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We study the long-term average frequency as a function of the natural frequency for Kuramoto
oscillators with periodic coefficients. Unlike the case for more general periodically forced oscillators, this
function is never a ‘‘devil’s staircase’’; it may have plateaus at integer multiples of the forcing frequency,
but we prove it is strictly increasing between these plateaus. The proof uses the fact that the flow maps
for Kuramoto oscillators extend to Möbius transformations on the complex plane, and that Möbius
transformations have particularly simple dynamics that rule out p:q mode locking except in the case of
fixed points (q ¼ 1). We also give a criterion for the degeneration of an integer plateau to a single point
and use it to explain the absence of plateaus at even multiples of the collective frequency for a Kuramoto
system with a bimodal frequency distribution.
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The Kuramoto coupled oscillator model has played a
central role in the study of coupled oscillator systems in
physics and biology since it was proposed by Kuramoto in
1975 [1]. The model consists of a population of oscillators
with random natural frequencies, all coupled to each other
via sinusoidal terms. Kuramoto’s model has been studied
extensively in both the physics and applied mathematics
literature; see [2] for a partial survey through the year 2000.
This Letter addresses the dependence of the long-term
average frequencies of the oscillators in the model as a
function of the oscillators’ natural frequencies. As we shall
see, the structure of this relationship is completely different
than for the case of more general oscillator models with
varying natural frequencies.
Generically, i.e., for ‘‘most’’ oscillator models with
varying natural frequencies (in a sense which can be made
mathematically precise), the dependence of average frequencies as a function of natural frequencies is given by a
universal structure known in the dynamical systems literature as a ‘‘devil’s staircase,’’ shown on page 111 in [3]. The
main result of this Letter is that the Kuramoto model can
never exhibit this devil’s staircase relationship but instead
has a much simpler structure. The proof builds on the result,
proved in [4], that the evolution in time of any configuration
of oscillators with the same natural frequency in the
Kuramoto model is given by a Möbius map, i.e., fractional
linear transformation of the form z ° ðaz þ bÞ=ðcz þ dÞ
on the complex plane, which in this case has the additional
property that the map preserves the unit circle.
Moreover, this time evolution under Möbius transformations holds more generally for any periodically forced
oscillator with varying natural frequency and only firstorder sine and cosine terms. Such models include the
overdamped, periodically forced pendulum [5] and a series
array of Josephson junctions with purely resistive load [6].
Hence our main result below also extends to these models.
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Our work demonstrates that general coupled or forced
oscillator systems exhibit behavior which does not occur
in the highly idealized Kuramoto model, and thus reveals
a limitation of the Kuramoto model as a paradigm for
general oscillator models.
The classic Kuramoto model is the system
K
_ j ¼ !j þ
N

N
X

sinðk  j Þ;

(1)

k¼1

where K  0 is a coupling constant, and !j is the natural
frequency of the jth oscillator. This system can be simplified by introducing the complex order parameter
ZðtÞ ¼

N
1 X
eik ðtÞ ;
N k¼1

(2)

then (1) reduces to _ j ¼ !j þ KImðZðtÞ expðij ÞÞ,
which expresses the evolution of the jth oscillator solely
in terms of the order parameter ZðtÞ.
Typically the natural frequencies are chosen according
to a probability density gð!Þ with infinite tails, like a
Gaussian or Lorentzian density. Then as N gets large the
system (1) usually has no fixed points and so cannot be
analyzed by doing a linear stability analysis around
fixed points. This is why the finite N Kuramoto model
described above is so notoriously difficult. So in the study
of the Kuramoto model, one typically considers the infinite
N limit, first proposed in [7], whose states are density
functions ð; !; tÞ that describe the distribution of the
oscillators with frequency ! at time t. The order parameter
is now
Z 1 Z 2
ZðtÞ ¼
ei ð; !; tÞgð!Þdd!;
(3)
0

0

and the population of oscillators with frequency ! evolves
according to the equation
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_ ¼ ! þ KImðZðtÞei Þ:

(4)

Now suppose that the order parameter ZðtÞ is periodic
with period T > 0, which does indeed happen for several
important cases of the Kuramoto model which we discuss
below. Then equation (4) is an example of a periodically
forced differential equation of the form
_ ¼ ! þ aðtÞ cos þ bðtÞ sin þ cðtÞ;

(6)

where f is continuous and has period 2 in , T > 0 in t, 
is a coupling constant, and ! 2 R is a parameter.
Henceforth we will consider  to be a real variable; we
do this so we can keep track of the number of times a
solution ðtÞ to an equation like (6) laps around the unit
circle. We are interested in the long-term average angular
frequency of solutions to (6), defined by
ðtÞ
;
t!1 t

ð!Þ ¼ lim

Fn ð0 Þ
n!1
n

rot ðFÞ ¼ lim

(5)

where ! 2 R is a parameter and the functions aðtÞ, bðtÞ,
and cðtÞ are assumed to be continuous with period T. We
call this equation a Kuramoto oscillator equation or
Kuramoto oscillator. We emphasize that it doesn’t matter
whether the coefficients aðtÞ, bðtÞ, and cðtÞ are ‘‘external’’
forcing terms, or averages over some population of
oscillators, as in (4); all that matters is the form of the
equation and that all oscillators are governed by the same
equation with periodic coefficients, except for the variation
due to the parameter !.
In turn, (5) is a special case of the general parameterdependent periodically forced oscillator equation
_ ¼ ! þ fð; tÞ;

F! ð þ 2Þ ¼ F! ðÞ þ 2. A continuous, strictly
increasing function F: R ! R such that Fð þ 2Þ ¼
FðÞ þ 2 is called a circle map lift since it induces an
orientation-preserving homeomorphism on the unit circle
[3]. Any circle map lift F has a rotation number

(7)

as we shall see momentarily, this limit exists and depends
only on the natural frequency !.
The time–T flow map F! : R ! R for (6) is defined as
follows: for any 0 2 R, let ðtÞ be the solution to (6) with
initial condition ð0Þ ¼ 0 , then F! ð0 Þ ¼ ðTÞ. From the
theory of flows for dynamical systems [8] the map F! is
continuous, strictly increasing in  and ! and satisfies

(8)

independent of the initial condition 0 . The rotation
number of the map F! determines ð!Þ:
ðnTÞ
Fn ð Þ 1
¼ lim ! 0 ¼ rotðF! Þ:
n!1 nT
n!1 nT
T

ð!Þ ¼ lim

(9)

From the theory of circle maps [3],  generically has the
familiar devil’s staircase structure, consisting of plateaus at
all rational multiples p=q (in lowest terms) of 2=T. The
natural frequency ! is in the p=q plateau if there is a stable
solution ðtÞ to (6) such that ðt þ qTÞ ¼ ðtÞ þ 2p, so
this solution mapped to the circle orbits the circle p times
over q cycles of fð; tÞ; this is called stable p:q mode
locking of solutions to the periodic forcing. The widths
of the plateaus shrink to 0 as the coupling  ! 0, in the
pattern of Arnold tongues in the (, !) plane.
But the structure of the function  is vastly simpler for
the classic Kuramoto model, or Kuramoto oscillators governed by (5). For example, if the frequency distribution for
the ! is Gaussian or Lorentzian with mean 0, and K is
above a critical level, then (4) has self-consistent solutions
with constant order parameter ZðtÞ ¼ R > 0. The average
frequency function  has only one plateau, corresponding
to phase-locking for small ! (see Fig. 1(a)). This isn’t too
surprising since in this case there isn’t any time dependence in (4), so one would expect the function  to be
strictly increasing outside the phase-locking plateau.
Now consider a bimodal Gaussian distribution for !,
defined as the average of two Gaussians with identical
widths but different means. The order parameter for the
Kuramoto system can then undergo a Hopf bifurcation [9],
so for appropriately chosen parameters, ZðtÞ varies periodically. In this case we find the graph of  does indeed

FIG. 1. (A) Average frequency ð!Þ vs. natural frequency ! for system (1); K ¼ 10, N ¼ 4096 and !j drawn from a Gaussian with
mean 0 and width 5. (B) ð!Þ normalized by op for system (1); K ¼ 21, N ¼ 4096 and !j drawn from a bimodal Gaussian with
constituent means at ! ¼ 10 with widths 5. Note absence of plateaus at even multiples of op . (C) normalized ð!Þ for system (10)
with higher-order coupling; K1 ¼ 8, K2 ¼ 14, N ¼ 4096 and !j drawn from the same bimodal Gaussian distribution as in (B).
Note full devil’s staircase pattern of plateaus in (C), magnified in insets.
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have multiple plateaus, but only at integer multiples of
the order parameter frequency op ¼ 2=T, as shown in
Fig. 1(b). This is still quite different from the generic
devil’s staircase. Notice that in this example the plateaus
all correspond to odd multiples of op ; in particular, there
is no plateau centered at ! ¼ 0. We will explain this
curious phenomenon in the discussion at the end of this
Letter. This pattern of integer-only plateaus was observed
by Sakaguchi for the Kuramoto model with an additional
periodic forcing term [10,11] and has also been observed in
the study of Josephson junctions and certain types of torus
flows [12–15]. By contrast, if we add a higher-order
coupling term to (1), the system
N
N
K X
K X
_ j ¼ !j þ 1
sinðk  j Þ þ 2
sin2ðk  j Þ
N k¼1
N k¼1

(10)

has the full devil’s staircase structure, shown in Fig. 1(c).
As mentioned earlier, the reason that the function  is so
different for Kuramoto oscillators as opposed to more general periodically forced oscillators is the time–t flow map for
(5) is a Möbius map on the circle, and Möbius maps have
very special dynamical behavior. In particular, a Möbius
map can never have stable periodic points except for fixed
points, which rules out stable p:q mode locking when q > 1.
The relation of Möbius maps to the Kuramoto system was
noted in Ref. [4], and to Josephson junction systems in
Ref. [12], where it was used to rule out phase locking with
fractional rotation numbers for certain types of Josephson
junction models. We extend this result by proving that as a
consequence of the dynamical properties of Möbius maps,
the function  must be strictly increasing outside the integer
plateaus; we also prove a precise criterion for the degeneration of an integer plateau to a single point.
Consider the time–T flow map F! for the Kuramoto
oscillator (5). If M  0 is a bound for the periodic term
aðtÞ cos þ bðtÞ sin þ cðtÞ, then
 þ nð!  MÞT 

n
F!
ðÞ

  þ nð! þ MÞT

(11)

for any  and hence jð!Þ!jM. Therefore ð!Þ  !
as ! ! 1. Since  is continuous and increasing, for
þ
each k 2 Z there is a maximal interval [!
k , !k ] on which

þ

ð!Þ ¼ 2k=T; clearly !k  !k < !kþ1 for all k 2 Z.
þ
We call the intervals [!
k , !k ] the integer plateaus for .
Our goal is to prove that  is strictly increasing on the

intervals [!þ
k , !kþ1 ] between the integer plateaus. We
shall also prove that the case where the integer plateau
þ
[!
k , !k ] is just a point is quite exceptional, in a sense to
be made precise below.
More generally, consider any family G of circle map
lifts that is strictly increasing in . The function defined by
ðÞ ¼ rotðG Þ usually isn’t strictly increasing, but there
is a special case where we can conclude that  is strictly
increasing at some point  ¼ 0 :
Lemma. If the family G of circle map lifts is strictly
increasing in , and G0 is conjugate via a circle map lift
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 to a translation on R, then  is strictly increasing at 0 ;
in other words, fðÞ ¼ ð0 Þg ¼ f0 g.
Proof. The family G 1 of circle map lifts is also
strictly increasing in  and has the same rotation number
function as G (Ref. [3]); hence it suffices to consider the
case where G0 ðÞ ¼  þ C for some C 2 R. We have
C ¼ ð0 Þ since C is the rotation number of the map
translation by C. Now fix some  > 0 ; the periodicity
condition on the map G insures the existence of some
 > 0 such that
G ðÞ   þ ð0 Þ þ 

(12)

for all  2 R, which in turn implies that
Gn ðÞ   þ nðð0 Þ þ Þ

(13)

for all n, and hence ðÞð0 Þþ, and a similar result
holds for <0 . Therefore  is strictly increasing at
 ¼ 0 .
j
If we let z ¼ ei in (5) and substitute




z_
1
1
1
1
cos ¼ z þ ;
sin ¼
z ;
_ ¼ i ;
z
2
z
2i
z
(14)
then (5) transforms into an equation of the form
z_ ¼ AðtÞz2 þ BðtÞz þ CðtÞ;

(15)

which extends to a Riccati equation on the extended com^ The exact form of the coefficients isn’t
plex plane C.
important in our analysis; we only need that they have
period T and depend continuously on !. The time–T flow
^ denoted
map for a Riccati equation is a Möbius map on C,
by f! ; this map fixes the unit disc  and its boundary
S1 [4,16]. The map f! depends continuously on ! and
satisfies
f! ðei Þ ¼ eiF! ðÞ :

(16)

So F! is a lift to R of the Möbius map f! restricted to the
unit circle. A Möbius map of the disc to itself which is not
the identity map can be classified into one of three types:
elliptic, which is conjugate to a rotation of the disc; hyperbolic, which has an attracting-repelling pair of fixed points
on the circle; and parabolic, which has a unique fixed point
on the circle that is globally (but not locally) attracting on
the circle [17]. We now state and prove our main result.
Theorem. (A) The average frequency function  for
equation (5) is strictly increasing on each interval


þ
[!þ
k , !kþ1 ]; (B) we have !k ¼ !k if and only if f! is
þ
the identity map for some ! 2 ½!
k ; !k .
Proof. (A) The rotation number of the Möbius map f!
restricted to the circle is the rotation number mod 2 of its
lift F! and hence is ð!ÞT. mod 2 This rotation number
is 0 mod 2 if and only if f! has a fixed point on the circle

[3]. Therefore if ! 2 ð!þ
k ; !kþ1 Þ for some k 2 Z, then
f! has no fixed points on the circle and so is elliptic,
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conjugate to a rotation on  of the form ðzÞ ¼ ei z. This
implies that the lift F! is conjugate to a translation,
and then our lemma implies that  is strictly increasing

on [!þ
k , !kþ1 ].
(B) Observe that if f! is the identity map for some ! 2
þ
½!
k ; !k , then its lift F! is translation by 2k on R; then
our lemma implies that  is strictly increasing at !, so we
þ

þ
must have !
k ¼ !k . Conversely, suppose !k ¼ !k . The
map f!k is a limit of elliptic maps and so must be either
parabolic or the identity. If f!k is parabolic, then f! has
a unique fixed point ei0 on S1 . The graph of the lift
y ¼ F!k ðÞ  2k is tangent to the line y ¼  at the fixed
points at 0 þ 2n, n 2 Z and elsewhere lies completely
either above or below the line y ¼ . We know that F! is
strictly increasing in !; therefore the family F!  2k
has a tangent bifurcation at ! ¼ !
k , which implies that
F!  2k has fixed points for a nontrivial closed interval

þ
containing !
k , but this implies that !k < !k . Therefore
j
f!k is the identity map.
Our theorem does not guarantee the existence of integer
plateaus; in fact for the classic unimodal Kuramoto model
there is only the one integer plateau corresponding to phase
locking. However, based on the proof of our theorem, one
would expect integer plateaus to exist for general
Kuramoto oscillators, as they do in the case of the bimodal
Kuramoto model. This is because in the three-dimensional
group of Möbius maps that preserve the unit disc, the open
set of elliptic maps has two-dimensional boundary consistþ
ing of the parabolic maps and the identity. So if !
k ¼ !k
(i.e., no plateau at 2k=T), then the curve ! ° f! in the
space of Möbius maps touches the boundary of the elliptic
region at the identity map when ! ¼ !
k but remains
inside the elliptic region for !  !
k in some open interval
containing !
k . This is possible, but certainly atypical for a
generic one-parameter family f! in this space. Thus we
expect that in the general case of periodically forced
Kuramoto oscillators (5), the average frequency function
has plateaus at all (or at least most) integer multiples of
the forcing frequency.
But the system (5) often has some symmetry or invariance causing some integer plateaus to degenerate to points,
as occurs for the even multiples of op in the bimodal
Kuramoto model in Fig. 1(b). This can be explained as
follows: The Kuramoto model (1) has a one-parameter
group of symmetries which preserve solutions, given by
~j ðtÞ ¼ j ðtÞ þ c for any constant c 2 R. Consequently no
solution to (1) can be stable in all directions. Here’s one
way to break this symmetry: suppose !j ¼ !j for all
j (so !0 ¼ 0). Then the subset of the full state space
defined by j ¼ j for all j is invariant under the
flow for (1), and the reduced system is given by
_ j ¼ !j  KrðtÞ sinj ;
with real-valued order parameter

j ¼ 0; . . . ; N

(17)
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N
X
1
cos0 þ 2
cosk :
rðtÞ ¼
2N þ 1
k¼1

(18)

This reduced system still has a discrete symmetry given
by ~j ðtÞ ¼ j ðtÞ þ , which has corresponding order
parameter r~ðtÞ ¼ rðtÞ. In the infinite–N limit, the bimodal Kuramoto system undergoes a Hopf bifurcation away
from the incoherent solution with rðtÞ ¼ 0 to a unique
stable periodic solution [9], which therefore must be
invariant under the symmetry  °  þ . Let rðtÞ be the
order parameter for this stable solution, with period T > 0.
Since this symmetry reverses the order parameter, we see
that rðtÞ and rðtÞ must be time shifts of each other by
phase T=2, i.e., rðt þ T=2Þ ¼ rðtÞ Now suppose that ðtÞ
is a solution to (17) for some !; then using this, it’s easy to
verify that

c ðtÞ ¼ ðt þ T=2Þ þ 

(19)

is also a solution to (17) for this !.
If the function  has a plateau at some value !, then
the Möbius transformation f! must be hyperbolic or
parabolic, and therefore has a unique attracting fixed point
on the circle. This means that for this !, (17) has a unique
attracting solution ðtÞ, up to multiples of 2. But then we
must have ðt þ T=2Þ þ  ¼ ðtÞ þ 2k for some k 2 Z,
which implies that
ðt þ TÞ ¼ ðtÞ þ ð2k  1Þ2

(20)

and hence ð!Þ ¼ ð2k  1Þ2=T must be an odd multiple
of op . Moreover, this argument applies whenever (5) is
invariant under the symmetry (19).
We thank Steve Strogatz for several helpful conversations,
as well as pointing out Refs. [10,12].

[1] Y. Kuramoto, in International Symposium on
Mathematical Problems in Theoretical Physics, Lecture
Notes in Physics Vol. 39, edited by H. Araki (Springer,
New York, 1975).
[2] S. H. Strogatz, Physica (Amsterdam) 143D, 1 (2000).
[3] R. L. Devaney, An Introduction to Chaotic Dynamical
Systems (Westview Press, Boulder, CO, 2003), p. 102.
[4] S. A. Marvel, R. E. Mirollo, and S. H. Strogatz, Chaos 19,
043104 (2009).
[5] S. H. Strogatz, Nonlinear Dynamics and Chaos (Westview
Press, Reading, MA, 1994), p. 101.
[6] K. Y. Tsang, R. E. Mirollo, S. H. Strogatz, and K.
Wiesenfeld, Physica (Amsterdam) 48D, 102 (1991).
[7] S. H. Strogatz and R. E. Mirollo, J. Stat. Phys. 63, 613
(1991).
[8] L. Perko, Differential Equations and Dynamical Systems
(Springer, New York, 1996), 2nd ed., p. 70.
[9] E. A. Martens, E. Barreto, S. H. Strogatz, E. Ott, P. So, and
T. M. Antonsen, Phys. Rev. E 79, 026204 (2009).
[10] H. Sakaguchi, Prog. Theor. Phys. 79, 39 (1988).

034103-4

PRL 109, 034103 (2012)

PHYSICAL REVIEW LETTERS

[11] L. M. Childs and S. H. Strogatz, Chaos 18, 043128 (2008).
[12] Yu. S. Ilyashenko, D. A. Ryzhov, and D. A. Filimonov,
Funct. Anal. Appl. 45, 192 (2011).
[13] G. O. Galkin, Funct. Anal. Appl. 27, 1 (1993);J. Nonlinear
Sci. 4, 127 (1994).
[14] V. M. Buchstaber, O. V. Karpov, and S. I. Tertychnyi, Russ.
Math. Surv. 59, 377 (2004) [http://iopscience.iop.org/

week ending
20 JULY 2012

0036-0279/59/2/L11/] Theor. Math. Phys. 162, 211
(2010).
[15] M. Levi and S. Tabachnikov, Exp. Math. 18, 173 (2009).
[16] E. Hille, Ordinary Differential Equations in the Complex
Domain (Dover, New York, 1997).
[17] L. Ahlfors, Complex Analysis (McGraw-Hill, New York,
1979), p. 86.

034103-5

