. When e is even, there exist strictly semistable generalized line bundles with local index sequence (d − e). Fix one
such sheaf I. We claim that the corresponding point x0 of M(OX , Pd ) lies
in every irreducible component of M(OX , Pd ). Using Theorem 4.6, repeated
applications of Lemmas 4.5 and 4.9 show that x0 lies in every irreducible
component containing a stable generalized line bundle. There is at most
one other irreducible component, which, when it exists, parameterizes rank
2 vector bundles on Xred . In any case, x0 must lie in the locus of rank 2 vector
bundles on Xred because I is Gr-equivalent to such a sheaf (Lemma 3.3).
This proves the proposition when e is even.
Now suppose that e is odd. If we replace the strictly semi-stable generalized line bundle with local index sequence (d − e) with a stable generalized
line bundle of local index (d − e − 1), then a simple modification of the
argument given in the e even case shows that there is a point x0 lying in
every irreducible component that contains a stable generalized line bundle.
To complete the proof, we must show that the locus of stable rank 2 vector
bundles in M(X, Pd ) has non-empty intersection with the locus of stable
generalized line bundles. Because there are no semi-stable rank 2 vector
bundles on P1 , we may assume ḡ ≥ 1.
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Now suppose first that g −2ḡ +1 = 1. Then there are at most two types of
sheaves corresponding to points of M(OX , Pd ): stable line bundles of degree
d and stable rank 2 vector bundles on Xred . By Fact 2.10, the line bundle
locus of fixed degree on X is not proper, hence is not closed in M(OX , Pd )
because the Simpson moduli space is projective. Thus, the closure of the
locus of line bundles must contain at least one point corresponding to a rank
2 vector bundle on Xred , which is what we wished to show.
When g−2ḡ+1 > 1, we can reduce to the previous case. Indeed, a suitable
blow-up f : X ′ → X of X has the property that g(X ′ ) − 2ḡ(X ′ ) + 1 = 1. We
have just shown that there is a family of stable line bundles on X ′ specializing
′
= Xred , and the direct image of this family
to a stable rank 2 bundle on Xred
under f is a family of stable generalized line bundles specializing to a rank
2 vector bundle on Xred . In other words, the intersection of the locus of
generalized line bundles in M(OX , Pd ) has non-trivial intersection with the
locus of vector bundles on Xred , completing the proof.

4.2. Local Structure. We now turn our attention to the local structure
of the Simpson moduli space. We compute the tangent space dimension
of M(OX , Pd ) at a point corresponding to a stable sheaf and then apply
this result to determine the smooth locus of the moduli space. The specific
tangent space computation we give is the following proposition:
Proposition 4.11. Let x be a point of Ms (OX , Pd ). If x corresponds to a
stable generalized line bundle I, then
dim Tx M(OX , Pd ) = g + b(I).
If x corresponds to the direct image i∗ E of a stable rank 2 vector bundle E
on Xred , then
dim Tx M(OX , Pd ) = 4ḡ − 3 + h0 (Xred , End(E) ⊗ N −1 )
= 4g + 5 − 8ḡ if g ≥ 4ḡ − 2.
The proof of the proposition is broken up into two separate lemmas: one
computing the dimension when x is a generalized line bundle (Lemma 4.12)
and one when x corresponds to a rank 2 vector bundle on Xred (Lemma 4.13).
Let F be the sheaf parameterized by x ∈ M(OX , Pd ). The starting point
is the identification of the tangent space of M(OX , Pd ) at x with the cohomology group Ext1 (F, F), see e.g., [Har10, Thm. 2.7]. Elements of the
tangent space are in natural bijection with morphisms Spec(k[α]/(α2 )) →
M(OX , Pd ) sending the closed point to x. Because x lies in the stable
locus, these morphisms in turn are in natural bijection with first-order
deformations of F (i.e. deformations over k[α]/(α2 )). The isomophism
Tx M(OX , Pd ) ∼
= Ext1 (F, F) is constructed by exhibiting a bijection between first-order deformations of F and elements of Ext1 (F, F).
Let F1 be a first order deformation of F, i.e. F1 is a sheaf flat over
Spec k[α]/(α2 ) whose special fiber is F. Tensoring the short exact sequence
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k∼
= (α) ֒→ k[α]/(α2 ) ։ k with F1 yields the sequence
(4.2)

F∼
= α · F1 ֒→ F1 ։ F1 /α · F1 ∼
= F.

This is an extension of F by F, and hence defines an element c(F1 ) of
Ext1 (F, F). One shows that the rule F1 7→ c(F1 ) is well-defined and the
induced map
Tx M(OX , Pd ) → Ext1 (F, F)
is a bijection. As an aside, we remark that when x is strictly semi-stable,
there is no longer a canonical identification Tx M(OX , Pd ) ∼
= Ext1 (F, F).
Rather, there is a more complicated description of the tangent space involving a natural action of Aut(F) on Ext1 (F, F).
We now compute Ext1 (I, I) for I a generalized line bundle.
Lemma 4.12. If I is a generalized line bundle, then we have
(4.3)

dim(Ext1 (I, I)) = g + b(I) + h0 (X ′ , OX ′ ) − 1,

where X ′ is the associated blow-up of I.
If we additionally assume 2ḡ ≤ g, then this formula simplifies to
(4.4)

dim(Ext1 (I, I)) = g + b(I).

Proof. An inspection of the local-to-global spectral sequence
H p (X, Extq (I, I)) ⇒ Extp+q (F, F)
computing Ext shows that there is a short exact sequence
H 1 (X, End(I)) ֒→ Ext1 (I, I) ։ H 0 (X, Ext1 (I, I)).
We prove the proposition by computing the right-most term and the leftmost term in the above sequence. If we write I = f∗ (I ′ ) for a line bundle
I ′ on a blow-up f : X ′ → X, then the canonical map f∗ (OX ′ ) → End(I)
is an isomorphism (because any OX -linear map I → I is f∗ OX ′ -linear).
As a consequence, H 1 (X, End(I)) = H 1 (X ′ , OX ′ ), which is of dimension
g − b(I) + h0 (X ′ , OX ′ ) − 1.
We also need to compute H 0 (X, Ext1 (I, I)). The sheaf Ext1 (I, I) is
supported on the points p satisfying bp (I) > 0. If we label these points as
p1 , . . . , pn , then the space of global sections decomposes as
H 0 (X, Ext1 (I, I)) = ⊕nj=1 Ext1 (Ipj , Ipj ),
The module Ext1 (Ipj , Ipj ) has finite length because I is locally free away
from p1 , . . . , pn , so the module is equal to its completion at the maximal
ideal of OX,pj , and this module is Ext1 (Ibpj , Ibpj ).
The completion Ibpj is isomorphic to Obpj , and we can compute Ext1 (Ibpj , Ibpj )
as the first cohomology group of the complex obtained by applying Hom(·, Ibpj )
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to the free resolution (2.2). A computation shows this cohomology group
has dimension dim Ext1 (Ibpj , Ibpj ) = 2bpj (I). Summing over all j, we have
dim Ext1 (I, I) = (g − b(I) + h0 (X ′ , OX ′ ) − 1) + (2bp1 (I) + · · · + 2bpn (I))
= g + b(I) + h0 (X ′ , OX ′ ) − 1.

This establishes (4.3). When 2ḡ ≤ g, the nilradical has negative degree,
and hence no non-zero global sections. In particular, h0 (X ′ , OX ′ ) − 1 = 0,
proving that (4.4) holds.

We now turn our attention to sheaves of the form i∗ E.
Lemma 4.13. Let E be a stable rank 2 vector bundle on Xred . Then we
have
(4.5)

dim Ext1 (i∗ E, i∗ E) = 4ḡ − 3 + h0 (Xred , N −1 ⊗ End(E)).

If we additionally assume g ≥ 4ḡ − 2, then this formula simplifies to
(4.6)

dim Ext1 (i∗ E, i∗ E) = 4g + 5 − 8ḡ.

Proof. Like the previous lemma, this is proven using a spectral sequence
argument. For any two OXred -modules A and B, adjunction provides a
canonical identification HomOX (i∗ A, i∗ B) = HomOXred (i∗ i∗ A, B), hence the
groups Extn (i∗ A, i∗ B) and Extn (i∗ i∗ A, B) are isomorphic. We compute
Ext1 (i∗ E, i∗ E) by working with a spectral sequence describing Ext1 (i∗ i∗ E, E).
The functor Hom(i∗ i∗ , E) is the composition of the functors G := i∗ i∗
and F := HomOXred ( , E), so there is a Grothendieck spectral sequence:
Extp (Torq (i∗ (OXred ), i∗ E), E) ⇒ Extp+q (i∗ i∗ E, E).
The first four terms of the associated exact sequence of low degree terms
are:
(4.7)
Ext1 (E, E) ֒→ Ext1 (i∗ i∗ E, E) → Hom(Tor1 (i∗ OXred ), E) → Ext2 (E, E).
Because Xred is a non-singular curve, the last term Ext2 (E, E) vanishes. We
can also compute the second-to-last term. Associated to the short exact
sequence N ֒→ OX ։ OXred is a long exact sequence of Tor( , i∗ E)-groups
whose connecting map
∂ : Hom(N ⊗ E, E) → Hom(Tor1 (i∗ OXred , i∗ E))
is an isomorphism. We now compute the dimension of Ext1 (i∗ E, i∗ E) using
Sequence (4.7):
dim Ext1 (i∗ E, i∗ E) = dim Ext1 (i∗ i∗ E, E)
= dim Ext1 (E, E) + dim Hom(N ⊗ E, E)
= h1 (Xred , End(E)) + h0 (Xred , N −1 ⊗ End(E)).
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Note that Hom(E, E) = H 0 (Xred , End(E)) is 1-dimensional as E is stable.
Moreover, End(E) is of rank 4 and degree 0. Hence by the definition of
degree of vector bundles on curves ([LP95, Sec. 2.6]) we have
χ(Xred , End(E)) = 4 · (1 − ḡ) + 0 = 4 − 4ḡ.
It follows that
h1 (Xred , End(E)) = 1 − (4 − 4ḡ) = 4ḡ − 3.
Altogether this proves Formula (4.5).
Now assume g ≥ 4ḡ − 2. Because E is stable, the rank 4 vector bundle
−1
N ⊗ End(E) is semi-stable ([Laz04, Cor. 6.4.14]) of degree 4 + 4g − 8ḡ.
Therefore, we have
χ(Xred , N −1 ⊗ End(E)) = 4 · (1 − ḡ) + (4 + 4g − 8ḡ) = 8 + 4g − 12ḡ.
Using Serre duality on Xred , one checks that h1 (Xred , N −1 ⊗ End(E)) = 0.
We thus conclude that
dim Ext1 (i∗ E, i∗ E) = (4ḡ − 3) + (8 + 4g − 12ḡ) = 4g + 5 − 8ḡ,
completing the proof of Formula (4.6).



One immediate corollary of the lemma is the following:
Corollary 4.14. Let X be a ribbon. If ḡ ≥ 2 and g ≥ 4ḡ − 2, then the
smooth locus of M(OX , Pd ) is equal to the open subset parameterizing line
bundles on X.
Proof. First, let us prove the weaker claim concerning the smooth locus
of the space Ms (OX , Pd ) of stable sheaves. It is enough to show that if
x ∈ Ms (OX , Pd ), then the tangent space dimension of M(OX , Pd ) equals the
local (topological) dimension if and only if x corresponds to a line bundle.
Theorems 4.6, 4.7 together with Proposition 4.11 show that equality must
fail except possibly in the following cases: when x corresponds to a stable
line bundle and when x corresponds to a stable rank 2 vector bundle on
Xred . We must show that the second case cannot occur.
If x corresponds to a stable rank 2 vector bundle on Xred , then the tangent
space dimension is:
dim Tx Ms (OX , Pd ) = 4g + 5 − 8ḡ.
We have not computed the local dimension of M(OX , Pd ) at x, but Theorems 4.6 and 4.7 show this local dimension at x is either g or 4ḡ − 3. Using
the assumption ḡ ≥ 2 and g ≥ 4ḡ − 2, a direct computation shows that the
local dimension at x is strictly smaller than 4g + 5 − 8ḡ, proving the claim
concerning the locus of stable sheaves.
What about the strictly semi-stable locus? Because ḡ ≥ 2, every strictly
semi-stable point is the specialization of a stable point that is not a line
bundle. Indeed, the strictly semi-stable locus is contained in the image of
M(2, e), and the stable locus is dense in M(2, e). Because the singular locus
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is closed, we can conclude that the strictly semi-stable locus is contained in
the singular locus, completing the proof.

Observe that the hypothesis that g ≥ 4ḡ − 2 is used to compute the
dimension of the tangent space of M(OX , Pd ) at a point corresponding to a
stable rank 2 vector bundle on Xred . The method of proof can be used to
describe the singular locus of M(OX , Pd ) under weaker hypotheses, but then
the conclusion becomes more difficult to state: If g ≤ 4ḡ − 3 is allowed, then
the smooth locus may contain stable rank 2 vector bundles. For example, if g
is sufficiently negative and ḡ ≥ 2, then there are no semi-stable generalized
line bundles, so M(OX , Pd ) has a unique component of dimension 4ḡ − 3
whose smooth locus contains the locus of stable rank 2 vector bundles on
Xred . The proof also makes use of the fact that every strictly semi-stable
sheaf is the specialization of a stable sheaf. In general, this condition may
fail to hold (e.g. ḡ = 1 and g = 2). When this occurs, a more delicate
analysis of the semi-stable locus is needed.
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